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Abstract

In this research, a new methodology for solving Fredholm Equations of first type with
difference kernels is proposed for one dimension. The new approach is a generalization
of the Method of Moments (Moments Method or MoM), where a new methodology for
solving integral equations using matrix techniques is developed from the Non-Ideal Sampling
Theory and Fourier analysis. As conclusions of this research, several major questions
related with the MoM are addressed and answered. For instance, a general approach for
designing basis and weighting functions and preconditioners is found, new strategies to
reduce the computational cost are identified, and theorems relating the ill-conditioning of
the linear equations system with the Fourier Transform of the Kernel are proven. On the
other hand, new interpretations are also found, such as: the basis functions can be designed
as generalized interpolation functions without orthogonality and smoothness properties,
the weighting functions are, literally, a sampled linear filter, and a general interpretation
for the Galerkin method and the Delta-gap source are presented and discussed. Finally,
the following major conclusions are found: the approximation of the unknown function
using the combination of basis functions is an inappropriate interpolator using arbitrary
weighting functions, the MoM is a “Point Matching Procedure” independent of the weighting
functions, the MoM using arbitrary weighting functions is a particular case of regularization
by convolution, and any Fredholm equation of first type with a difference kernel is, literally,
a partial deconvolutional problem. The new approach is extensively tested using a classi-
cal electrodynamic benchmark, known as the Reduced or Approximate Pocklington Equation.

Keywords: Integral Equations, Moment methods, Method of moments, Sampling methods,
Deconvolution.



Resumen

En esta investigación, una nueva metodología para solucionar Ecuaciones de Fredholm de
primer tipo con kernels de diferencias es propuesto para una dimensión. El nuevo enfoque es
una generalización del Método de los Momentos (MoM), donde una nueva metodología para
solucionar ecuaciones integrales usando técnicas matriciales es desarrollada a partir de la
Teoría de muestreo no ideal y el análisis de Fourier. Como conclusiones de esta investigación,
varias preguntas importantes relacionadas con el MoM son abordadas y contestadas.
Por ejemplo, una enfoque general para el diseño de funciones base, de ponderación y
precondicionadores es presentada, nuevas estrategias para reducir el costo de computación
son identificadas y teoremas relacionando el mal condicionamiento del sistema de ecuaciones
lineales con la transformada de Fourier del Kernel son demostradas. Por otro lado, nuevas
interpretaciones también son encontradas, como que las funciones base pueden ser diseñadas
como funciones de interpolación generalizadas sin propiedades de ortogonalidad y suavidad,
las funciones de ponderación son, literalmente, un filtro lineal muestreado, y una interpre-
tación general para el método Galerkin y la fuente Delta-gap es presentada y discutida.
Finalmente, las siguientes conclusiones mayores son encontradas: la aproximación de la
función desconocida usando la combinación de funciones base es un interpolador inapropiado
usando funciones de ponderación arbitrarias, el MoM es un “Point Matching Procedure”
independiente de las funciones de ponderación, el MoM usando funciones de ponderación
arbitrarias es un caso particular de regularización por convolución, y cualquier ecuación de
Fredholm de primer tipo con kernel de diferencias es, literalmente, un problema deconvo-
lucional parcial. El nuevo enfoque es extensamente probado usando un caso de referencia
clásico en electrodinámica, conocido como la ecuación de Pocklington reducida o aproximada.

Palabras claves: Ecuaciones Integrales, Método de los momentos, Métodos de muestreo,
Deconvolución.
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Preface

This document presents the results of the research in numerical methods for solving
Integral Equations related to the doctoral studies of the author in the Doctoral Program

in Engineering, at Universidad de los Andes, Colombia, South America.
This document is divided in the following parts. In Chapter one, the introduction, the

problem statement and the general hypotheses used in this research are presented. In chapter
two, an extensive review of the state of the art related to the Method of Moments to solve
integral equations in electrodynamics is performed and discussed. In chapter three, the new
methodology to solve Convolutional Integral Equations using the Non-ideal Sampling Theory
and Fourier Analysis is developed. In chapter four, the new methodology is extensively eval-
uated with several cases and situations, including the Reduced or Approximate Pocklington
Equation for wire antennas. In chapter five, several hypotheses and interpretations related
to the new methodology are discussed. Finally, the last chapter present the conclusions of
this research.
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Chapter 1

Getting Started

1.1 Introduction

The Computational Electromagnetics (CEM) is a collection of techniques in which the electro-
magnetic interactions between objects consisting of different materials and sources present in
an environment are modeled to determine phenomena such as wave propagation, Scattering,
Radar Cross Section (RCS), Electromagnetic Compatibility and antenna performance. The
importance of these techniques are that many practical Electromagnetic Problems (EMP) do
not have a solution with theoretical models due to their mathematical complexities.

The CEM emerged in 1960’s, when several researchers took advantage of the increasing
computing power of mainframes and developed several algorithms implementing the Maxwell
Equations to solve particular problems, both in its integral and differential forms. In this
decade, the three main methods applied to CEM were developed: the Method of Moments
or Moment methods (MoM) [1], the Finite-Difference Time-Domain Method (FDTD) [2],
and the Finite Element Method (FEM) [3]. Many other computational methods have been
developed to solve EMP over the last twenty years. However, most of these approaches are
advanced or hybrid methods based on the three techniques mentioned above. Some relevant
examples of these techniques are the “Fast Multiple Method (FMM)” technique [4], the
“Transmission Line Matrix” technique [5], and the “Finite Integration Technique (FIT)” [6].
The CEM has been the mainstay of the development of radio frequency devices, including
the design, synthesis and optimization of modern antennas. For instance, the MoM has been
used extensively for designing traditional thin wire antennas over the last fifty years [7],
the FDTD has been successfully used to design printed antennas [8], and the FEM in time
domain has been used to design broadband antennas [9]. The FMM technique has been
used to calculate the scattering of large objects [10], the TLM technique has been used
for design reconfigurable devices [11], and the FIT has been combined with the uniform
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Getting Started Introduction

theory of diffraction (UTD) [12] to find the radiation and scattering parameters in complex
environments.

The special case of MoM is particularly interesting due to their advantages in solving
Integral Equations (IE). This technique was popularized by Harrington [1] to determine the
scattering and radiation parameters in EMP. This computational strategy is based on esti-
mating the current densities over the conducting surfaces through the use of an appropriate IE
and Green’s function. In this technique, with a source model, an appropriate space sampling
and the choice of soft basis and weighting functions, we can estimate the current densities
through matrix inversion techniques. These current densities determine the radiation or scat-
tering characteristics of a particular problem. The importance of MoM in electrodynamics
lies on four main factors: first of all, its procedural simplicity for perfect electrically con-
ducting structures or those with homogeneous dielectric coatings [13]. The second factor is
that the algorithm is restricted to the metal surfaces making up the antenna. The third
factor is the integration of ideal concentrated circuit elements or the ground plane without
a special formulation. Finally, the last is the renewed interest of the scientific community in
solving complex problems efficiently by means of this technique. Examples of these works
are the design of preconditioners based on the Calderon identity in [14–17], the use of itera-
tive algorithms based on Krylov subspace to solve linear equation systems efficiently in [18],
some variables transformation techniques to simplify the singular and near-singular integrals
evaluation in [19], the use of strategies to improve the accuracy through h-refinement in [20],
p-refinement in [21], multi-resolution refinement in [22–24] and high-order refinement in [25];
the development of basis or expansion functions into sophisticated discretizations in [26], and
the simplification of broadband EMP through interpolation algorithms in [27–29].

In the same way, the strategies to combat its two major disadvantages in EMP are also
outstanding, which are: finding a solution with electrically small objects using EFIE and
reducing the computational resources required for electrically large problems. The so-called
low breakdown frequency has been faced with the Helmholtz Decomposition [30,31], with the
Hierarchical Decomposition [23] or with the A-EFIE formulation [32]. The electrically large
problems have been simplified with the Domain Decomposition [33–37], with FMM [38, 39]
and MLFMA [40]. Finally, the implementation of these techniques on high performance
platforms (HPC) is highlighted [41–46].

Despite the several advantages and new techniques developed for electrodynamics, the
MoM has fundamental challenges that must addressed. For instance, design rules for each
component of the method in order to improve the accuracy, the stability and the computa-
tional cost of the matrix formulation are unusual or depending of each particular case. In
this research, the author proposes a new approach to solve a Fredholm Equation based on
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the Non-ideal Instantaneous Sampling Theory, where a novel framework for efficiently solving
a linear operator using the Fourier Analysis is developed. The new approach is based on
that a Fredholm Equation of first type with a difference kernel is, literally (and not approxi-
mately), a partial deconvolutional problem. As a result, although the problem must be solved
by matrix techniques using the original domain, the convolution properties and the Fourier
analysis can be used to design an efficient and accurate solution. This new property, called as
the convolutional equivalence, allows to find new design rules and interpretations previously
unknown from the MoM, which are detailed in this research through a new framework named
as the Method of Sampling for one dimension (MoS!-1D).

1.2 Problem Statement

An IE is an equation in which an unknown function g(·) related with an integral needs to be
found under a known excitation f(·). For example, the uni-dimensional IE with forms

∃g(·) :
ˆ b

a

K(x, u)g(u)du = f(x), ∀x ∈ [a, b] (1.1)

∃g(·) :
ˆ x

a

K(x, u)g(u)du = f(x), ∀x ∈ [a,∞) (1.2)

are called the Fredholm Equation and the Volterra Equation of first type, respectively, where
K(x, u) is usually called the kernel function.

A comprehensive summary of many exact, asymptotic and numerical techniques for solve
IEs are found in [47–49]. In particular, the basic approach of MoM, called the Point-Matching
Procedure [1], approximates g(u) in the Fredholm Equation of first type through

gN(u) =
N∑
n=1

gnbn(u) (1.3)

where the function bn(u) with domain Ωbn⊆ [a, b] is called a basis or expansion function. The
unknown constants g = [gn]N×1 are found by sampling the IE at x = xm ∈ [a, b], and solving
the linear equations system

Zg = f (1.4)

where f=[fm]N×1, Z = [Zmn]N×N , fm=f(xm) and
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Zmn =
ˆ

Ωbn

K(xm, u)bn(u)du (1.5)

In the general approach of MoM [1, 50], the testing or weighting function Rm(x) with
domain ΩRm ⊆ [a, b] is used in order to reduce the residual error between g(u) and gN(u)
under the concept of an interior product [1, 51], solving the new linear equations system

Z̄g = f̄ (1.6)

where f̄=[f̄m]N×1, Z̄ = [Z̄mn]N×N and

f̄m =
ˆ

ΩRm

Rm(x)f(x)dx (1.7)

Z̄mn =
ˆ

ΩRm

Rm(x)
ˆ

Ωbn

K(x, u)bn(u)dudx (1.8)

From the general application of MoM in a variety of problems, especially in electrody-
namics, several questions have emerged without having a satisfactory and unified answer for
many of them so far. A lot of these challenges appear disjointed, they present reasonable
arguments using MoM hypotheses for their existence, or they have been partially solved us-
ing a variety of sophisticated techniques to achieve an acceptable residual error in several
problems. Some of these fundamental questions are:

1. When increasing the number of unknown variables (N) in some integral formulation,
the estimate g = [gn]N×1 may diverge without an unified cause. For instance, it is
well-known the convergence issue solving radiation and scattering problems with small
or different magnitudes of discretization, and the fake oscillations when using the so
called approximated kernel Kap(x, u). Since there is a better representation of g(u)
through the hypothesis gN(u) and there is still a residual error not delimited, then a
paradox takes place which can be interpreted in multiple ways. For example, it might be
reasonably arguing that this behavior is a consequence of an inherent formulation caused
by an imprecise relation of the integral operator with f(·) and g(·); or inherently caused
by errors in the solution of the linear equation system evidenced by the conditioning
number κ(Z).

2. Although the weighting functions are interpreted from the algebraic point of view as
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those that allow decreasing the residual error in the sense of the MoM, as far as the
authors know best, no systematic criteria exist to identify how a general form Rm(·)
affects and which kind of relationship they must have with bn(·), in order to solve an
arbitrary IE.

3. By using the MoM to solve EMP with the so-called Delta-gap source model, the scien-
tific community has found a variety of inconsistencies [52]. Perhaps the most relevant
of these, and which according to the view of the authors require further discussion, is
what is the effect on the method that this source is one of many possible approaches
of an impulsive source.

4. In various electromagnetic formulations using MoM, is not easy to explain why when
using the well-known piecewise constant basis function with large segmentation, it is
possible to find a reasonable estimate of some variables, as the input impedance of an
antenna, but when this function is used to estimate others parameters the result may
be inaccurate or it may diverge. If that basis function had a bad performance inherent
to the problem, there should be obtained less approximate results for all variables
and discretizations and, particularly, in large discretizations because the residual error
would be still greater.

5. In EMP solved by matrix techniques, preconditioners are usually required to simplify
the solution of the linear equations system, for example by P−1Zg = P−1f . The design
of these strategies are usually biased to: having a priori knowledge of the approximate
inverse of Z, as the case of a matrix with a super strong diagonal (Z : |Zmm| �∑
∀n6=m |Zmn|); modify the integral operator to alter the cloud of eigenvalues (σ(Z) ,

{λi : Zg = λig,g 6= 0}), as the case of CFIE formulation; and finding a new integral
operator on the same problem in which σ(Z) will be better distributed, as the case of the
Calderón identity. As far as the authors know best, systematic design techniques have
not been documented for preconditioners using the intrinsic properties of the original
integral operator, allowing to obtain for example a matrix formulation Z̄g = P−1Zg =
P−1f = f̄ such than the new linear equation system is much simpler to evaluate.

6. In the MoM is a permanent research question, and particularly difficult to answer, the
definition of basis and weighting functions in order to simplify the matrix inversion,
reducing the residual error and the computational cost of finding Z. This is because
the proposal of bn(u) is subject to the conventional convergence of gN(u), Rm(x) is
subject to residual error reduction under the hypothesis bn(u), and Z is subject to the
hypotheses bn(u),Rm(x) and K(x, u).
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7. Finally, it is a considerable challenge to increase the accuracy of g = [gn]N×1 without
increasing the ill-conditioning, the impedance matrix size or the computational cost
of Zmn. It is always an open research question, the development of general design
procedures that provide degrees of freedom to reduce the typical solution’s complexity
O(N3) on a particular or arbitrary IE.

In this research, a new approach is developed for the solution of Fredholm Equations of first
type with difference kernels K(x, u) = K(x−u), or Convolutional Integral Equations (CIE).
The new methodology solves this problem by means of the Non-Ideal Sampling Theory
and Fourier Analysis using matrix techniques. As a conclusion of this research, several
fundamental questions previously unknown using the MoM approach are answered for the
one dimensional case, including those described above.

1.3 Hypotheses

This research started from the following hypotheses:

1. A linear operator may be reasonably modeled as a linear invariant or variant system
using the convolution operator. In particular, a CIE has a quasi convolutional form
using the System Theory.

2. Although the CIE must be solved by matrix techniques using the Original domain (x-
domain), the convolution properties and Fourier Analysis may be used to design an
efficient and accurate solution of the problem because the related functions and the
kernel have a closed form with a very important information obtained by means of
their Fourier Transforms.

3. Based on the Non-Ideal Sampling Theory, the concept of a basis function that allows
a good continuous and smooth approximation of the unknown function g(·) is not
necessary for the solution of the CIE.

1.4 General contributions for the Method of Moments

As a conclusion of this research, the new framework is a generalization of MoM for one-
dimensional problems, where several major questions are addressed and answered. In partic-
ular, we obtain for the MoM:

1. Major conclusions:
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(a) The approximation of the unknown function using the combination of basis func-
tions is an inappropriate interpolator for arbitrary weighting functions.

(b) The MoM is a “Point Matching Procedure” independent of the weighting functions.

(c) The MoM using arbitrary weighting functions is a particular case of regularization
using convolution.

2. New design rules:

(a) A general methodology for designing “basis functions”, “weighting functions”, and
preconditioners (e.g., using bandlimited functions) for the MoM.

(b) Strategies to reduce the computational cost (e.g., new ways to calculate the matrix
coefficients, and simplification the 2D integrals to 1D integral).

(c) Theorems relating the ill-conditioning of the linear equations system with the
Fourier Transform of the Kernel.

(d) A novel methodology to explain and to understand the limitations related to the
Galerkin method and the impulsive source.

3. New interpretations:

(a) The basis functions can be designed as generalized interpolation functions without
orthogonality and smoothness properties.

(b) The weighting functions are, literally, a sampled linear filter.

(c) The Galerkin method is, in general, misguided for multiples samples rates.

(d) The Delta-gap source is, in general, misguided using the “Point Matching Proce-
dure” and arbitrary “weighting functions”.

A greater technical discussion and debate on the contribution of this research to the MoM,
and in general to the solution of Integral Equations, is performed in sections 3.5 and 3.6.
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Chapter 2

State of the Art

2.1 Method of Moments (MoM)

In this section, the author summarizes the elements of MoM by focusing in EMPs. This area
is focused because the most of the effort and computational study on this technique is carried
out by the electrodynamics community.

2.1.1 General Formulation

The MoM is a general technique to find the unknown function J in a linear operator L{·}
with form

L{J} = f (2.1)

where f is the source model. The MoM usually solves IE or Integro-Differential Equations
related with boundary problems. In the particular case of EMP, the IE is based on Partial
Differential Equation (PDE) obtains by the Maxwell Equations. The systematic procedure
to obtain the integral form is by means of Green function, denoted by G, which is the impulse
response to the spatial impulse δ obtained by

LPDE {G} = δ (2.2)

where the linear operator LPDE {·} is obtained by the PDE of the original problem.
As examples of this procedure, the integral form using the frequency domain for Surface

Integral Equation (SIE) with Perfect Electric Conductors (PEC) located in an isotropic
medium with surface SPEC using the Electric or Magnetic Field formulation are detailed
in [7]. In particular, the integral formulation with the Electric Field Integral Equation (EFIE)
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is L{·} = T {·} and with the Magnetic Field Integral Equation (MFIE) is L{·} = 1
2I {·} +

K{·}, where I {·} is the identity operator and

T {J} = n̂(r)×
(
iwµ

¨

SP EC

G(r′, r)J(r′) dS′ − 1
iwε∇

¨

SPEC

G(r′, r)∇′ · J(r′) dS′
)

(2.3)

K{J} = n̂(r)×
¨

SP EC ,∧,r 6=r′

J(r′)×∇G(r′, r) dS ′ (2.4)

being f = -n̂(r)×Ei or f = n̂(r)×Hi, Ei or Hi the particular model of an Electric o Magnetic
Field source, n̂(r) the unitary vector, r, r′ ∈ SPEC and the Green function

G(r, r′) = 4−1π−1 e
−ik|r−r′|

|r − r′|
(2.5)

The integral formulations are closely related to accuracy and stability of the numerical
estimation. For example, the EFIE has the advantages to solve open area problems and it
has high accuracy when it is compared to experimental data. Although the MFIE has less
accuracy, it is often used in closed area problems, such as those related to waveguides, or
when the problem requires better conditioning and stability. In the same way, it is possible
to use combined formulations such as Combined Field Integral Equation (CFIE) defined by

L{·} = αK{·}+ (1− α) η
(1

2I {·}+K{·}
)

(2.6)

in order to obtain a well-conditioned matrix caused by the elimination of the zero-value and
infinite-value eigenvalues.

After obtaining an Integral Equation, the approximation’s function JN conformed by
interpolation functions bn, n = 1, . . . , N is used to approximate the unknown function by
means of

JN =
N∑
n=1

Inbn (2.7)

where In ∈ C.
In order to obtain an error in the range of the linear operator, the residual is defined by

rN = f −
N∑

n=1
InL{bn} (2.8)

The minimization of this residual is achieved by forcing the error to be orthogonal to the
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subspace conformed by the weighting function Rm : m = 1, . . . , N under the inner product

〈
Rm, rN

〉
= 0 (2.9)

As a result, applying (2.9) to (2.8) the matrix formulation (2.10)-(2.12) is obtained for
∀m,n ∈ {1, . . . , N}.

ZN×NIN×1 = VN×1 (2.10)

Zmn = 〈Rm,L{bn}〉 (2.11)

Vm = 〈Rm, f〉 (2.12)

The unknown constants In are found by means of a particular model of the printed source
f , the convenient choice of basis (bn) and weighting (Rm) functions and the solution of the
linear equation system (2.10). When particular basis or weighting functions are used, the
MoM is called in different ways. The particular case of weighting functions defined as a Delta-
Dirac function (δ) evaluated at rm is known as the Point-Matching Procedure (PM-P). The
particular case of bk = Rk is known as the Galerkin Method, and the general form bk 6= Rk is
known as a particular case of the Rayleigh-Ritz Method [1] or Method of Weighted Residuals
(MWR) [50]. Without loss of generality, this research uses the terminology “Method of
Moments” when the linear operator has an integral or integro-differential form.

2.1.2 Challenges in Electromagnetic Problems

As any numerical technique, the application of the MoM requires addressing several chal-
lenges. The author presents in this section a particular taxonomy of those challenges based
on the revision of the state of the art of the last five years in electrodynamics.

2.1.2.1 Fundamental problems

By using the MoM for solving EMP, several inevitable technical problems must be solved.
The author divided these challenges into five fundamental problems, namely

Find an Integral Equation The systematic procedures to find the IE using the Green
function in (2.2) from the PDE has several disadvantages, such as the operator must be linear
and the material must be linear, isotropic and homogeneous. Currently, many electromag-
netic problems do not meet those characteristics. For instance, the problems relating to
planar antennas are usually anisotropic and inhomogeneous problems caused by a substrate
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with a strong dependence of the manufacturing methods. In the same way, small changes in
the definition of the problem can complicated considerable the formulation of the problem.
For example, a planar antenna conformed by two infinite substrates and PEC requires a
complete reformulation of the problem because the formulations using EFIE and MFIE with
(2.3)-(2.4) are not valid.

Evaluate the Integral Equation The evaluation of any integral with Green function
(G) usually presents difficulties caused by a function with a near-singular o singular behavior.
The Green function in EMP usually has several functions with form |r − r′|−p : p > 0, which
produces integrands weakly singulars (p = 1), strongly singulars (p = 2), hyper singulars
(p = 3) or superiors. This behavior implies that the numerical techniques used to solve the
Integro-differential expressions require many samples in order to obtain an approximation of
the result. As a result, the numerical cost and complexity to evaluate the linear operator is
very relevant in this methodology. For instance, the cases of EFIE and MFIE with (2.3)-(2.4)
show an important difference. The EFIE expression has hyper singulars integrands and the
MFIE only has weakly singulars integrands. Consequently, the numerical solution with EFIE
is more difficult, expensive, and the numerical error caused by the evaluation of the integral
in the solution of the linear equation system is more important.

Choose the basis and weighting functions The proper choice of the basis (bm)
and weighting (Rm) functions significantly affect the expected results in the MoM. The basis
functions should properly represent the unknown current density J, and they must be able
to properly represent the range of the linear operator although weighting functions are used.
The basis functions in SIE are defined in the SubDomain (Sm ⊂ SPEC) or in the Entire
Domain (Sm = SPEC). The basis functions can simplify the process of storage and matrix
inversion, it can simplify the numerical integration of the Green’s function and it can improve
the convergence of the problem, which is why this area will always be subject to modern
research. In the same way, the form and position of the segment Sm based on several mesh
algorithms are challenges because they should be chosen to reduce storage of Z, facilitate
the geometric refinement in order to get a better approximation of J and describe more
accurately the geometry of the problem. Finally, the weighting function is usually chosen
to reduce the error of the representation and the ill-conditioning of the matrix solution at
expense of increasing the complexity and computation time to obtain the coefficients Zmn.

Find a source model In the MoM, the model of the source (f) is one of the most
important assumptions of the formulation. Historically, there have been few source models
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for EMP and they often have no direct relation to the physics of the problem, although
they unexpectedly show good results with MoM. The three traditional sources used are an
incident plane wave [53], the Delta-Gap source [54] or Gaussian source [55], and magnetic
frill source [56]. Another major issue but less studied, it is that the range of the linear
operator L{·} must be able to describe the source f under the hypothesis JN . For instance,
in [57] is analyzed the EFIE formulation for wire antennas using the so-called approximate
or reduced kernel is supposedly unsolvable with the Delta-Gap and magnetic frill sources
when N ↑. This affirmation is supported by the fake oscillations of JN at the source and the
boundaries, which are supposedly independent of the numerical resolution or computational
machine used.

Solve the linear equations system Finally, the general characteristics of the impedance
matrix (Z) obtained by the MoM requires some discussion. First, because the Green function
has a dependence |r − r′|−p : p > 0, this matrix is dense because it is usually evaluated in near
field (|r − r′| �). Second, the matrix is very ill-conditioning under several circumstances. As
a result, the iterative solution of ZI = V may have significant numerical errors, a low rate of
convergence and a dependence of the computational machine used. For instance, the EFIE
formulation is very ill-conditioned when the PEC is electrically small, with the increase of
N and the reduction of the segmentation Sm. As a numerical example, the model of a wire
antenna with length 0.1λ and radio 0.005λ using the approximated kernel with a rectangular
basis function finds κ(Z) > 2× 1015 for N > 301. As a result, this particular scenario cannot
be solved by means of a standard machine with 64 bits using iterative or direct algorithms.

2.1.2.2 Wideband problems

The formulation of the MoM is usually simplified by considering the PDE in the frequency
domain. It is means that the solution of J is a phasor valid only for a fixed frequency w [rad/s].
However, many modern EMP require finding the frequency response in a huge bandwidth.
Several other problems must use sources with a large bandwidth, such as the short pulse of
the Ground-penetrating Radar (GPR) application. As a consequence, the standard approach
using the MoM in the frequency domain is unfeasible because the calculation, the storage
and the solution of the matrix formulation is required for each frequency.

2.1.2.3 Electrically small problems

Although the EFIE formulation allows high numerical accuracy in many practical problems,
the formulation has a variety of numerical problems at low frequency (electrically small
problems). The literature calls this phenomena as the low breakdown frequency [14], and it
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occurs, for instance, when it is required the design or optimization of problem with static or
quasi-static electromagnetics field. Examples of this problems are the models of high order for
capacitors (and inductors) in the standard circuit theory, and the uses of low wavelength for
high penetration in application of geo-electromagnetism. In electrodynamics, the examples
are the models of circuits with medium or high speed in semiconductors using VLSI (Very
Large Scale Integration) and miniaturized antennas for f ≤ 30 MHz.

This fundamental limit can be analyzed from the Maxwell Equations and the continuity
equation at very low frequencies, by

∇× E = 0 (2.13)

∇×H = J (2.14)

∇ ◦ εE = ĺım
ω→0+

−∇ ◦ J
iω

(2.15)

∇ ◦ εH = 0 (2.16)

As a result, the current density J can be separated in two independent component at very
low frequency (ω → 0+). One density current Js with the solenoidal property (∇ ◦ Js = 0),
and other Ji with the irrotational property (∇× Ji = 0). At very low frequency both current
are decoupled. As a result, Js only produces Magnetic Field (H) and Ji only produce Electric
Field (E) [58].

The numerical problem is caused by limω→0+
∇◦J
iω

= limω→0+
∇◦(Js+Ji)

iω
= limω→0+

∇◦Ji

iω
.

As a result, Ji must be O(ω) in order to produce a non-singular divergence in the Electric
Field (∇ ◦ εE = 0). Using (2.13)-(2.16), it is concluded that Ji vanishes with the decreasing
of frequency (ω → 0+) and Js is only subject to the boundary conditions. As a result, a
non-negligible numerical error is produced by the difference between the magnitudes between
both densities in this problem.

It is also possible to analyze the same numerical problem using EFIE with (2.3) because
the first term vanishes and the second become dominant at very low frequency (ω → 0+).
The first term is the contribution of the Magnetic Potential (A), which models the inductive
phenomenon. The second term is the contribution of the scalar potential (φ), which models
the capacitive phenomenon. As a consequence, the inductive phenomenon vanishes with
respect to the capacitive phenomenon using a finite computational representation. Finally,
the impedance matrix (Z) obtains with the scalar potential has a null space no trivial caused
by the divergence operator [59]. Therefore, the standard EFIE solution with MoM using a
computational machine is not possible because the matrix is very ill-conditioned at very low
frequency.
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2.1.2.4 Electrical large problems

The standard formulation of the MoM usually uses basis function in the Subdomain because
the procedure allows flexibility to model complex geometries, and less obvious, because the
eigenvalues of the linear operator L{·} are the same or very similar to the eigenvalues of the
impedance matrix (Z) [60]. The standard solution requires an amount of memory O(N2) in
order to storage Zij and a number of complex multiplication O(N3) in order to solve the linear
equation system using standard techniques, such as Gauss Elimination or PLU factorization.
In the same way, the experience in the implementation of MoM with SubDomain functions
suggests that the discretization must be less than λ/10 in order to obtain a residual error less
than 1% [43]. As a consequence, if the size of the problem is bigger than several wavelength,
then the amount of unknown variables (N) can easily exceed hundreds of thousands or
millions. Therefore, the computational resources to solve such kind of problems are not
feasible with standard computer architectures. For instance, an electromagnetic wave of radar
application (12 GHz) impacting on a sphere with radio 5 m requires more than 12 millions of
unknown variables, 1.2×106 GB of memory and a computational time of 20000 years to solve
the linear equation system using standard computer architectures and algorithms. Even if a
network of computers in parallel configuration and some sophisticated iterative algorithms
for matrix inversion are used using a traditional approach, then the rounding errors in the
inversion of the dense matrix produce cumulative errors that complicate the convergence of
the solution [43].

This challenge shows the problem of modeling real life problems, where it is not possible to
isolate the object of analysis and their environment, or whose sophisticated geometry forces
a substantial increase of the unknown variables. Many examples of this situation is found
in the literature, such as models of the wireless communication systems or Electromagnetic
Compatibility in aircraft, commercial or military ships and vehicles [61,62]. Other examples
are the sophisticated periodic structures, such as the frequency selective surfaces (FSS) or
the practical antenna arrays [13].

2.1.2.5 Combining structure and environment problems

The modern challenge related to the solution of EMP in real life also requires addressing
the problem of modeling a variety of media and different kind of current densities related
to the geometric shapes of the structure [63]. A practical problem usually has various types
of dielectrics or materials in conjunction with conductive objects that must be modeled
efficiently. Moreover, it is possible to exploit the spatial shape of the current density connect
to other object, in order to simplify the computational resources by means of the simplification
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of the volumetric approach to surface and linear approaches. In the same way, it is possible
to mix, within the same model, different kind of current densities in order to simplify the
formulation.

However, these techniques require special design because they must retain the physical
sense of the problem and they must solve the ill-conditioning of the matrix formulation. For
instance, the problem of one cylinder antenna with small radio over a ground plane model by
a finite conductor can be significantly simplified by a linear current density for the cylinder
antenna and a surface current density for the ground plane. Nevertheless, some complications
on the model are found, such as the appropriate model for the singularity in the union of
the two models, the direction of the total current density, and the ill-conditioned obtained
by the different mesh between the models.

2.1.2.6 Combination of problems

The taxonomy for the challenges in the the MoM is not unique and it has been introduced in
order to provide the reader with a systematic classification of their problems and to analyze
in the next section its modern solutions. Therefore, it is reasonable that a real-life application
have several of these problems simultaneously.

For instance, using methods that combine surfaces with wires, the low frequency model
is challenging caused by the ill-conditioning and the direction of the current with physical
sense. As a particular example, in [59] is analyzed the effect of the standard basis function in
a Biconic antenna operating in 10−2 MHz−103 MHz . The results show that the conditioning
number is superior to 1010 for f < 1 MHz, fake oscillations using the iterative solver BiCGStab
are found in f < 10 MHz and the relative error of the current density never is below of 10%
in its bandwidth. As a result, a standard approach does not allow a reliable computational
approach.

Other example, it is the combination of electrically small and large objects. In this case,
an electric small object (dp � λ) must be installed in an electric large objects without losing
its electromagnetic properties. A classical example is the radar antenna installed on an
aircraft or ship. In this case, the problem uses a very different spatial sampling in order to
decrease the number of unknown variables, which generates an impedance matrix extremely
ill-conditioned [64,65].

2.1.3 Modern strategies in Electromagnetic Problems

The MoM has had major developments with respect to the proposed taxonomy, which will
be summarized in this section considering the same time period.
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2.1.3.1 Fundamental strategies

The fundamental problems are the inevitable challenges that everyone must face when it is
implemented in EMP. For this reason, these have been systematically analyzed and partially
solved, being in many cases satisfactory to many traditional problems.

Find an Integral Equation The Green function in a non-homogeneous or anisotropic
media is usually modeled by a second-order tensor, which is called the Dyadic Green function,
denoted by

=
G(r, r′) =

3∑
j=1

3∑
k=1

Gjk(r, r′)̂ij îk (2.17)

where Gjk(r, r′) is the field produces at r with direction îj caused by a impulse source located
at r′ with direction îk. Although the Dyadic Green’s function can be technically challenging
for problems of arbitrary geometry, two techniques for its derivation are highlights. In the
first, the eigenfunction vector (=

un) from the linear PDE
(
LPDE

{=
un(r)

}
= λn

=
un(r)

)
and the

coefficients an(r′) using the orthogonality of =
un under an interior product are found [66],

where

=
G(r, r′) =

∞∑
n=1

an(r′)=
un(r) (2.18)

In the second, the formulation is simplified by means of the Fourier Transform in the
space domain. The result is usually referred such as the Sommerfield Integrals. For instance,
for a planar layered media at ẑ = î3 and homogenous at x̂ = î1 y ŷ = î2, the Dyadic Green
function using the rectangular system is

=̃
G ,

=̃
G(kx, ky, z, r′), where

=̃
G =

+∞ˆ
−∞

+∞ˆ
−∞

=
Ge−ixkx−iykydxdy (2.19)

Unfortunately, Sommerfield Integrals have a high computational cost in the MoM because
the integrand has a slow decay with oscillatory behavior. For this reason, this approach usual
includes a methodology for evaluating the Sommerfield Integrals. The most common modern
strategy in planar stratified media, and perhaps the most efficient [67], is to approximate

=̃
G

by means of a closed function with easy mathematical integral. In that way, the Discrete
Complex Image Method (DCIM) and Rational Function Fitting Method are the methodologies
more relevant. Using the same example of the planar layered media, in DCIM the component
G̃xx is approximated by
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G̃xx ≈
1

2iεmkzm

(
e−jkzm |z| +

M∑
n=1

ane
−bnkzm

)
(2.20)

where k2
zm

= k2
m− k2

x− k2
y y km is the wave constant in the mth media. Finally, it is used the

Sommerfield identity [68] to obtain the
=
G in analytic form.

In the second method, the quasi-static approximation of
=̃
G is found. The dynamic com-

ponent is approximated by a finite serie conformed by poles [69]. For example, using only
two layered media denoted by m ∈ {0, 1}, the component G̃xx is approximated by

G̃xx ≈ G̃ASIN
xx +

M∑
n=1

an,m
k2
ρ − p2

n,m

(2.21)

where k2
ρ = k2

x + k2
y and G̃ASIN

xx is the asymptotic behavior of G̃xx in each media for high
values of kρ.

With these approaches have been formulated and solved many problems in different media,
such as inhomogeneous, bianisotrópicos, gyroeléctricos, anisotropic uniaxial, chirales and
multilayer structures [66,70].

Evaluate the Integral Equation In the MoM, the three methodologies for the efficient
evaluation of the quasi-singularities are focused in the so-called self impedance coefficient
Zmm. The first methodology, it is to expand the integrand by means of infinite series with
closed form. This classical approach has many limitations due to difficult generalization of
each series in each problem. The second and third approaches are the modern solution of
this challenge [19,71,72].

The second is called the subtraction technique, in which the Green function is separated
into two additive functions. The first function has easy and convergent numerical integral,
denoted by GNUM ; the second function contains the quasi-singularity with a closed form
integral, denoted by GAN . For example, using that technique with the Green function in
EFIE, the expression is

G(r, r′) = GNUM(r, r′) +GAN(r, r′) = e−jk|r−r
′| − 1

4π |r − r′| + 1
4π |r − r′| (2.22)

where the first term is very slow when r → r′. The second term has the general form˜
f(r,r′)
R

dS′, which can be evaluated with several analytical techniques because it has an
asymptotic logarithm behavior.

The third approach is called singularity cancellation technique. This methodology uses a
substitution of variables into the integral in order that the Jacobian eliminate the singularity
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of the final expression. For instance, several transformation can be used in EFIE [19,73,74],
such as u = ln tan(φ/2), v = |r − r′| with Jacobian J(u, v) = |r − r′| / cosh(u).

Choose the basis and weighting functions The use of a particular kind of basis
and weighting function has a considerable influence on the results of the MoM. In particu-
lar, solving EFIE formulation with surfaces is usually used the Rao-Wilton-Glisson (RWG)
function defined by

bn(r) =


L

2A+ (r− p+) si r ∈ T+

L
2A− (p− − r) si r ∈ T−

0 si r /∈ T±
(2.23)

where T+ and T− are adjacent triangles with common boundary Bn, L in the length of
Bn, A+ and A− are the area of each triangle, and p+ and p− are the vector positions of
each vertex. The advantages of this basis function with EFIE are the low computational
cost, the elimination of electric charge on the adjacent triangles because the electric current
density is continuous at the boundaries, the elimination of fictitious circular current in some
particular problems, and the electric charge allows a simple approximation because ∇ · bn(r)
is constant in each triangle. This low order basis function is a particular case of functions
with Divergence Conforming, and it has been modified in several modern problems. For
instance, it has been successfully used with the Multiresolution Analysis using linear triangle
in [23] and curvilinear in [24] in order to reduce the storage, the ill conditioned and the
complexity of the inversion without loss of resolution because the model produces sparse
matrices. In other cases, it has been generalized to be used in Volumetric Integral Equations
(VIE) [75], in which each tetrahedron is modeled by the Schaubert-Wilton-Glisson (SWG)
function. Finally, it has been combined with others basis functions, such as the proposal
of [76,77]. In that case, the RWG is used to model the EFIE and the “dual basis” function is
used to model the MFIE; As a result, that CFIE problem avoids the fake magnetic current
density in the boundary of each triangle.

Because of its major impact, the basis function will always be under research in the
MoM. For example, the iterated polynomials used in [78] allows a high order basis function
over quadrilateral surface approximate by Bezier polynomial. In [79] has been developed
basis function using higher-order Legendre polynomials with a maximum order of 3.5 over
parametric curved triangles in CFIE. Basis functions with entire domain and non-arbitrary
geometries have also been explored, such as those used in [33] to model Flat Faces and
Planar Aperture using the Domain Decomposition. Similarly, several other basis functions
for electrical large objects [34, 80, 81], electrically small objects [23, 24, 31, 59] , and mixed
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structures [63] has been reported.
In the MoM, the weighting functions allow that the residual error is orthogonal to the N

dimensional subspace formed by all linear combination (Span) of these functions. To achieve
the convergence with this technique, the weighting functions should be in the range of the
linear operator (L{·}). In that sense, the Galerkin method (bm = Rm) suggests a way for
the choice of weighting functions; however, its implementation is not general and independent
of the linear operator. For instance, although the Galerkin method finds a good accuracy
using RWG functions in EMP, in [82] the amount of interaction and the relative error of the
results are substantially reduced using the RWG basis function and the Buffa-Christiansen
(BC) weighting function.

Finally, and closely related with the basis and weighting functions, there are the topics
related with the discretization (mesh) techniques. Although this thematic is present in all
CEM algorithms, the method further development in this area is the finite Element Method
(FEM) [83, 84]. In the MoM is necessary to consider the continuity of the current density
between adjuncts elements and that the matrix is very ill-conditioned using very thin or
combination of thin/coarse mesh. In general, the mesh algorithms must be efficient in time
and it should permit a better convergence and flexibility with the MoM. As an examples
of these approaches, the work [26] developed a framework for the selection of the basis
functions in order to reduce the coupling between them and the discretization; the work [22]
developed a set of hierarchical basis functions based on Multiresolution Analysis to alleviate
the ill-conditioning of fine/coarse mesh; the work [85] developed an algorithm that converts
a high-quality geometric model based on non-uniform rational B-spline (NURBS) to a more
simple and friendly model for the MoM; and the work [86] developed an algorithm that
produces a rapid transition between thin and coarse mesh.

Another related topic with the discretization is the geometry of the basic element. In Sur-
face Integral Equation is usually chosen triangular and quadrilateral shapes. The triangular
shape is the most effective, precise and low computational cost to model arbitrary surfaces,
particularly when they have cusp shaped [79]. The quadrilateral shape significantly reduces
the number of unknown variables needed to model an arbitrary geometry [86]. Triangular
and quadrilateral hybrid geometric have also been developed, such as the proposal [85] to
increase the uniformity of the area and to reduce the number of unknown variables.

Find a source model In the literature review including the last ten years, it is found
few new models of sources to solve Scattering and Radiation problems using MoM [87–91]. In
particular, the models proposed by [89,91] using EFIE are highlighted. The first proposes a
source model using the so-called reduced or approximate Kernel. This model avoids the source
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parasitic capacitance using the traditional Delta-Gap model. The second model proposes a
source model for cylindrical monopole antennas fed by a coaxial based on the static magnetic
behavior. This model proposes, in addition to the traditional axial component of the magnetic
source, a radial component, which allows solving radiation problem with monopole wire
antennas using arbitrary geometries. In both cases, the increase of the convergence and
stability was reported as the greater advantage of these proposals.

Solve the linear equations system In order to reduce the dependence of O(N3)
with N ↑ in the solution of ZI = V, several iterative methods have been proposed to find
in the kth step an approximation Ik such that the residual error ‖V− ZIk‖ / ‖V‖ ≤ δ0 � 1
with a computational complexity O(kN2) for N ↑ and k � N . Examples of stationary
methods are the Jacobi, Gauss-Seidel, Sucessive Overrelaxation (SOR), and examples of
non-stationary methods are those based on the Krylov Subspace [92]. The methods based on
the Krylov Subspace are preferred because the number of iterations to estimate a response
may be substantially less than the stationary methods and they have an intimate relationship
with the Cayley-Hamilton Theorem because the estimation is found by Ik = I0 +Kk{Z, r0},
where r0 = V − ZI0, Kk{Z, r0} = Span{r0,Zr0,Z2r0, ...,Zk−1r0} and I0 is an initial vector.
Examples of these techniques are the GMRES, BiCG, BiC-Stab and CGS [18].

Even above, the algorithms based on Krylov subspace require a reasonably higher k, and
its main disadvantage is the dependent convergence of I0,V,Z, and particularly, the number
of conditioning κ(Z). For this reason, the research in this area is to find preconditioners P,Q
for solving the new problems P−1ZI = b, ZQ−1u = V or P−1ZQ−1u = b with u = QI and
b = P−1V. This approach seeks to change the distribution of the cloud of eigenvalues in
order to obtain a better convergence of the solution. In particular, the modern methodology
for construction of preconditioners in EMP with the MoM is to use the identity of Calderon
T 2 {J} = K2 {J} − 1

4J. That approach aims to use the property of self-regularization, in
which the new operator T 2 {·} has no eigenvalues with zero or infinity values, and therefore, it
generates a matrix well-conditioned. Some examples of this approach are found in [14–17,22].

Finally, it is interesting to note that the traditional non-recursive or direct strategies are
not obsolete because the solution using iterative methods based on the Krylov subspaces uses
the asymptotic convergence with bigger matrix, the solution is valid for a particular source
vector (b) and the convergence rate may vary unpredictably [93]. For this reason, the direct
methods are used in small to medium sized problems, where the computation time constraints
arise when using many times the same algorithm, such as the typical case of optimization.
For instance, the authors in [94] use the order recursive Gaussian elimination method to
calculate the response of an optimization problem related to patch antennas. This kind of
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strategy is efficient in that problem because the design with the MoM implies to remove only
a part of the matrix impedance. As a result, it is possible to use the memory of the previous
procedures for calculating the response in a shorter time.

2.1.3.2 Strategies for wideband problem

The two main strategies to solve problems broadband problems are: the technique of in-
terpolation and extrapolation with respect to frequency and the technique of modeling the
Integral Equation with the time domain (TDIE). In the first case, it has been found that
the coefficients of ZN×N have a dominant behavior in phase with respect to the frequency
and they vary slower than the Electromagnetic field (E,H) or the current density (J). For
instance, a good approximation of Zmn can be obtain by

Zmn = Zmn
f

fH
e
j2π f

fH
|rm−r′n| (2.24)

in f ∈ [fL, fH ]. Several other approximations based on orthogonal polynomial can be find
in [27–29], where the phase function may include information of the derivatives of Zmn in a
particular finite subset of frequencies.

In the second case, the TDIE uses a simple Green function in the time domain by means
of retarded potentials. Using the EFIE formulation with PEC objects, the Scalar Green
function [95] can be defined by

G(r, t; r′, τ) = δ(t− τ − tp)
|r− r′|

(2.25)

where c is the speed of the electromagnetic wave, r is the observation point, r′ is the source
point at a time τ , and tp = c−1 |r− r′| is the time travel by the Delta Dirac function between
the source point (r′) and the observation point (r). Using this definition and the Maxwell
Equations, it is possible to find an integral formulation including an integral or derivative of
the time variable. For example, using EFIE and PEC objects, the TDIE has a linear operator
with integral given by TI {J}

TI {J} = n̂(r)×
(
∂

∂t
µ

¨

SP EC

J(r′, t− tp)
4π |r− r′|

dS′ −∇1
ε

¨

SPEC

τ=t−tpˆ

τ=0

∇′ · J(r′, τ) dτdS′
)

(2.26)

with a source model f = -n̂(r) × Ei, and it has a linear operator with a derivative given by
TD {J}
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TD {J} = n̂(r)×
(
∂2

∂t2
µ

¨

SP EC

J(r′, t− tp)
4π |r− r′|

dS′ −∇1
ε

¨

SP EC

∇′ · J(r′, t− tp) dS ′
)

(2.27)

with a source model f = -n̂(r)× ∂
∂tE

i.
The TDIE formulations require the use of time-matching methods to calculate the ba-

sis functions, whose unknown coefficients depend on the position and time evaluated. The
major advantages of TDIE are that only with one simulation is possible to obtain the fre-
quency response by means of the Fourier Transform, it is possible to obtain the transient
response to electromagnetic pulses, and the formulation can be easy modified for solving
non-homogeneous media.

2.1.3.3 Strategies for electrically small problems

The main methodology to solve the low breaking frequency with the MoM is called the
Helmholtz Decomposition [30, 31]. In that strategy, two basis functions with the properties
solenoidal (Is) and irrotational (Ii) are used in order to separate the contribution of the vector
and the scalar potential in the matrix impedance by

 Zss kZsi

kZis k2Zii

 Is

k−1Ii

 =
 Vs

kVi

 (2.28)

where k = 2π/λ. However, the sub-matrix k2Zii is still ill-conditioned. For this reason, this
technique requires complementary matrix techniques in order to find a convergent numerical
solution [14]. The usually complementary technique is the use of preconditioners, such as
the works of [14, 17, 58]. In particular, the authors of [14] show the advantages of this
methodology using LS and LT basis functions with several preconditioners using EFIE. For
instance, the authors find the Radar Cross Section of a sphere with radius 0.05 m between
10−4 Hz and 109 Hz with results very similar to the MIE model. In the same work, they
analyzed coiled wires with length 2.98 cm under a planar electromagnetic wave at 1 Hz and
the Electromagnetic Compatibility of one chip with length of 1.3 cm at 50 Hz. In both cases,
the authors reported relative residual error better than 10−6 using the LS basis function with
a Calderon preconditioner and better than 10−3 using the LT basis function with re-ordering
preconditioner.

Another technique used in this kind of problems is called the Hierarchical Decomposition.
For example, the research [23] proposes the Multi-resolution Analysis in order to obtain
multiples hierarchical levels using solenoidal and irrotational basis functions and to reduce
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the complexity caused by low conditioner number and the sparse matrix of the wavelet
formulation. For instance, that work analyzes a monopole installed on a boat in a range
of frequencies 1 MHz-10 MHz. That model finds κ(Z) > 3 × 108 using triangle mesh with
4424 unknown variables and RWG basis functions. In contrast, the LT basis function finds
κ(Z) ≈ 2× 104 and the Hierarchical Decomposition finds κ(Z) ≤ 2× 102.

Finally, the last technique is the use of an Integral Equation immune to the low breaking
frequency, such as the MFIE formulation for closed boundary problem and the Augmented
EFIE (A-EFIE) [32]. The A-EFIE formulation is very relevant because it is very similar
to the Separated Potential Integral Equation (SPIE) with the advantages of obtaining a
well-conditioned matrix, even in static problems. The A-EFIE formulation is based on the
separation of the Vector Potential and the Scalar Potential from the density current (I) and
density charge (q) by means of Z = ikηA + η

ik
S and the normalization matrix

 A DTP
D k2U

 ikI
cq

 =
 η−1V

0

 (2.29)

where S = DTPD, D is a incident matrix with values of 0,±1 depending of the RWG basis
functions and the triangle connection, U the identity matrix and c the speed of light [96].

2.1.3.4 Strategies for electrical large problems

The strategies used to solve EMP when having a large number of unknown variables caused
by the size of the objects can be classified into four broad categories, where some of them are
used simultaneously or complementary. The first is the strategies that reduce the number of
unknown variables (N). The second is the formulations that reduce the typical complexity
of the matrix inversion O(N3) and the storage memory O(N2) to more efficient versions with
complexity O(Np) or O(Nplog(N)). The third is the use of hybrid methods between the MoM
and asymptotic methods, usually optical. The latter corresponds to use High Performance
Computing (HPC) platforms.

In the first category, special basis functions and mesh with high order [25] are used in
order to reduce the typical amount of unknown variables of 100− 200 per λ2 to 40− 70 per
λ2 using triangle segments or 25− 30 per λ2 using quadrilateral segments. Others strategies
exploit the geometry of the problem to simplify the number of unknown variables, such
as using symmetry planes, applying adaptable strategies [20], and using Integral Equations
with a periodic Green function, which can accelerate the results by assuming the geometry
of infinite periodicity [97–100].

Other relevant technique in this first category, it is the Domain Decomposition (DD) [33],
sometime called the Segmentation Technique. In that case, special basis functions are used,
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such as the Macro Basis function (MBF) [34] or the Synthetic Functions (SF) [35,80], in order
to divide the geometry in small blocks. The isolated blocks are solved using auxiliary sources
and they are assembled in order to obtain the global basis functions [101]. One example
of the DD technique is called the CBFM [36, 37, 102, 103], where an arbitrary geometry can
be modeled through the entire domain basis function called Characteristic Basis Function
(CBF). Among other advantages using CBFM, the final matrix is sparse and well-conditioned,
the blocks include a mutual coupling and the matrix allows the application of direct method
for solving the linear equations system. As a result, this technique allows a efficient solution
when the problem require several vector sources, such as the case of Scattering.

In the second category also highlights different approaches, which have already been dis-
cussed in this document. For instance, the conversion of a dense matrix in a sparse matrix
using the Multiresolution Analysis [22]; another technique is the use of iterative method-
ologies based on the Krylov subspace, although it increases the mathematical complexity or
the storage requirement caused by the design and application of preconditioners. Another
strategy in this category is to use iterative algorithms that exploit the electromagnetic or
mathematical behavior of the impedance coefficients (Zij) to reduce the computational com-
plexity and the storage requirements of the problem. Two modern example of the diverse
of techniques developed with this strategy are the Adaptive Integral Method (AIM) and the
Fast Multipole Method (FMM) [104] . The AIM reduces the storage requirements and it
simplifies the computational complexity by means of near field approximations and vector-
matrix multiplication using the Fast Fourier Transform (FFT) [105]. The FMM [7,38,39,106]
is very important for the ability to model large EMP efficiently and its implementation in
parallel computer architectures. This method is based on the partition of the objects follow-
ing the concept of near and far field defined by the distance and the approximation of the
Green’s function by the multipolar expansion defined by the addition theorem

e−jk|D+d|

|D + d|
= −jk

∞∑
l=0

(−1)l(2l + 1)J1(k |d|)h(2)
l (k |D|)Pl(d̂ · D̂) (2.30)

where J1(·) is the Bessel function of first kind, h(2)
l (·) are the Spherical Hankel function of

second kind, Pl(·) are the Legendre polynomials and d̂ ·D̂ is the interior product between the
unit vectors. Using this expansion, it is possible to define the interaction between separated
groups in an iterative way, such that only a part of the storage of the matrix is necessary.
This technique can be successfully used when the dimension of the objects are bigger than
several wavelengths. In general, this kind of iterative techniques have reduced the complexity
time and storage to O(N3/2), O(N3/2log(N)) or O(Nlog(N)), depending if the technique is
conventional, it uses the FFT and it uses some multilevel approach [104,105].
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The third category is to reduce the complexity combining the MoM with asymptotic
methods, such as the Uniform Theory of Diffraction (UTD), Geometrical Theory of Diffrac-
tion (GTD) and Physical Optics (PO). Although this methodology has some disadvantages
in its general application [104], this has been a standard approach for the past thirty years.
As examples of modern research, the combination of UTD and MoM has been used in order
to model the Electromagnetic Compatibility (EMC) of electronic equipment in a large PEC
platform [107], the combination of GTD and MoM has been used in the time-domian with a
Multiresolution Analysis in order to find the transient of antennas close to huge PEC [108],
the combination of PO and MoM has been used to model the RCS of large objects over
rough surfaces [109], to model antennas over a airplanes [110] and to model wire antennas
over coated PEC plates [111] and large platform [112].

Finally, the last category is the High Performance Computing (HPC), where hundreds or
thousands of computers in a grid or cloud, or through sophisticated or special architectures
are used to solve EMP with MoM. As an examples of theses implementations, in 2009 several
problems with 150 millions of unknown variables was solved with a cluster conformed by
1024 computers using FMM with the FFT [41]; in 2010 the Graphical-processing Unit (GPU)
architecture was used to solve the standard approach using the MoM with 150 times faster
for finding the matrix and 12 times faster for solving the linear equation system using a
number of unknown between 64− 7701 [42]; in 2011 the MLFMA was implemented in a low
computational cost architecture with distributed memory for modeling objects with length
of 1000λ with three hundred seventy four millions (374.490.624) of unknown variables [43],
and the platform GPU NVIDIA GeForce GTX 275 was used to model PEC problem in 3D
by means of wire grids [113], finding with the benchmark a time evaluation of the matrix of
16 s per frequency. In contrast, the standard CPU based on the Intel core i7 with 2.6 GHz
takes 100s per frequency in the same problem. Finally, in 2012 the works [44, 45] have
implemented the MLFMA with the FFT using platforms based on MPI and OpenMP in
order to successfully solve 1 billions (1,063,706,700) of unknowns variables.

2.1.3.5 Strategies for combining structure and environment problems

Although the technique of the Dyadic Green function is usually used to address problems
with multiple layers of homogeneous media, other techniques are used in general problems
conformed by miscellaneous objects. For instance, a widespread technique for analyzing
miscellaneous objects formed by homogeneous conductors or dielectrics is to use the equiva-
lent principles by means of the SIE-Müller and SIE-Poggio-Miller-Chang-Harrington-Wu-Tsai
(SIE-PMCHWT) formulations. In both techniques, it is modeled the Electric and Magnetic
current densities by means of Surfaces Integral Equations (SIE) using different boundaries
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conditions [114]. Those approaches have several advantages, such as its implementability in
fast version using FMA [115, 116] and the elimination of the low breakdown frequency. For
example, the SIE-Müller has a inherent immunity with electrically small problem using the
N-Müller formulation [114] and the SIE-PMCHWT formulation has integrated various pre-
conditioners based on the identity of Calderón [16,116,117]. Another simplification used with
dielectric antennas and resonators close to PEC objects based on the equivalent principles,
it is to model the PEC objects using Linear or Surface Integral Equations, and to model the
dielectric by means of volumetric polarization currents [118].

Another approach used from the nineties has been the combination of MoM with other
CEM in order to take advantage of the synergy of the mixed models. For instance, the
MoM has been combined with the Matching Mode (MM) in order to model sophisticated
waveguides such as the Substrate Integrated Waveguide (SIW) [119,120], a general framework
that unified the FDTD using the Yee, TLM, PSTD and ADI approaches as particular basis
and weighting functions of the MoM has been reported in [121] and a hybrid with FDTD
has been reported in [122] for evaluating specific absorption rate (SAR) in biological bodies.
Additionally, the MoM has been combined with FEM in order to model open boundary
problems with non-homogeneous dielectrics and PEC [123].

Finally, the simplification of PEC problems obtained by means of the combination of
Lineal Integral Equation (LIE), Surface Integral Equation (SIE) and Volumetric Integral
Equation (VIE) have been studied in the last decade, being primarily focused in the solution
of the ill-conditioned of the linear equation system and the singularities in the junction of the
different formulations [124–126]. In that sense, the work [127] has demonstrated the potential
of solving planar antennas using VIE-SIE, where the solution can be competitive even with
the FEM.

2.1.3.6 Other discussions about modern strategies

The diverse methodologies that solve each of the challenges of the MoM in EMP is huge,
and some of them have been developed in the last decade motivated by the new techniques
that produce results computationally feasible with the electrically small and large problems.
However, these approaches are not definitive solutions due to their own constraints. Although
discuss all the disadvantages of each strategy is outside the scope of this state of the art, it
is relevant to discuss their fundamental limitations.

In that context, the initial strategies have some fundamental issues. For instance, the
Dyadic Green function methodology is efficient only in multilayer problems, and the tensor
of eigenfunctions (2.18) has a strong dependence of the coefficients, the geometries and it is
computationally expensive to find. In the same way, the singularity cancellation technique
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requires a careful choice of the sampling points used in the quadrature techniques because they
are not arbitrary or uniform caused by the non linear transformation. In general, the choice
of good basis or weighting functions are limited by the time of configuration, evaluation and
implementation. Further research is needed to determine the overall impact of the source
models and their relationship with the linear operator used. Finally, the preconditioners
usually have high computational cost, and in many cases, they can not be easily integrated
with commercial software because they usually do not have a multiplicative form.

On the other hand, the wideband strategies require a better understanding of the fre-
quency variations of the matrix coefficients (2.24), and the TDIE approach requires improve
the stability and precision found in many complex problems. Moreover, several decomposition
techniques used for electrically small problem require the design of specific preconditioners
and the location of local loops in complex geometries, which increase the complexity of the
solution.

In general, the DD techniques require special basis and weighting functions with high
computational cost in time and memory for their setup and operation. The Iterative and
Hierarchical methods have some disadvantages for their sensitivity to the ill-conditioned of
the matrix. For instance, the FMA can be unpredictable or have lower rate of convergence
in this case, and the implementation of the MLFMA in HPC with good load balancing and
memory exchange in order to obtain a true complexity O(Nlog(N)) can be complicated
because the algorithm requires several special operations, such as wave and exponential
expansion, interpolation and filtering of spherical waves. The combination between the MoM
and the asymptotic methods have several constraints caused by the limited applicability of
the models and the difficulty generalizing all the cases. In the case of combined structure
and environment, the formulations based on the equivalence principles may have spurious
and fake resonances, and although the combination of several CEM with MoM gives vast
opportunities to efficiently solve open boundary problems, its application is not popular in
commercial software.

The diversity of new techniques developed for the MoM has produced a variety of frag-
mented implementations. Therefore, the development of a unified and computationally ef-
ficient approach based on MoM that can be used in many different problems, media, envi-
ronments and frequency ranges is a considerable challenge. In this regard, several studies
have begun to see that this unification is feasible by means of the MLMFA and PMCHWT
approaches [116,128,129].

Finally, a major limitation encountered during this state of the art, it is that the design
methodology of MoM is considerably limited. This means that under the assumption of a well-
defined kernel, the fundamentals design questions about the form and relation between the
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basis and weighting functions, the design of preconditioners and the analysis of conditioning
are not general, or they are not easy to answer.

2.1.4 Uni-dimensional Fredholm Equations in electrodynamics

Most of the previous work solving uni-dimensional Fredholm Equations in electrodynamics is
mainly focused on MoM methodology. The different approaches using the MoM have estab-
lished benchmarks for computational techniques (eg., comparison between MoM, FEM and
FD-TD) and experimental techniques (eg., the classical wire antenna), they have identified
special computational issues (eg., very ill-conditioned matrices and fake oscillations), and
they have been the cornerstone for future generalizations in two and three dimensions. For
example, [1] showed the classical problem of wire antennas with arbitrary shapes using sub-
domain functions, [130] solved wire antennas consisting of right truncated cones of circular
cross-section interconnected in an arbitrary manner, [131,132] used the Telegraphist’s equa-
tions to solve uniform and tapered transmission lines by means of the Green function, [133]
proposed semi-orthogonal compactly supported spline wavelets solving an infinitely long
metallic cylinder illuminated by a TM plane wave, [134] found the unknown current of a
linear dipole with MFIE using high-order basis functions and [135,136] solved the scattering
for an infinite curved smooth strip with the TM and TE cases using the Nystrom method.

On the other hand, few discussion about the relationship between the system theory
based on the convolution operator and the Fredholm Equation in electrodynamic is found.
Although Fredholm Equations with difference kernels have quasi convolutional form, few
studies have used this feature to efficiently solve the problem. Particularly, [137] defined an
effective bandwidth of scattered field using the bandlimited behavior of far field, [138, 139]
used this property to define basis functions with better convergence based on entire domain
and quasi-localized bandlimited interpolation functions, and [140] also uses this behavior to
simplify the Green function by removing the unexpected spectral components, supported by
the similarity of the problem with a convolutional formulation not very well defined. As far
as the author knows best, the application of the Non-ideal Instantaneous Sampling Theory
has not been explicitly worked on electrodynamics so far.

2.2 Signal Theory

In this section, the author summarizes the elements of the Signal Theory required in this
research to solve CIE via the Fourier Analysis. For further details and proofs of the lemmas
and theorems used in this section, the author recommends the classical references [141–144].
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2.2.1 Standard functions and their characteristics

Let g : R→ C be a complex-valued function. Let gΩ(x) be a truncated function with compact
support given by

gΩ(x) ,

g(x) ∀x ∈ Ω

0 otherwise
(2.31)

Let Πb(x) , 1(−b/2,b/2)(x) be the Rectangular function, let Λb(x) , (1− |x| /b) Π2b(x) be the
Triangle function, and let sinc(x) , sin(x)/x.

Definition 1. (The Lp space and the p-norm) Let g ∈ L1≤p<∞ if ‖g(x)‖p ,
(´∞
−∞ |g(x)|p dx

)1/p
<

∞, and let g ∈ L∞ if ‖g‖∞ , supt∈R |g(t)| <∞. Let Lp∧q , Lp ∩ Lq and Lp∨q , Lp ∪ Lq.

Definition 2. Let δ4(x) be a nascent Delta-Dirac function for g ∈ Lp if
∥∥∥∥∥g(x)− lim

4→0+
(δ4 ∗ g)(x)

∥∥∥∥∥
p

= 0 (2.32)

2.2.2 The Continuous Fourier Transform

Let g̃(v) , F{g(x)} be the Fourier Transform.

Lemma 3. (Existence Theorem) If gΩ ∈ L1, then

g̃Ω(v) , F{gΩ(x)} =
ˆ ∞
−∞

gΩ(x)e−2πj·vxdx (2.33)

exists.

Lemma 4. (Plancherel’s Theorem) If gΩ ∈ L1∧2, then g̃Ω ∈ L2 and ‖gΩ(x)‖2 = ‖ g̃Ω(v) ‖2.

Definition 5. The Essential Bandwidth of g ∈ Lp is defined by

BW g
p : ε , 1− ‖g̃Θ(v)‖2

p / ‖g̃(v)‖2
p � 1 (2.34)

where Θ , (−BW g
p , BW

g
p ).

Lemma 6. Let g : R×R→ C be a two-dimensional complex-valued function. If gΩ ∈ L1(R×
R) with Ω = Ωx × Ωy, then the two-dimensional Fourier Transform defined by g̃Ω(v, w) ,

F 2{gΩ(x, y)} ,
´∞
−∞

´∞
−∞ gΩ(x, y)e−2πj·(xv+yw)dxdy exists. In the same way, it is extended for

the multidimensional case.
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2.2.3 Linear system theory

Let g h→ f be a linear and invariant problem given by f(x) = (h ∗ g)(x), with g(x) the input,
f(x) the output, h(x) the linear and invariant system, and (∗) the one-dimensional invariant
convolution operator defined by (h ∗ g)(x) = h(x) ∗ g(x) ,

´ +∞
−∞ h(x − u)g(u)du, whenever

the Improper Riemann Integral [145] is well-defined.
Let F{h(x) ∗ g(x)} = h̃(v) · g̃(v), whenever the Fourier Transforms h̃(v) = F{h(x)},

g̃(v) = F{g(x)} and the Improper Riemann Integral are well-defined.

Lemma 7. If hΩh
, gΩg ∈ L1∧∞ with Ωh=(a1, a2) and Ωg=(b1, b2), then fΩf

(x) = hΩh
(x) ∗

gΩg(x) exists with Ωf = Ωh ∗ Ωg , (a1 + b1, a2 + b2).

Let g h(·,u)→ f be a linear and variant problem given by f(x) = h(x, u)?g(x), with h(x, u) a
linear and variant system, and (?) the one-dimensional variant convolution operator defined
by h(x, u) ? g(x) ,

´ +∞
−∞ h(x, x− u)g(u)du, whenever the Improper Riemann Integral is well-

defined.
Let F{h(x, u)?g(x)} = K̃(v, w)Fg̃(v) ,

´∞
−∞ K̃(w, v−w)· g̃(w)dw, whenever the Fourier

Transforms g̃(v) = F{g(x)}, K̃(v, w) = F 2{K(x, u)} and the Improper Riemann Integral
are well-defined. The operator (F) is called by the author as the one-dimensional dual
variant convolution operator.

2.2.4 Sampling theory

Let δmn be the Kronecker-Delta function and Let δ (x) be the Generalized Dirac-Delta func-
tion. Using the Distribution Theory and the Generalized Fourier Transform, the following
theorems are well-defined:

Lemma 8. F{δ(x − x0)} = e−2πj·vx0, F{e2πj·xv0} = δ(v − v0), F{∑∞n=−∞ δ(x − n4)} =∑∞
k=−∞4−1δ(v − k4−1).

Theorem 9. Let F{g(x)} = g̃(v) and the uniform samples xn = xn−1 +4 = x0 + n4 with
ϑ = 4−1 ∈ R and n, k ∈ Z. The Ideal Sampling Theorem is

F{
∞∑

n=−∞
g(xn)δ(x− xn)}= ϑ ·

∞∑
k=−∞

g̃(v − kϑ)e−2πj·kϑx0 (2.35)

Proof. F{∑∞n=−∞ g(xn)δ(x−xn)} = F{∑∞n=−∞ g(x0 +n4)δ(x−x0−n4)}= F{δ(x−x0)∗∑∞
n=−∞ g(x0 + n4)δ(x − n4)} = F{δ(x − x0) ∗ ∑∞n=−∞ g(x + x0)δ(x − n4)}= F{δ(x −

x0) ∗ (g(x + x0) · ∑∞n=−∞ δ(x − n4))} = e−2πj·vx0 · ((g̃(v)e2πj·vx0) ∗ ∑∞k=−∞ ϑ · δ(v − kϑ)=
e−2πj·vx0 ·∑∞k=−∞ ϑ · g̃(v − kϑ)e2πj·(v−kϑ)x0= ϑ ·∑∞k=−∞ g̃(v − kϑ)e−2πj·kϑx0 .
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Theorem 10. Let F{g(x)} = g̃(v), F{p(x)} = p̃(v) and the uniform samples xn = xn−1 +
4 = x0 + n4 with ϑ = 4−1 ∈ R and n, k ∈ Z. The Non-ideal Sampling Theorem is

F{
∞∑

n=−∞
g(xn)p(x− xn)}= ϑ · p̃(v) ·

∞∑
k=−∞

g̃(v − kϑ)e−2πj·kϑx0 (2.36)

Proof. F{∑∞n=−∞ g(xn)p(x−xn)} = F{p(x)∗∑∞n=−∞ g(xn)δ(x−xn)} = ϑ·p̃(v)·∑∞k=−∞ g̃(v−
kϑ)e−2πj·kϑx0 .

2.2.5 Background in communications

This research is inspired by one particular application of the non-ideal sampling theorem
well known in communications. Particularly, the instantaneous Pulse Amplitude Modulation
(i-PAM) [146–149] uses an instantaneous representation of a band base function g(t) with
finite bandwidth BW , given by

Ψ(t) =
∞∑

n=−∞
g(tn)p(t− tn) (2.37)

in order to transfer its information through a channel with impulse response h(t).
In this application, the typical sampling function p(t) is the rectangular function with

uniform sampling times tn = n4. The quasi ideal inverse system is a standard reception
filter with frequency response R̃(f) = α0 · p̃−1(f),∀f ∈ [−BW,BW ], and zero elsewhere.
This modulation is widely used in communications for modeling the Pulse Code Modulation
(PCM) and the conversion processes between Analog to Digital and Digital to Analog.

The similarities between this classical application and the solution of an CIE using the
MoM are evident. If a CIE can be modeled as a linear and invariant problem, then Ψ(·)
may contain the instantaneous information, and not necessarily the continuous information,
through the system (kernel). In the same way, if the weighting functions are equivalent to the
reception system, then a novel approach to design theses functions (and the problem) can be
developed. This interpretation is reasonable because the optimum demodulator for an AWGN
(Additive White Gaussian Noise) channel in digital communications can be interpreted from
an inner product or from a matched filter.
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Chapter 3

Method of Sampling

3.1 Introduction

In this chapter, a new framework for the solution of Convolutional Integral Equations is
developed using the Non-ideal Sampling Theory and Fourier analysis for the one dimensional
case. The framework is called “Method of Sampling” because the general methodology is
to establish a method for sampling the CIE in order to efficiently solve the inverse problem.
The method of Sampling is abbreviate by MoS! because in several contexts the symbol “!”
has the phonetic sound “Pling”.

In order to generalize this theory to other cases (e.g., linear and variant problems), the
Fredholm Equation of first type defined in (1.1) is re-defined as follows.

Definition 11. A Fredholm Equation of first type is an integral equation such that

∃g(·) :
ˆ b

a

K(x, x− u)g(u)du = f(x),∀x ∈ Ω (3.1)

where −∞ < a < b <∞ and Ω , [a, b].

Definition 12. A Convolutional Integral Equation (CIE) is a Fredholm Equation of first
kind such that K(x, x− u) = K(x− u).

It is assumed that K ∈ L2 and gΩ ∈ L1∧2 because in practical terms the signals found in
nature are functions with finite energy. Because the related functions are L2, it is possible
to define the bandwidth of each function using the 2-norm. In particular, the essential
bandwidths of K, gΩ are denoted by BWK

2 and BW gΩ
2 and they are calculated by (2.34).
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3.2 The convolutional equivalence

A CIE can be expressed as part of an extended equivalent problem, defined by

∃gΩ(·) :
ˆ ∞
−∞

K(x− u)gΩ(u)du = f∞(x) (3.2)

where f∞(x) = f∞Ω (x) + f∞Ωc(x), f∞Ω (x) = fΩ(x) and Ωc , R− Ω.
The extended function f∞(x) evaluated in the Supra-domain (x ∈ Ωc) is a degree of

freedom with mathematical sense allowing the hypothesis gΩ
K→ f∞. The solution of this

extended equivalent problem can be performed in the original domain (x-domain) or in the
Fourier domain (v-domain) by

K(x) ∗ gΩ(x) = f∞(x) (3.3)

K̃(v) · g̃Ω(v) = f̃∞(v) (3.4)

where f∞ ∈ L2 with BW f∞

2 . The critical bandwidth of this problem is denoted by BW .
The solution of this problem must be routed by means of the x-domain because f∞Ωc(x)

is unknown, and even though this function has mathematical sense, it does not have strictly
relation on the physics of the original problem.

3.3 The asymptotic reduction

Let xn ∈ {· · · , x−1, x0, x1, · · · } be sampling points such that S , {x1, · · · , xN} ⊆ Ω and
Sc , {· · · , x−1, x0, xN+1, xN+2, · · · } * Ω. Let Ψ(x) be a non-ideal sampling function defined
by

Ψ(x) ,
∞∑

n=−∞
ĝΩ(xn)pn(x;4) (3.5)

S⊆Ω,∧,Sc*Ω=
N∑
n=1

ĝΩ(xn)pn(x;4) (3.6)

= ĝΩ(x) + ε4(x) (3.7)

where pn(x;4) is a generalized interpolation function with several properties discussed below.
In contrast with other computational methods developed so far, the non-ideal sampling

function Ψ(x) is not necessarily a good representation of gΩ(x) following a conventional
sense (e.g., variational sense). It means that Ψ(x) : 4 > 0 does not necessarily min-
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imize a continuous error, such as min max∀x∈Ω|Ψ(x)− gΩ(x)|, min
´

Ω|Ψ(x)− gΩ(x)|dx or
min
´

Ω(Ψ(x)− gΩ(x))2dx, as it can be inferred from Fig. 3.1. We will use interpolation
functions such that ĝΩ(x) and ε4(x) are asymptotically (4 → 0+) separable through the
v-domain. As a result, Ψ(x) is not necessarily conformed by a combination of orthogonal or
smooth functions with domain Ω, as we show in Fig. 3.1.

Figure 3.1: Conceptual example of a generalized interpolation function proposed in this
research.

If we use uniform generalized interpolation functions pn(x;4) = p(x−xn;4) = p(x;4)∗
δ(x − xn) with domain Ωpn ⊆ R and uniform samples xn = xn−1 +4 = x0 + n4, then the
spectral error is (see Theorem 10)

ε̃4(v) = {4−1 · p̃(v;4)− 1} · ˜̂gΩ(v) + ρ̃4(v) (3.8)

ρ̃4(v) = 4−1 · p̃(v;4) ·
∞∑
k=1

˜̂gΩ(v ± kϑ)e±2πj·kϑx0 (3.9)

Therefore, ε̃4(v) has three spectral components. The first is the distortion of {4−1 ·
p̃(v;4) − 1} in |v| ≤ BW . The second is the interference of ρ̃4(v) in |v| > BW . From
(3.9), this interference may be centered at the harmonics ±kϑ and it may be located in
the intervals |v ± kϑ| ≤ BW for problems with finite bandwidths. The third is the aliasing
of ρ̃4(v) in |v| ≤ BW . Consequently, if the sampling rate satisfies the Nyquist criterion
(ϑ , 4−1 > 2BW ) and
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δ4(x) , 4−1 · p(x;4) (3.10)

is a nascent Delta-Dirac function, then the distortion and aliasing are asymptotically removed
of ε̃4(v) for ∀gΩ ∈ L1∧2.

Assume the equivalent instantaneous problem in the x-domain and in the v-domain given
by

(K ∗Ψ)(x) = (K ∗ ĝΩ)(x) + (K ∗ ε4)(x) = f∞(x) (3.11)

(K̃ · ˜̂gΩ)(v) + (K̃ · ε̃4)(v) = f̃∞(v) (3.12)

The new approach is based on the solution of the equivalent instantaneous problem as-
suming the asymptotic reduction of the spectral error, given by

lim
4→0+

‖ (K ∗ ε4)(x) ‖2 → 0 (3.13)

lim
4→0+

‖ (K̃ · ε̃4)(v) ‖2 → 0 (3.14)

As a result, ĝΩ(x) → gΩ(x) and ĝΩ(xn) → gΩ(xn), almost everywhere. Therefore, the
relation between the interpolation function p(x;4), the kernel K(x) and the sampling rate
(ϑ=4−1) are not arbitrary in order to obtain this particular behavior.

Remark 13. Because we do not know ĝΩ(x) a priori, our methodology only obtains the
instantaneous values ĝΩ(xn). Consequently, a smooth interpolation algorithm, denoted by
I{·}, with low computational cost must be used in order to find the unknown continuous
approximation, denoted by ĝΩ(x) = I{ĝΩ(xn)}, under the hypothesis of compliance with the
Nyquist criterion.

3.4 Design techniques

In contrast with other computational frameworks, our approach allows several design strate-
gies and interpretations to solve linear operators using the Fourier Analysis. For clarity
reasons, this subsection presents in detail some of them for a CIE in one dimension.

3.4.1 Bandwidth Matching Procedure (BM-P)

We propose a general methodology to solve a CIE assuming that the combination of the
interpolation functions and the kernel allow to underestimate the spectral error into the
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problem argued by ‖ (K̃ · g̃Ω)(v) ‖2 � ‖ (K̃ · ε̃4)(v) ‖2, for example BW gΩ
2 � BWK

2 . We call
this technique as the Bandwidth Matching Procedure (BM-P).

Without loss of generality, if we take samples at x = xm ∈ S in (3.11), then

N∑
n=1

ĝΩ(xn)K(x) ∗ pn(x;4)
∣∣∣∣∣
x=xm

= f∞(x)
∣∣∣∣∣
x=xm

(3.15)

Rewriting (3.15) in integral form, we obtain

N∑
n=1

ĝΩ(xn)
ˆ ∞
−∞
K(xm − u)pn(u;4)du = f(xm) (3.16)

N∑
n=1

ĝΩ(xn)Smn = f(xm) (3.17)

The linear equations system using BM-P is

SΨ = f (3.18)

where Ψ = [ĝΩ(xn)], f = [f(xm)], S = [Smn], ĝΩ(xn) is an instantaneous approximation of
gΩ(xn), f(xm) is the instantaneous value printed by the output, and Smn is the instantaneous
equivalent system between the samples given by

Smn =
ˆ ∞
−∞
K(xm − u)pn(u;4)du (3.19)

If the Fourier Transform of the functions are well-defined and F{(K ∗p)(x)} = K̃(v)p̃(v)
holds with K̃ · p̃ ∈ L1, then another way to evaluate the system coefficients are

Smn =
ˆ ∞
−∞

K̃(v)p̃(v;4)e−2πj·v(xn−xm)dv (3.20)

3.4.2 Regularization Technique by Convolution (RT)

We propose another general methodology to solve a CIE assuming some spectral anomaly
argued by ‖ (K̃ · g̃Ω)(v) ‖2 � ‖ (K̃ · ε̃4)(v) ‖2, for instance BW

gΩ
2 � BWK

2 . In this case, we
propose to regulate (3.3) using R(x;4) with the convolution operator (literally, filtering the
problem) by
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R(x;4) ∗ {K(x) ∗ gΩ(x)} = R(x;4) ∗ f∞(x) , f̄∞(x) (3.21)

such that the new formulation can be modeled as a well-defined low pass problem with a new
critical bandwidth BW < BW . We call this technique as the Regularization Technique by
Convolution (RT).

Therefore, in order to have an asymptotic convergence toward the original problem, we
design the filter R(x;4) as a nascent Delta-Dirac function with nulls specifically located to
reduce the spectral anomalies into the problem. These new spectral nulls require careful
design because they significantly affect the hypothesis of the problem. In particular, we will
design these nulls to remove asymptotically the last component of the spectral error: the
harmonic interference.

Without loss of generality, if we take samples at x = xm ∈ S in the new equivalent
instantaneous problem, then

N∑
n=1

ĝΩ(xn)R(x;4) ∗ {K(x)∗ pn(x;4)}
∣∣∣∣∣
x=xm

= f̄∞(x)
∣∣∣∣∣
x=xm

(3.22)

Rewriting (3.22) in integral form, we obtain

N∑
n=1

ĝΩ(xn)
ˆ ∞
−∞
R(xm − ξ;4)

ˆ ∞
−∞
K(ξ − u)pn(u;4)dudξ

=
ˆ ∞
−∞
R(xm − ξ;4)f∞(ξ)dξ (3.23)

N∑
n=1

ĝΩ(xn)S̄mn = f̄∞(xm) (3.24)

where the function Rm(ξ;4) , R(xm − ξ;4) is, literally, the sampled impulse response of a
standard linear filter.

The linear equations system using RT is

S̄Ψ = f̄ (3.25)

where Ψ = [ĝΩ(xn)], f̄ = [f̄∞(xm)], S̄ = [S̄mn], ĝΩ(xn) is an instantaneous approximation
of gΩ(xn) considering the filter R(x;4), f̄(xm) is the instantaneous value printed by the
regularized output and S̄mn is the new instantaneous equivalent system between the samples
given by
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S̄mn =
ˆ ∞
−∞
Rm(ξ;4)

ˆ ∞
−∞
K(ξ − u)pn(u;4)dudξ (3.26)

f̄∞(xm) =
ˆ ∞
−∞
Rm(ξ;4)f∞(ξ)dξ (3.27)

If we design Rm(ξ;4) with Sub-domains (ΩRm ⊂ Ω) or Entire-domains (ΩRm = Ω) in
order to avoid unknown information of f∞(x), then those techniques are called the Sub-
domain Regularization Technique (S-RT) and the Entire-domain Regularization Technique
(E-RT), respectively.

If it is possible to use the associativity property R ∗ {K ∗ Ψ} = {R ∗ K} ∗ Ψ = K ∗
{R ∗ Ψ} (e.g., see the Fubini’s theorem and the Hölder’s Inequality), then the formulation
and computational cost are simplified by ∑N

n=1 ĝΩ(xn)K(x) ∗ Pn(x;4) = f̄∞(x) because
Pn(x;4) = (R ∗ pn)(x;4) and ΩPn = Ωpn ∗ ΩR may have closed forms. The new function
Pn(x;4) is called as an Ultra function and the simplified formulation as the Ultra RT. In
that case, the system coefficients can be obtained by

S̄mn =
ˆ ∞
−∞
K(xm − u)Pn(u;4)du (3.28)

=
ˆ ∞
−∞
K(xn − xm − u)P (u;4)du (3.29)

=
ˆ ∞
−∞
K(u)P (xn − xm − u;4)du (3.30)

Finally, if the Fourier Transform of the functions are well-defined and F{(R(x;4)∗K(x)∗
p(x;4)} = R̃(v;4)K̃(v)p̃(v;4) holds with R̃ · K̃ · p̃ ∈ L1, then

S̄mn =
ˆ ∞
−∞
R̃(v;4)K̃(v)p̃(v;4)e−2πj·v(xn−xm)dv (3.31)

3.4.3 Preconditioners for MoM

A feature common to many kernels related to IE, it is that this function has special symmetries
and behaviors. In particular, it is very common in electrodynamics that the kernel has the
even property or K(x) = K(−x).

By choosing basis functions with high performance using the MoM (e.g., very smooth
function with entire domain) in this kind of kernels, it is found that the impedance matrix
(Z) losses its symmetry and toeplitz properties caused by the evaluation of these functions
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into the Entire-domain (Ωpn = Ω). As a consequence, it requires O(N2) for computing-
storage and O(N3) solving the linear equations system using Gaussian Elimination.

In contrast, the system matrix (S) obtained by (3.19) has symmetric and toeplitz prop-
erties because it is possible to use interpolation functions with high performance using the
nascent Delta-dirac property with Complete-domains (Ωpn ∈ R). As a result, this matrix
only requires O(N) for computing-storage, and several fast, super fast and asymptotically
fast algorithms to solve the linear equations system have been developed [150].

On the other hand, it is possible that MoM over this kind of kernels has a better in-
stantaneous accuracy using interpolation functions with high performance because the error
in the Supra-domain (x /∈ Ω) could not be efficiently eliminate by the kernel (e.g., quasi
singular kernels). Because the solution of the equivalent problems (the extended and the
instantaneous) are an expanded solution of CIE with a similar kind of convergence under the
same interpolation functions, both matrices (Z and S) could be strongly related. As a result,
the system matrix (S) obtained by MoS! could be a natural and simple preconditioner for
the matrix problem Zg = f obtained by the MoM.

In the same way, the initial approach proposed by MoS! uses filters with Entire-domains
(ΩRm = Ω) or Sub-domains (ΩRm ⊂ Ω) in order to avoid unknown information of the source
f∞(x). As a consequence, the MoS! may also lose the symmetry using the regularization
technique by convolution. However, using the same previous argument, the matrix using the
same filter with Complete-domain (ΩRm ∈ R) could be a natural and simple preconditioner
for the same problem S̄g = f̄ obtained by the MoS!, or for the problem Z̄g = f̄ obtained by
the MoM.

This approach means that under the same functions, the matrix solution obtained by
a non-uniform sampling process and x-domain variant filters using the domain Ω could be
addressed by the matrix solution using the equivalent uniform sampling process and the
equivalent x-domain invariant filter.

3.4.4 Matrix conditioning

From the new approach, an explicit relationship between the kernel spectral properties and
system matrix properties are found. For instance:

Theorem 14. If ∃vi ∈ R : K̃(vi) = 0 in ∃g(·) :
´ b
a
K(x − u)g(u)du = f(x),∀x ∈ Ω = [a, b],

then the MoS! finds SΨ = f such that S converges (4→ 0+) to a singular matrix.

Proof. Let gΩ(x) be a solution of the extended convolutional problem (K ∗ gΩ)(x) = f∞(x).
Let r(x) = A · e2πj·vix + gΩ(x) and (K ∗ r)(x) = K(x) ∗ gΩ(x) + A ·K(x) ∗ e2πj·vix. Because
K(x) ∗ e2πj·vix converges to F−1{K̃(v) · δ(v− vi)} = F−1{K̃(vi) · δ(v− vi)} = 0, the problem
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(K ∗ r)(x) = f∞(x) converges to infinite solutions. Because in the MoS! we take samples
at xm ∈ Ω, the matrix solution (SΨ = f) converges to the infinite solutions g(xm) + A ·
e2πj·vixm , A ∈ C. As a result, S converges to a singular matrix.

Corollary 15. Let εeps > 0 be an arbitrarily smallest real number. If ∃vi ∈ R :
∣∣∣K̃(vi)

∣∣∣� εeps,
then Method of Sampling finds SΨ = f such that S converges (4 → 0+) to a very ill-
conditioned matrix.

Corollary 16. If K ∈ L1∧2∧∞, then the Method of Sampling finds SΨ = f such that S
converges (4→ 0+) to a very ill-conditioned matrix.

Theses relationships can be easily extended to the case of regularization by convolution.

3.4.5 Some design considerations

If we design the intervals Ωpn and ΩRm with Sub-domains, then it is possible to use the Ultra
formulation (3.28)-(3.30) because p,R ∈ L1∧2 and K ∈ L2 ensure the property R∗{K ∗pn} =
K ∗ {R ∗ pn} = K ∗R ∗ pn.

Generalized interpolation functions with domain Ωpn ⊆ R allows to model a true uniform
sampling process. Truncating that interval by Ωpn ∩ Ω, such as in the MoM approach, may
produce a non-uniform sampling process, which changes the spectral behavior depending on
the truncation of each function. Because the kernel includes the influence of the bound-
aries, the formulation Ω = (a, b) will be preferable to Ω = [a, b] in order to avoid unknown
information using RT.

The asymptotic reduction is obtained in the following manner. The distortion is asymp-
totically removed by choosing the interpolation function as a nascent Delta-Dirac function
because lim4→0+ δ̃4(v) → 1 : ∀ |v| ≤ BW . The interference is reduced by designing the
interpolation functions (and the filter) with spectral nulls at the harmonic interference, given
by

∣∣∣δ̃4(v)
∣∣∣ ≤ δI � 1,∀ |v ± kϑ| ≤ BW, k ∈ N. This interference is asymptotically removed

by increasing the sampling rate because the kernel has a finite bandwidth. The spectral nulls
should be designed to exactly match with this interference in order to reduce the possibility
of ambiguities caused by the non-existence of f∞Ωc(x).

The aliasing requires close attention. In our methodology, the approximation ĝΩ(xn) can-
not be strictly equal to gΩ(xn) for non-ideal sample rates (4 > 0) because the filter R(x;4)
cannot reduce the aliasing with unlimited bandwidth functions. However, the aliasing can
be asymptotically removed by increasing the sample rate because ∀ĝΩ ∈ L1∧2 has the prop-
erty limv→∞ ˜̂gΩ(v) → 0. As a result, lim4→0+ ˜̂gΩ(v ± kϑ) → 0 : ∀ |v| ≤ BW, k ∈ N and
lim4→0+ ρ̃4(v)→ 0 : ∀ |v| ≤ BW .
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Because the Nyquist criterion must be met at the problem, it is possible to improve
the accuracy up to the aliasing produced into the model without increasing the unknown
variables (N). The methodology is to design p̃(v;4) and R̃(v;4) such that the spectral
error ‖ ε̃4(v) ‖2 is reduced for a fixed sampling rate. Therefore, the performance between the
distortion and the harmonic interference may be determined by ϑ · (p̃ · R̃)(v;4) for a fixed
sampling rate.

3.5 Relation with the MoM

The general methodology used by the MoM, it is to design a set of soft basis functions
(usually with the smoothness and the quasi orthogonality properties) with entire-domains
(Ωpn = Ω) or sub-domains (Ωpn ⊂ Ω), in order to efficiently solve the IE. Because there are
not general design rules for the weighting functions so far, the usual approach is to use the
Point matching procedure or the Galerkin method. The performance parameters related with
the unknown function are usually calculated from the variational hypothesis Ψ(x) ∼ gΩ(x).
The methodology using the MoM can be summarized by Fig. 3.2a.

The general methodology proposed by the MoS! in this research, it is to design a set
of generalized interpolation functions with any domain (Complete-domain, entire-domain
or sub-domain) using the Fourier Transform, such that the harmonic interference and the
distortion can be controlled. The filters with Entire-domains (ΩRm = Ω) or Sub-domains
(ΩRm ⊂ Ω) are designed to reduce the anomalous behavior of the kernel at high frequencies.
From the remark 13, the performance parameters related with the unknown function are not
calculated by Ψ(x). We will use a smooth interpolation algorithm to find an approximation
of the unknown continuous function. The methodology using the MoS! can be summarized
by Fig. 3.2b.

From a mathematical point of view, the following corollaries establish the explicit relation
between the equations using MoM and MoS!.

Corollary 17. If we design pn(·) such as basis functions and Ωpn ⊆ Ω, then the BM-P
obtains the same equations (1.4)-(1.5) used by MoM with PM-P.

Corollary 18. If we design pn(·) such as basis functions, Rm(·) such as weighting functions
related to an interior product, and Ωpn ,ΩRm ⊆ Ω, then the RT obtains the same equations
(1.6)-(1.8) used by the MoM.

Corollary 19. If we choose R(x;4) = 4−1 · p(x;4), then the harmonic interference can be
reduced by a quadratic factor. In the same way, if the related functions are designed as the
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(a) (b)

Figure 3.2: Methodologies for solving CIE. (a) MoM. (b) MoS!.

MoM, then this technique is an alternative explanation of the Galerkin Method and it can
easily explain under what conditions can be successful.

Proof. Trivial conclusion from (3.12) and (3.21). Accordingly with the MoS!, the Galerkin
method can only be successful when the kernel increases the spectral error produced by the
harmonic interference in an invariant way (a difference kernel do not move the position of
the harmonic interference). Other anomalies, such as the distortion, the aliasing and the
ill-conditioning can not be solved with that approach, too. The reduction of the harmonic
interference over variant kernels (K(x, x−u) 6= K(x−u)) depends on each particular case.

Therefore, the MoS! is a generalization of the MoM, where several issues related to the
methodology of MoM are addressed and answered. In particular, we obtain:

1. Major conclusions for the MoM:
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(a) From (3.15) and (3.22), the MoM is an instantaneous technique independent of
the weighting functions.

(b) The MoM using arbitrary weighting functions is a particular case of regularization
using convolution (or regularization by filtering).

(c) As a result, the approximation of the unknown function using the combination of
basis functions is an inappropriate interpolator for arbitrary weighting functions.

2. New design strategies for the MoM:

(a) A methodology to design the basis and weighting functions.

(b) A general approach to design preconditioners for symmetric kernels.

(c) New strategies to reduce the computational cost (e.g., new ways to calculate the
matrix coefficients, and simplification the 2D integrals to 1D integral).

(d) New theorems relating the ill-conditioning of the linear equations system with the
Fourier Transform of the Kernel.

(e) A new methodology to explain the Galerkin method.

3. New interpretations for the MoM:

(a) The basis functions can be designed without smoothness and quasi orthogonality
properties.

(b) The weighting functions are, literally, a sampled linear filter.

(c) The Galerkin method has several limitations to solve integral equations, which are
clearly identified by the Fourier domain.

3.6 A new approach to solve CIE

Because the MoS! has a different way to obtain convergence and it offers an alternative
methodology to solve a CIE based on the sampling process and Fourier analysis, as far as
the authors know best, this proposal is a new framework for solving Convolutional Integral
Equations. We highlight the following aspects from the new methodology.

Before taking the samples xm in (3.15) and (3.22), the functions p(x;4) and R(x;4)
can be designed to reduce the error in both domains for ∀g ∈ L1,2 and ∀K ∈ L2. In
this framework, we can obtain a reasonable spectral interpretation, even for calculating the
coefficients of the matrix, independent of the interval Ω. A major difference in the MoS!, it is
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that the integrals can be evaluated in the Supra-Domain. This information can be used for
several purposes, such as reduce the computational cost related with the storage and solution
of the linear equations system, reduce the computational cost related with the calculation
of matrix coefficients and increase the accuracy of the solution by means of the uniform
reduction of the harmonic interference.

After taking the samples xm in (3.15) and (3.22), SΨ = f and S̄Ψ = f̄ are the matrix
formulations of a standard discrete-time system (formally a discrete x-domain system), in
which it is now obvious that all the information between the samples xm and xm+1 is lost
because in general f∞(x) and f̄∞(x) are not bandlimited functions. This fact, together
with the removal of the spectral information caused by the regularization filter (and possibly
by the kernel), implies that Ψ(x) is not necessarily a good (or convenient or appropriate)
continuous approximation of the unknown function gΩ(x). This particular conclusion is a
major issue in the standard numerical methods based on MWR because gΩ(x) ∼ Ψ(x) is the
usual variational hypothesis.

The solution found by the MoS! is not supported by the variational approach. This
argument is supported by three reasons. First, the reduction or minimization of ‖Ψ− gΩ‖ is
not mandatory in our methodology. Second, the reduction or minimization of

‖R ∗ {K ∗Ψ} − f∞‖ (3.32)

does not necessarily imply that Ψ(x) is a smooth variation of gΩ(x) because the kernel and
the filter eliminate the high frequency information of Ψ(x). Lastly, and more important,
because the formulation uses an instantaneous approach, the information contained by Ψ(x)
is, in general, incomplete when the extended source is not a bandlimited function. In fact,
the new methodology assumes a general function Ψ(x) with interference well defined, such
that they can be easily separated (and eliminated) through the Fourier domain.

Corollary 20. The only methodological difference between BM-P and RT is that the original
problem has been regularized by a filter in order to obtain a slower problem. As a consequence,
the MoM (and in general, the MWR) is an instantaneous technique, or “Point Matching
Procedure”, independent of the weighting functions.

From the new framework, it is concluded the following major issues:

1. Any Fredholm equation of first type with a difference kernel is, literally, a partial
deconvolutional problem.

2. The methodology using the extended equivalent problem can be used in a wide range
of well defined linear operator because L{J} = f with domains Ω has an extended
formulation L{JΩ} = f∞ with f∞Ω = fΩ.
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3. The regularization by convolution can be used to model invariant and variant filters.
Although it goes beyond of the full discussion of this research, the non-uniform sampling
rates and arbitrary kernels can be understood using our approach by means of variant
filters and multirate frameworks.

4. The MoS! is a generalization of the MWR, too. As a result, our methodology and
conclusions can be applied to a wide range of well known computational techniques.

5. Several new design rules and strategies to solve the problem using a computational
technique based on an instantaneous approach are found. In particular, the approxi-
mation of the unknown continuous function using basis functions as interpolator is a
misconception for arbitrary weighting functions.

6. Although the same matrix formulation can be obtained using the MoM and MoS!, the
new methodology obtains different results because the MoS! uses a different approach
for the approximation of the unknown continuous function. If the performance pa-
rameters require wide band operators (e.g., operators based on derivatives), then the
results between both methods may be significantly different for low order interpolation
functions. In particular, this conclusion significantly affect the final interpretation and
performance parameters found with the MoM and FEM (Finite Element Method).

7. New ways to understand (and to solve) the ill-conditioning through the Fourier analysis.

8. The methodology transforms the disadvantage of an uniform sampling rate into a pow-
erful analytical advantage to efficiently solve a CIE because we can accurately control
the error with new degrees of freedom.

9. Finally, The MoS! is not supported, in general, by the Variational approach. The MoS!
is supported by the Sampling Theory.
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Chapter 4

Evaluation

4.1 Introduction

In this chapter, the results of solving CIE using the MoM and the MoS! are discussed, ana-
lyzed and verified. We show, among other things, the performance, some new interpretations
and design strategies, simplification of the computational cost, application of precondition-
ers, explanation (and elimination) of fake oscillations, calculation of the matrix coefficients
using several approaches, and some special issues in electrodynamics. In particular, several
situations related to the impulsive source and the Galerkin method are discussed.

This chapter does not pretend to contrast the MoS! with all computational methods
obtained from MWR because the new framework is huge. In fact, the chapter compares
the MoM and the MoS! using simple approaches (e.g., low order functions) because our
intention is to increase (or to maintain) the accuracy, simplifying the design and reducing
the computational cost, in a significantly way.

Because we relate the CIE with an extended convolutional problem, where the kernel can
be literally interpreted as the impulse response of the extended system, the new framework
can be reasonably assessed only with two kinds of kernels: Narrow band kernel (BW gΩ

2 �
BW f∞

2 ) and Wide band kernel (BW gΩ
2 � BW f∞

2 ).

4.2 Interpolation functions

A standard interpolation function is defined as a basis function in the sense used by the
standard numerical methods, such as the MoM. For instance, the well-known rectangular
and triangular basis functions are
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pΠ
n (x;4) = Π4(x− xn) (4.1)

pΛ
n(x;4) = Λ4(x− xn) (4.2)

Our approach allows to analyze these functions because their Fourier transforms are well
defined by

p̃Π(v;4) = ϑ−1sinc (πv/ϑ) (4.3)

p̃Λ(v;4) = ϑ−1sinc2 (πv/ϑ) (4.4)

Consequently, if we maintain the distortion on the threshold

0.95 ≤
∣∣∣4−1 · p̃(v;4)

∣∣∣ ≤ 1,∀ |v| ≤ BW (4.5)

then BWΠ ≤ 0.175ϑ and BWΛ ≤ 0.124ϑ. As a result, the minimum sampling rate with that
distortion for pΠ(·) is ϑ/BWΠ ≥ 6 and for pΛ(·) is ϑ/BWΛ ≥ 9. These results prove that
if the kernel has a narrow bandwidth such that it reduces the interference of the sampling
process, then the rectangular function should unexpectedly obtain a better accuracy than
the triangular function because the distortion is lower.

In contrast, because the reduction of the first harmonic interference is given by

∣∣∣4−1 · p̃(v;4)
∣∣∣ < δ±1

I ,∀ |v ± ϑ| < BW (4.6)

with δ±1,Π
I = 0.2016 and δ±1,Λ

I = 0.0192, the triangular function should have superior per-
formance in kernels with wide bandwidths (e.g., kernels with some singularity or quasi-
singularity) because the main harmonic interference of the sampling process is one decade
lower. From our approach, it is now obvious that the rectangular function does not nec-
essarily minimize ‖ Ψ(x) − gΩ(x) ‖, although the instantaneous value ĝ(xn) may be more
accurate.

A generalized interpolation function is defined in a different direction using the asymptotic
separability in the v-domain between the unknown approximation and the error. As a result,
Ψ(x) may not be a standard representation of gΩ(x) (see Fig. 3.1). Nevertheless, they require
a careful design in order to avoid increasing the numerical instability caused by the spectral
mismatch (e.g., new spectral nulls into the problem). A easy way to build a generalized
interpolation function is

p(x;4) = (p1) ∗ · · · ∗ pM))(x;4) ,
M
B
i=1
pi)(x;4) (4.7)
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where p̃(v;4) = ∏M
i=1 p̃

i)(v;4) and 4−1p(x;4) is a nascent Delta-Dirac function with nulls
strictly located in the harmonic interference of the sampling process.

For instance, in order to show this methodology, the author proposes pe(x;4) , (p1) ∗
p2))(x;4) such that p1)(x;4) = Π4(x)− c

2Π4(x+42 )− c
2Π4(x−42 ) and p2)(x;4) = t1Π4(x),

as we shown in Fig. 4.1a.

(a) (b)

Figure 4.1: Generalized interpolation function pe(x;4). (a) Model in the (x/4)-domain. (b)
Model in the (v/ϑ)-domain.

The formulation in the v-domain of this unusual combination is

p̃e(v;4) = p̃1(v;4)p̃2(v;4) = t1ϑ
−2sinc2 (πv/ϑ) {1− c · cos(πv/ϑ)} (4.8)

Therefore, the constant t1 = ϑ/(1 − c) in order to obtain the nascent Delta-Dirac be-
havior. The Fig. 4.1b shows that if c = 1/3, then p̃e(v;4) increases the linearity regarding
p̃Π(v;4) and the spectral nulls have a similar attenuation to p̃Λ(v;4). As a result, this gen-
eralized interpolation function ought to obtain a better performance and low computational
cost with narrow band kernels. The function proposed in this example has similarities with
those defined by the Wavelets Theory, although it does not necessarily imply a good con-
tinuous representation of the original function, orthogonalization or a multiresolution signal
decomposition.

Remark 21. Because the rectangular and triangular functions are nascent Delta-Dirac func-
tions with nulls at ±kϑ, those basis functions are generalized interpolation functions, too.
The main difference between MoM and MoS! in these cases, it is that the instantaneous val-
ues ĝΩ(xn) may allow a better continuous approximation than Ψ(x). As a consequence, the
results and interpretations using these classical functions may differ substantially between
both methods.
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Finally, if
∣∣∣K̃(v)

∣∣∣ is strongly decreasing toward zero at high frequencies, then it is possible
to define

pδ(x;4) , 4 · δ(x) (4.9)

because (2.36) is proved from (2.35). As a result, some low pass kernels may have a convergent
closed form matrix using high sampling rates (ϑ ↑), which allows the study of an analytic or
asymptotic inverse into the problem (e.g., using the Digital Signal Processing framework).

4.3 Example 1: a narrow band kernel

The Integral Equation

∃g(·) :
ˆ 1

0
|x− u| g(u)du = f(x),∀x, u ∈ [0, 1] (4.10)

is the CIE of the differential equation

g(x) = 1
2
d2

dx2f(x),∀x ∈ [0, 1] (4.11)

where f(x) has some bounded conditions and boundaries f(0), f(1), detailed in [47]. In order
to have a theoretical and numerical pattern, we propose

f(x) = π−1 − 2π−2 sin(πx),∀x ∈ [0, 1] (4.12)

g(x) = sin(πx),∀x ∈ [0, 1] (4.13)

Using the new methodology, the extended convolutional model is

f∞(x) = |x| ∗ gΩ(x) (4.14)

where Ω = [0, 1], K(x) = |x|, f∞Ω (x) = fΩ(x) and f∞Ωc(x) is a degree of freedom with
mathematical sense. Because

d

dx
|x| = sgn(x),∀x 6= 0 (4.15)

then
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K̃(v) = − 1
2π2v2 ,∀v 6= 0 (4.16)

In this problem, it not possible to use the v-domain to calculate the matrix coefficients
because K̃(v) has a distribution not calculated at v = 0. However, the interpretation of the
components into the Fourier domain is reasonably valid because the Fourier Transform is well
defined using the Distribution Theory and the convolution is well defined in this problem for
a finite interval Ω. As a result, the conclusion that this problem is narrow band kernel for
BW ≥ π−12−1/2 makes sense using a simple interpretation of magnitude for ∀v 6= 0.

The matrix formulation simplifying Ω = (0, 1) for pΠ(x;4) is

(I + 4B) Ψ = 4ϑ2f (4.17)

where B = [Bmn] = [|m− n|] and I is the identity matrix.
For pΛ(x;4) is

(I + 3B) Ψ = 3ϑ2f (4.18)

and for pΠ(x;4) and RΠ(x;4) , 4−1Π4(x) is

(I + 3B) Ψ = 3ϑ2f̄ (4.19)

where

f̄m = π−1 − 2π−2 sin(πxm)sinc(1
2π∆) (4.20)

From the MoM approach, the first two formulations are the PM-P using the rectangular
and triangular basis functions, and the last one is the Galerkin method using the rectangular
basis function.

The matrix formulation using the MoS! with pe(x;4) is

(T + B) Ψ = ϑ2f (4.21)

where T is an uniform tridiagonal matrix with coefficients T1,1 = 12−1(4− 7c)(1− c)−1 and
T1,2 = 24−1(24− 25c)(1− c)−1− 1. We emphasize that this matrix is different from the MoM
approach because the integrals have different domains.

The Fig. 4.2 evaluates the instantaneous values through the relative residual error

‖ĝΘ(xn)− gΘ(xn)‖2 / ‖gΩ(xn)‖2 (4.22)
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with Θ , [104, 1− 104], where several of the new paradigms are evident.

Figure 4.2: Instantaneous relative residual error using different interpolation functions in the
example 1.

Because a low pass kernel is usually more important the distortion than the interference,
the function pΠ(·) finds a better outcome than pΛ(·), and the new proposal pe(·) has a
significantly better performance in Θ, with a different slope (logarithm) of convergence. For
instance, the number of unknown variable for an instantaneous relative residual error of 10−7

is N ≈ 50 for pe(·) using the MoS! and N ≈ 2000 for the classical low order functions using
the MoM.

Nevertheless, we note that pΛ(·) still has a better elimination of the first harmonic interfer-
ence in Fig. 4.1b. This little energy is accumulated at boundaries at xn ∈ (0, 94]∪[1−94, 1).
As a result, this is the only place where pΛ(·) has better performance in this problem. The
MoS! can reduce this interference without increase the order using (4.7). For example, the
simple modification pE(x;4) = 1

2p
e(x+a;4)+ 1

2p
e(x−a;4) = pe(x;4)∗ 1

2{δ(x+a)+δ(x−a)}
has Fourier Transform p̃E(v;4) = p̃e(v;4)·cos(2πva), which reduces any particular harmonic
k4−1 without introducing new spectral nulls when a = 1

4 · 4 · k
−1. In this case, it is neces-

sary to find a new constant (c) in (4.8), such that the distortion caused by the cos(·) at low
frequency can be reduced.

With this technique (successive delays on a function with predistortion), it is possible to
define generalized interpolation functions with high performance and low order for narrow
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band kernels with the MoS!. As mentioned previously, that approach has many similarities
with Wavelet Theory, although this function in the MoS! does not necessarily imply a good
representation of the original function, orthogonalization or a multi-resolution signal decom-
position. In general, it is not possible to guarantee a good convergence at low sampling
rates using this technique with MoM because (1.5) and (1.8) are a truncation of the basis
functions over the domain Ω. Therefore, the distortion and the null positions (which has a
strong relation with the inconsistency of the problem) can not be guaranteed at low sampling
rates.

Continuing the discussion on special interpolation functions in this problem, it is possible
to find an inverse with linear complexity using pδ(x;4). The solution in this case is

Ψ = B−14−2f (4.23)

where B−1 is detailed in the appendix A. This closed form matrix solution is similar to
the solution obtained by the FDM (Finite Difference Method) for g(x) = 1

2
d2

dx2f(x) using
a particular finite difference model for the quasi-boundaries. This asymptotic solution has
the same performance than pΛ(·), evidencing conclusively that the harmonic interference is
not dominant in this problem. Nevertheless, this interference is not negligible because the
accuracy is not increased significantly at high sampling rates.

The theoretical matrix B−1 allows to solve the general case

(I + βB) Ψ = βϑ2f (4.24)

with linear complexity applying the Neuman series by

Ψ ≈
{
β−1B−1 + · · ·+ (−1)k+1β−kB−k

}
βϑ2f (4.25)

for N ≥ 3 and ρ+(β−1B−1) < 2β−1 < 1. As we show in Fig. 4.2, this algorithm converges with
k = 3 in the same way as Gaussian Elimination for the rectangular (β = 4) and triangular
(β = 3) cases.

By the corollary 15, this problem has ill-conditioning at high sampling rates, or breakdown
segmentation, because for any εeps arbitrary small exits vi = ±ε−1

eps such that
∣∣∣K̃(vi)

∣∣∣ =
2−1π−2ε2eps � εeps. For this reason, the solution of this problem with any algorithm is finally
susceptible to rounding errors caused by a kernel with very low spectral information at very
high frequencies. From Fig. 4.2, we found this breakdown using Gaussian Elimination for
the classical basis function at N & 4000 and for pe(·) using the MoS! at N & 400, using the
theoretical inverse at N & 10000, and using the Neuman algorithm at N & 8000.

In summary, several of the new paradigms have been verified. First, we show that Ψ(x)
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is not necessarily the best way to represent the unknown function because the rectangular
function has a better instantaneous performance than the triangular function. Second, we
show that the Galerkin method does not increase the accuracy because this problem is not
anomalous at high frequencies. Consistent with the ultra formulation, the same system
matrix is found using the triangular function with PM-P and the rectangular function with
the Galerkin method. As a consequence, any difference between both results can only be
interpreted by the change (e.g., average) of the source. Third, generalized interpolation
functions with Supra-domain information can significantly increase the accuracy; the example
is pe(x;4). Lastly, we show that the formulation based on pδ(x;4) can be used to design
asymptotic techniques to solve this narrow band problem.

4.4 Example 2: a wide band kernel

In order to discuss the new approach using a classical electromagnetic benchmark, the author
solves the unknown current of a linear dipole with radio 0 < a ≤ 10−2λ and length L � a

using the Reduced or Approximate Pocklington Equation under a particular printed source
E(x). Without loss of generality, we use the Richmond simplification [151] in order to use a
standard CIE. The extended convolutional problem is

E∞(x) = Kap(x) ∗ IΩ(x) (4.26)

Kap(x) = K0Gap(r)r−4
(
k2a2r2 + (1 + jkr)

(
2r2 − 3a2

))
(4.27)

Gap(r) = e−jkr

4πr (4.28)

r =
√
x2 + a2 (4.29)

where x ∈ R, Ω = (−L
2 ,

L
2 ), K0 = j · (2πfε)−1, j =

√
−1, c = λf , k = 2π/λ, f [Hz] is the

frequency, c [m/s] is the speed and λ [m] is the wavelength of an electromagnetic wave in a
medium with permittivity ε [F/m], E∞Ω (x) = EΩ(x) is the printed source in Ω, and E∞Ωc(x) is
a degree of freedom with mathematical sense.

This quasi-singular kernel can be understood from the Fourier Transform K̃ap(v) =
F{Kap(x)} approximated by means of the DFT using the samples xn = a

150n. For in-
stance, the Fig. 4.3c details log10

∣∣∣K̃ap(vn)
∣∣∣ using a = 0.005λ and λ = 1 m, where several

behaviors are now evident. As we expected, this kernel has a huge bandwidth caused by its
quasi-singularity. We find a local minimum at v = ±1 (and in general at v = ±λ−1 ) related
to the main spatial harmonic of the unknown current, and a local maximum at v ≈ ±50
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Figure 4.3: Reduced Kernel using a = 0.005λ and λ = 1. (a) Real part of Kap(x). (b)
Imaginary part of Kap(x). (c) Approximate logarithm transfer function by means of DFT.

(and in general at v ≈ ±1
4a
−1). Moreover, the transfer function has an exponential decay

for |v| & 200, whose value goes rapidly towards zero. Although the bounded oscillations in
|v| & 600 have pseudo-random appearance, they are caused by an infinite x-domain function
with a fast decay toward zero at high frequencies being approximated by a truncated function
(for further discussion on this topic, see the section 4.5).

In order to compare the MoM and MoS!, we find the input impedance (Zin) of a center-fed
dipole using the magnetic frill source simplified by

E(x) = Vs
2 ln(b/a)

e−jk
√
x2+a2

√
x2 + a2

− e−jk
√
x2+b2

√
x2 + b2

 (4.30)

for all x ∈ Ω, b = 2.3a and Vs = 1. The authors do not use the Delta-gap source for
the reasons given in the section 4.6. Because the complex power provided by the source is
S = 1

2

´ L/2
−L/2E(x)I∗(x)dx and it can be also written by S = 1

2 |I(0)| 2Zin, we estimate the
input impedance with the MoM using the standard hypothesis IΩ(x) ∼ Ψ(x) by
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Zin≈ |ÎΩ(0)| −2
ˆ L/2

−L/2
E(x)Ψ∗(x)dx (4.31)

= |ÎΩ(0)| −2
N∑
n=1

Î∗Ω(xn)
ˆ L/2

−L/2
E(x)pn(x;4)dx (4.32)

In the MoS!, any continuous operation with the unknown current requires to define an
interpolator because Ψ(x) may be overridden by the filters used to regularize the problem
(or by the kernel itself) and the linear equations system loses information between discrete
samples. Without loss of generality, we find ÎΩ(x) by means of the piecewise cubic Hermite
interpolating polynomials [152] using ÎΩ(xn) and the boundaries Î(±L/2) = 0. Consequently,
we estimate the input impedance with the MoS! by

Zin≈ |ÎΩ(0)| −2
ˆ L/2

−L/2
E(x)Î∗Ω(x)dx (4.33)

As previously discussed, the convergence and the matrix proposed by the MoS! may be
different from MoM. In particular, the differences between both frameworks are accentuated
by bandlimited interpolation functions. For instance, and only in order to contrast the
methods, if p(x;4) = sinc(πx4−1) with xn = −L

2 +4 · n and 4 = L/(N + 1), then PM-P
obtains an impedance matrix (Z) with coefficients

Zmn =
ˆ L/2

−L/2
Kap(xm − u)sinc(π(u− xn)4−1)du (4.34)

Therefore, the impedance matrix does not have useful properties. In contrast, the system
matrix (S) obtained by (3.19) is a symmetric toeplitz matrix, which only requires O(N) for
computing-storage, and several fast, super fast and asymptotically fast algorithms to solve
the linear equations system have been developed [150]. For example, the computing time to
fill Z137×137 and S137×137 in our code has a relation 70 : 1. We compare Zin using PM-P and
BM-P with L = 0.47λ in Table 4.1a.

As previously discussed, another very important application of the MoS! is to use the sys-
tem matrix as a preconditioner for the MoM because S−1E may have low computational cost
and both formulations are closely related at xn, xm ∈ S. For instance, the Fig. 4.4 illustrates
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Table 4.1: Input Impedance (Zin) for a center-fed dipole using the sinc(·) interpolation
function with L = 0.47λ and a = 0.005λ. (a) Basic approach with PM-P and BM-P. (b)
Sub-domain Regularization Technique with MoM and S-RT. (c) Galerkin Method (MoM).

(a)

N PM-P BM-P

5 11.523− 5.484i 11.322− 5.925i

11 24.952− 3.940i 24.665− 4.485i

17 37.579− 2.049i 37.285− 2.710i

23 48.384− 0.009i 48.005− 0.737i

29 56.811 + 1.996i 56.445 + 1.204i

35 63.080 + 3.802i 62.659 + 2.979i

41 67.462 + 5.373i 67.065 + 4.524i

47 70.547 + 6.694i 70.119 + 5.837i

53 72.629 + 7.806i 72.226 + 6.944i

59 74.110 + 8.737i 73.691 + 7.881i

65 75.121 + 9.530i 74.723 + 8.680i

71 75.878 + 10.209i 75.472 + 9.369i

77 76.414 + 10.801i 76.026 + 9.972i

83 76.847 + 11.322i 76.455 + 10.506i

89 77.169 + 11.787i 76.792 + 10.983i

95 77.450 + 12.205i 77.072 + 11.416i

101 77.669 + 12.586i 77.304 + 11.809i

(b)

MoM S-RT

using RΛ(x;4)

68.654− 1.328i 66.226− 8.457i

73.255 + 3.259i 71.198− 0.810i

74.126 + 5.708i 72.883 + 2.679i

75.187 + 7.260i 73.986 + 4.822i

75.610 + 8.431i 74.691 + 6.343i

76.173 + 9.344i 75.278 + 7.507i

76.464 + 10.101i 75.711 + 8.442i

76.840 + 10.742i 76.105 + 9.223i

77.064 + 11.298i 76.414 + 9.888i

77.343 + 11.789i 76.708 + 10.469i

77.526 + 12.226i 76.946 + 10.981i

77.747 + 12.624i 77.181 + 11.441i

77.901 + 12.983i 77.373 + 11.856i

78.084 + 13.316i 77.568 + 12.236i

78.217 + 13.621i 77.729 + 12.583i

78.373 + 13.908i 77.895 + 12.907i

78.489 + 14.173i 78.033 + 13.205i

(c)

Galerkin

66.079− 5.727i

73.133 + 0.176i

72.506 + 3.709i

74.997 + 5.718i

74.560 + 7.221i

76.102 + 8.406i

75.700 + 9.293i

76.866 + 10.138i

76.464 + 10.736i

77.445 + 11.399i

77.028 + 11.831i

77.912 + 12.384i

77.468 + 12.707i

78.303 + 13.189i

77.824 + 13.434i

78.642 + 13.868i

78.120 + 14.053i

the relative residual error solving ZΨ = E using sinc(·) and the Conjugate Gradients Squared
Method (CSG) with and without the preconditioner S. As we expect, the solution without
preconditioner has slow convergence in this problem. In contrast, the solution with the pre-
conditioner S has very fast convergence (only four interactions), even for a small number of
unknown variables (N).

Although it is well identified that the unknown current has a fundamental harmonic at
v = ±1, a huge bandwidth (BW > 1

24 |N=101 = N+1
2L |N=101 = 108.5) is required in order to

obtain an absolute relative error less than 3.5% in the imaginary part. A simple inspection
of the magnetic frill source shows that its bandwidth is the cause of this situation. If we
assume that Zin is mainly obtained from band base information, then filtering the source
should increase the convergence rate, as we show in Table 4.1b with the normalized filter
RΛ(x;4) = 4−1 · Λ4(x). We contrast the result with the Galerkin Method in Table 4.1c,
too. According to our approach, the Galerkin method obtains an oscillatory convergence rate
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Figure 4.4: Relative residual error solving ZN×NΨ = E with CGS. (a) N = 11. (b) N = 53.
(c) N = 95. (d) N = 137.

in this example because filters conformed by truncated sinc functions do not have very well
located their spectral nulls in order to have an efficient elimination of the interference.

The Zin evaluated by the ultra formulation (3.28)-(3.30) and by v-domain (3.20), (3.31)
have relative residual errors better than 1×10−5. The technical details about the applicability
of these properties using the sinc function and (4.27) are based on Lp space, L1∧2 dense in L2

and the Fourier Transform in L2. In particular, using the symmetric of (4.27), we simplify
(3.20) and (3.31) using RΛ(·) by

Smn = 24
ˆ 2−14−1

0
cos(2π(m− n)v4) · K̃ap(v)dv (4.35)

S̄mn = 24
ˆ 2−14−1

0
cos(2π(m− n)v4) · sinc2(πv4) · K̃ap(v)dv (4.36)

Although (4.35)-(4.36) have some disadvantages caused by Fourier Transform estimation
and the evaluation of an integrand with an oscillatory behavior, they have other advantages
given by theoretical knowledge of R̃(·) and p̃(·), the ability to manipulate K̃ap(v), the finite
interval of integration, the use of the FFT for a fast calculation and windowing to reduce
the truncation effect over K̃ap(v). The system coefficients calculated by v-domain are a good
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option for other more convenient bandlimited interpolation functions, such as the raised-
cosine functions.

In conclusion, using probably one of the most exigent bandlimited interpolation functions,
we show that the MoS! is an alternative with low computational cost because the new matrix
has useful properties based on symmetry and it can be calculated using alternative low
cost expressions. Although the MoM is clearly more accurate in this example for a fixed
sampling rate, the MoS! obtains a similar convergence rate and the solution of S̄N+18 is mostly
equivalent to Z̄N . Moreover, we show that the system matrix can be used as preconditioner
for the MoM using a well-known Krylov subspace iterative method with very fast convergence.

On the other hand, the MoS! can simplify the solution with Sub-domain interpolation
functions because the ultra formulation is well-defined for K ∈ L2. In that case, we em-
phasize that if Ωpn ,ΩRm ⊆ Ω, then both matrices are equals (S = Z). However, the input
impedance is different because both methods have a different approach for the unknown
continuous approximation. In this particular example, that difference is smaller because the
input impedance is calculated by means of an integral operator (a low pass operator). In
order to discuss the ultra formulation, we first evaluate the Zin in Table 4.2a-b using the rect-
angular and triangular interpolation functions with the PM-P (and BM-P in the parenthesis)
using (3.19), and the MoM (and S-RT in the parenthesis) with the filter RΛ(·) using (3.26).
As we expected, the rectangular function with BM-P has an oscillatory behavior without
convergence because the reduced kernel has low attenuation for its harmonic interference
(see Fig. 4.3c in |v| ≤ 50).

Because (pΠ∗RΛ)(x;4) and (pΛ∗RΛ)(x;4) have easy closed forms, the ultra formulation
has two advantages in this example. The first is the obvious reduction of the computational
cost caused by transforming the 2D integral to 1D. The second is to reduce the non-trivial
effects of rounding errors. In particular, (3.29) reduces the jitter produced between the
interpolation functions and filters, and (3.30) reduces the jitter produced by the kernel. For
instance, we note that the input impedance in Table 4.2b using pΠ(·) and RΛ(·) must have
a better performance because the kernel and the source have been filtered. The Table 4.2c
shows the new estimation using (3.29), where the lack of convergence caused by jitter has
been solved without changing the numerical setting and methods. We highlight this issue
because κ(S̄N) ≤ 600 for N ≤ 113.

Continuing the discussion on regularization, we note that filters with sub-domains are
inefficient to reduce the source’s bandwidth due the time-frequency relationship (formally
the x, v-domains relationship). In order to increase the convergence, we propose the sampled
filter Rg

Ω(x− xm) inspired by the standard Gaussian filter

59



Evaluation Example 2: A Wide Band Kernel

Table
4.2:

Input
Im

pedance
(Z

in )
for

a
center-fed

dipole
using

classicalsub-dom
ain

functions
w
ith

L
=

0.47λ
and

a
=

0.005λ.
(a)

Basic
approach

w
ith

PM
-P

and
BM

-P.(b)Sub-dom
ain

R
egularization

Technique
w
ith

M
oM

and
RT

.(c)
U
ltra

form
ulation

using
(3.29).

(d)
Entire

dom
ain

R
egularization

Technique
w
ith

M
oM

and
RT

.

(a)

N
P

M
-P

(and
B

M
-P

)

p
Π

(x;4
)

p
Λ(x;4

)

5
14

.019
+

7
.762

i
(13

.999
+

7
.794

i)
8

.626
−

80
.238

i
(8

.691
−

81
.593

i)

11
25

.353
−

3
.055

i
(25

.343
−

2
.998

i)
19

.699
−

58
.998

i
(19

.754
−

59
.557

i)

17
36

.965
−

5
.186

i
(36

.962
−

5
.128

i)
31

.826
−

41
.769

i
(31

.872
−

42
.049

i)

23
44

.818
−

18
.177

i
(44

.820
−

18
.131

i)
43

.297
−

27
.706

i
(43

.336
−

27
.891

i)

29
52

.505
−

18
.690

i
(52

.509
−

18
.660

i)
52

.907
−

16
.702

i
(52

.939
−

16
.857

i)

35
61

.777
+

1
.467

i
(61

.783
+

1
.484

i)
60

.276
−

8
.477

i
(60

.302
−

8
.620

i)

41
67

.918
+

12
.304

i
(67

.925
+

12
.310

i)
65

.609
−

2
.524

i
(65

.630
−

2
.658

i)

47
72

.034
+

18
.484

i
(72

.041
+

18
.478

i)
69

.344
+

1
.711

i
(69

.362
+

1
.588

i)

53
71

.380
+

5
.103

i
(71

.385
+

5
.090

i)
71

.925
+

4
.725

i
(71

.939
+

4
.612

i)

59
71

.749
+

0
.182

i
(71

.754
+

0
.166

i)
73

.708
+

6
.901

i
(73

.720
+

6
.798

i)

65
73

.410
+

3
.705

i
(73

.414
+

3
.685

i)
74

.940
+

8
.446

i
(74

.950
+

8
.353

i)

71
71

.817
−

7
.163

i
(71

.820
−

7
.185

i)
75

.815
+

9
.611

i
(75

.824
+

9
.528

i)

77
79

.406
+

26
.240

i
(79

.410
+

26
.218

i)
76

.447
+

10
.503

i
(76

.455
+

10
.428

i)

83
67

.334
−

32
.618

i
(67

.337
−

32
.642

i)
76

.921
+

11
.220

i
(76

.928
+

11
.152

i)

89
70

.805
−

16
.804

i
(70

.807
−

16
.821

i)
77

.283
+

11
.794

i
(77

.289
+

11
.733

i)

95
82

.749
+

36
.739

i
(82

.752
+

36
.716

i)
77

.573
+

12
.286

i
(77

.578
+

12
.230

i)

101
93

.397
+

80
.867

i
(93

.399
+

80
.830

i)
77

.807
+

12
.692

i
(77

.811
+

12
.642

i)

(b)

M
oM

(and
R

T
)

using
R

Λ(x;4
)

p
Π

(x;4
)

p
Λ(x;4

)

65
.983

−
10

.339
i

(65
.894

−
10

.211
i)

68
.563

+
0

.484
i

(69
.073

+
0

.193
i)

71
.126

−
0

.903
i

(71
.097

−
0

.755
i)

73
.392

+
5

.452
i

(73
.595

+
5

.112
i)

72
.714

+
1

.184
i

(72
.709

+
1

.301
i)

74
.846

+
7

.384
i

(74
.955

+
7

.073
i)

74
.115

+
5

.074
i

(74
.119

+
5

.154
i)

75
.636

+
8

.623
i

(75
.703

+
8

.353
i)

74
.861

+
6

.517
i

(74
.868

+
6

.565
i)

76
.172

+
9

.544
i

(76
.218

+
9

.312
i)

74
.341

+
2

.349
i

(74
.348

+
2

.367
i)

76
.575

+
10

.263
i

(76
.608

+
10

.064
i)

73
.781

−
1

.539
i

(73
.788

−
1

.539
i)

76
.901

+
10

.867
i

(76
.926

+
10

.697
i)

72
.921

−
6

.585
i

(72
.927

−
6

.596
i)

77
.175

+
11

.385
i

(77
.194

+
11

.238
i)

74
.620

+
0

.792
i

(74
.625

+
0

.777
i)

77
.414

+
11

.854
i

(77
.430

+
11

.725
i)

76
.954

+
10

.963
i

(76
.959

+
10

.944
i)

77
.633

+
12

.305
i

(77
.646

+
12

.192
i)

73
.546

−
5

.460
i

(73
.550

−
5

.481
i)

77
.806

+
12

.614
i

(77
.817

+
12

.515
i)

67
.602

−
34

.298
i

(67
.605

−
34

.324
i)

77
.972

+
12

.933
i

(77
.981

+
12

.845
i)

87
.109

+
53

.945
i

(87
.113

+
53

.913
i)

78
.121

+
13

.219
i

(78
.129

+
13

.140
i)

64
.616

−
49

.480
i

(64
.618

−
49

.510
i)

78
.267

+
13

.515
i

(78
.274

+
13

.445
i)

70
.565

−
20

.953
i

(70
.567

−
20

.971
i)

78
.394

+
13

.759
i

(78
.400

+
13

.696
i)

85
.143

+
43

.927
i

(85
.146

+
43

.901
i)

78
.520

+
14

.018
i

(78
.525

+
13

.961
i)

96
.157

+
88

.972
i

(96
.160

+
88

.930
i)

78
.622

+
14

.194
i

(78
.627

+
14

.143
i)

(c)

U
ltra

form
ulation

w
ith

R
Λ(x;4

),
p

Π
(x;4

)

and
(4.32)

(and
(4.33))

66
.022

−
10

.212
i

(65
.933

−
10

.084
i)

71
.126

−
0

.903
i

(71
.097

−
0

.755
i)

72
.984

+
2

.840
i

(72
.978

+
2

.958
i)

74
.058

+
5

.104
i

(74
.062

+
5

.183
i)

75
.080

+
6

.809
i

(75
.086

+
6

.858
i)

75
.350

+
7

.907
i

(75
.358

+
7

.927
i)

75
.785

+
8

.871
i

(75
.792

+
8

.873
i)

76
.139

+
9

.664
i

(76
.146

+
9

.655
i)

76
.637

+
10

.376
i

(76
.642

+
10

.361
i)

76
.954

+
10

.963
i

(76
.959

+
10

.944
i)

76
.968

+
11

.426
i

(76
.972

+
11

.404
i)

77
.088

+
11

.861
i

(77
.092

+
11

.837
i)

77
.724

+
12

.348
i

(77
.728

+
12

.327
i)

77
.401

+
12

.624
i

(77
.404

+
12

.600
i)

78
.138

+
13

.066
i

(78
.141

+
13

.047
i)

78
.190

+
13

.358
i

(78
.192

+
13

.339
i)

78
.702

+
13

.717
i

(78
.704

+
13

.700
i)

(d)

M
oM

(and
R

T
)

using
R

gΩ
(x
−
x

m
;4

)

p
Π

(x;4
)

p
Λ(x;4

)

73
.820

+
10

.948
i

(73
.717

+
11

.072
i)

74
.904

+
16

.291
i

(75
.497

+
16

.043
i)

75
.037

+
8

.362
i

(75
.008

+
8

.520
i)

76
.524

+
12

.522
i

(76
.730

+
12

.181
i)

75
.527

+
8

.532
i

(75
.522

+
8

.656
i)

76
.847

+
11

.889
i

(76
.957

+
11

.570
i)

75
.945

+
9

.138
i

(75
.949

+
9

.220
i)

77
.116

+
11

.914
i

(77
.185

+
11

.637
i)

76
.315

+
9

.811
i

(76
.321

+
9

.861
i)

77
.350

+
12

.131
i

(77
.396

+
11

.894
i)

76
.627

+
10

.398
i

(76
.635

+
10

.419
i)

77
.557

+
12

.409
i

(77
.590

+
12

.206
i)

76
.909

+
10

.953
i

(76
.9166

+
10

.956
i)

77
.744

+
12

.702
i

(77
.769

+
12

.528
i)

77
.160

+
11

.452
i

(77
.166

+
11

.443
i)

77
.914

+
12

.993
i

(77
.934

+
12

.842
i)

77
.379

+
11

.890
i

(77
.384

+
11

.875
i)

78
.070

+
13

.273
i

(78
.086

+
13

.143
i)

77
.580

+
12

.293
i

(77
.585

+
12

.275
i)

78
.215

+
13

.542
i

(78
.228

+
13

.427
i)

77
.770

+
12

.674
i

(77
.775

+
12

.651
i)

78
.349

+
13

.797
i

(78
.360

+
13

.697
i)

77
.941

+
13

.017
i

(77
.945

+
12

.992
i)

78
.474

+
14

.040
i

(78
.484

+
13

.951
i)

78
.086

+
13

.310
i

(78
.090

+
13

.290
i)

78
.592

+
14

.271
i

(78
.600

+
14

.191
i)

78
.241

+
13

.619
i

78
.244

+
13

.595
i)

78
.703

+
14

.490
i

(78
.710

+
14

.419
i)

78
.363

+
13

.866
i

(78
.366

+
13

.847
i)

78
.809

+
14

.700
i

(78
.815

+
14

.636
i)

78
.490

+
14

.122
i

(78
.492

+
14

.104
i)

78
.908

+
14

.899
i

(78
.914

+
14

.842
i)

78
.601

+
14

.348
i

(78
.604

+
14

.332
i)

79
.004

+
15

.090
i

(79
.008

+
15

.038
i)

60



Evaluation Discussion About Fake Oscillations

Rg(x) = σ−1e−πx
2/σ2

,∀x ∈ R (4.37)

where σ = c · 4 in order to obtain a nascent Delta-Dirac function and c ≥ 1 in order to
efficiently reduce the kernel’s bandwidth and the interference. For instance, we recalculate
Zin using this entire domain filter with σ = 1.54 in Table 4.2d. As we show, it is possible to
significantly improve the convergence, even for low-order interpolation functions (e.g., from
Tables 4.1-4.2, the triangular interpolation function with the quasi Gaussian filter using
N = 17 has the same approximate performance than the triangular filter using N = 41,
without filter using N = 77, and with the entire domain formulations using the sinc function
and N > 53). Nevertheless, we found some disadvantages using filters in this problem. First,
the conditioning number and the fake oscillations [52, 153] may be increased because the
filters reduce artificially the bandwidth (for further discussion on this topic, see the section
4.5). Second, any filter imposes a significant model for the discontinuities at low sampling
rates, which implies in this problem a particular model for the current at the feed point and
the edges of the wire. Lastly, we lose the monotone convergence using the quasi Gaussian
filter when σ & 1.54 because there is an initial spectral mismatch using this variant filter
(e.g., we find a transient in N < 17 for σ = 1.54).

In summary, we have addressed and solved a classical electromagnetic problem through
the systems theory and Fourier analysis with new interpretations and strategies. We high-
light that the limiting factor for a fast convergence is the bandwidth of the printed source.
Therefore, the regularization filter, and not the interpolation function, is the design challenge
for a fast and numerically stable solution. Moreover, we show that the instantaneous values
obtained by means of the instantaneous system matrix allows to solve this CIE supported by
the Nyquist criterion and, less obvious, Ψ(x) could be an interpolator with an unnecessary
high computational cost. According to our approach, the use of Ψ(x) (and not ÎΩ(x)) to cal-
culate other performance parameters based on wideband operators (e.g., vector operators)
is a mistake because Ψ(x) may have information not valid at high frequencies (e.g., it is
one of the consequences of the regularization by convolution). In particular, the information
obtained with the reduced kernel at high frequencies using any method is strictly incorrect
because the real part of the kernel is an almost ideal low pass filter with essential bandwidth
BW

Re{Kap}
2 ≈ λ−1. Due to these reasons, we change the terminology of “basis functions”

to “interpolation functions” because these functions do not necessarily form a basis for the
unknown function following the standard algebraic approach.
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4.5 Discussion about fake oscillations

In order to discuss the relationship between the theorems (14)-(16) and the fake oscillations
found in the solution of quasi-singular kernels, such as Kap(x), we initially propose the
analysis of the following benchmark:

Ka(x) ∗ g[−1,1](x) = f∞(x) (4.38)

Ka(x) = 1
x2 + a2 ,∀a > 0 (4.39)

g[−1,1](x) = Π2(x) (4.40)

f∞(x) = a−1 arctan
(
a−1(x+ 1)

)
− a−1 arctan

(
a−1(x− 1)

)
(4.41)

In this example, it is easy to probe that Ka ∈ L1∧2∧∞ and K̃a(v) = πa−1e−2πa|v|. As a re-
sult, the CIE over Ω = [−1, 1] is well defined with only one answer because

∣∣∣K̃a(v)
∣∣∣ 6= 0,∀v ∈

R, a > 0. However, a numerical approach must be very sensitive to high frequency informa-
tion (e.g., rounding errors) because the ideal solution (f̃∞/K̃a)(v) must be very sensitive to
numerical errors when |v| � a−1.

Without loss of generality, we solve (4.38) with PM-P (equal to BM-P) using the best
sub-domain representation for this problem given by pΠ(x;4), xn = −1 +4(n − 1/2) and
4 = 2/N , where

Smn=
xn+0.54ˆ

xn−0.54

1
(xm−u)2+a2du (4.42)

=a−1 arctan
(
0.5∆a−1 + (xm − xn)a−1

)
+ a−1 arctan

(
0.5∆a−1 − (xm − xn)a−1

)
(4.43)

Let a = 0.005 in order to discuss the many similarities of this problem with the solution
of Kap(x). First, although the fake oscillations using (4.43) have a quasi-random distribution
with very low scale for 4 > a, they are very representative for 4 < a/15 and they are
strongly related with the condition number (κ(S) > 1010 for 4 < a/15) caused by a kernel
with very low spectral information at high frequencies (application of corollary 15 or 16).

However, the phenomena change significantly when we use a numerical approach to cal-
culate (4.42). The Fig. 4.5a-d show ĝ(xm) using the Simpson’s rule with samples un = a

150n,
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Figure 4.5: Fake oscillations solving (4.38). (a)-(d) Estimation ĝ(xm) for different unknown
variables (N) using numerical integration for (4.42). (e) Condition number (κ(S)) using the
2-norm. (f) Theoretical and approximate logarithm transfer function.

where the fake oscillations are located at the boundaries and they are representative even for
4 ∼ 2a. We find a little effect on the fake oscillations using the theoretical self coefficient
(S11) because smallest critical rounding errors are spread in all coefficients. In fact, the in-
tegration methods and samples have few impact when 4 < a. As we show in Fig. 4.5e, the
fake oscillations are weakly related with the condition number (e.g., κ(S) ≤ 100 for N ≤ 600)
using the 2-norm, too. Moreover, we consider that the fake oscillations appear close to the
non-differentiable points of the unknown function (e.g., boundaries) seems reasonable for a
low pass kernel. Lastly, the Fig. 4.5f contrasts the theoretical and approximate logarithm
transfer function, where the inaccurate approximation in |v| � 2a−1 = 400 only can be
explained in this problem by an infinite x-domain function with a fast decay toward zero at
high frequencies (e.g., exponential decay) being approximated by a truncated function (see
properties of F{K(x) · Πd(x)}).

As in the previous example, the fake oscillations must occur with the reduced kernel (4.26)-
(4.29) using a numerical approach to solve the integrals with 4� a because Im{K̃ap(v)} has
an exponential decay toward zero in |v| � 3a−1 and Re{K̃ap(v)} is an almost ideal low pass
filter. Our framework can analyze this problem by means of the integro-differential equation
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K0 ·{k2+ d2

dx2}
ˆ L/2

−L/2
G(x− u)I(u)du=E(x), ∀|x|≤ L2 (4.44)

with particular boundaries I(±L/2), where the extended convolutional problem is

K0 · {k2+ d2

dx2}(G ∗ IΩ)(x)=E∞(x) (4.45)

with Ω = (−L/2, L/2) and boundaries I(±L/2). The Pocklington Equation [154–156] is a
particular case of (4.45) using the Green function

Gex(x) = 1
2π

ˆ 2π

0

e−jkrex

4πrex
dφ (4.46)

rex =
√

4a2 sin2(φ/2) + x2 (4.47)

In particular, the Richmond simplification is the result of the linear operator {k2+ d2

dx2} over
the Green function assuming the hypothesis (Gap ∗ IΩ)(x) ∼ (Gex ∗ IΩ)(x) for 0 < a ≤ 10−2λ.
We can verify this hypothesis in the v-domain because the function b(x) = 4−1 ·sinc(πx4−1)
ideally identifies the spectral difference between both kernels. Using a = 0.005λ, we find that
Im{(Gap∗b)(x)} � Im{(Gex∗b)(x)} for |x| ≤ 4a when4 < 4a. From the System Theory point
of view, this result implies that (Gap ∗ IΩ)(x) ∼ (Gex ∗ IΩ)(x) for 0 < a ≤ 10−2λ is only valid
when the essential bandwidth of the unknown current meets BW IΩ

2 < a−1/4. Conclusively,
the Richmond simplification is invalid for interpolation functions at high sampling rates
because reducing the segmentation implies increasing its bandwidth.

In the same direction, because G ∈ L2 and assuming a reasonable solution IΩ ∈ L1∧2∧∞

such that the derivative property of the Fourier Transform holds, then

K̃(v) · ĨΩ(v) = Ẽ∞(v) (4.48)

K̃(v) = K0 · (k2 − 22π2v2) · G̃(v) (4.49)

As a result, this kernel has a spectral null at v = ±λ−1. Therefore, two conditions
are necessary to obtain a reasonable and bounded estimation ÎΩ ∈ L1∧2∧∞ before the low-
segmentation breakdown (4 � λ → κ(S) � 1). The first, it is that Ẽ∞(v) has the same
kind of convergence toward zero at v = ±λ−1. From this property, we can easily justify
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the unbounded solutions at high sampling rates using the so called Delta-gap source [157].
The second, it is that (Ẽ∞/K̃)(v) also has an asymptotic convergence toward zero at high
frequencies (see spectral properties of ∀g ∈ L1∧2). Our approach allows to remove the fake
oscillations because we can artificially manipulate K̃ap(v) by means of (3.20) or (3.31) in
order to fulfill the second condition. For instance, redefining only the imaginary part by

Im{ ˜̄Kap(v)} =

Im{K̃ap(v)} |v| < a−1/4

C |v| ≥ a−1/4
(4.50)

we obtain a new regularized kernel K̄ap(x), which allows that (Ẽ∞/ ˜̄Kap)(v) has an asymptotic
convergence toward zero at high frequencies if Ẽ∞(v) also has that kind of convergence. For
example, the Fig. 4.6 shows the instantaneous unknown current without fake oscillations using
C = Im{K̃ap(a−1/4)}, the magnetic frill source, the BM-P with (4.35), and N = 10002 (4 =
4.699×10−5λ). Using this approach, we obtain a solvable problem with Zin = 79.697+16.743i
and κ(S) = 598.73. It is interesting to note that the unknown current converges to non-zero
values at the edges of the wire, which are similar to the results of [158, Fig. 5]. This current
is consistent with a solution that considers the current in the end caps.

Figure 4.6: Instantaneous unknown current without fake oscillations using K̄ap(x) with a =
0.005λ and 4 = 4.699× 10−5λ. (a) Normalized Magnitude. (b) Phase.
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In summary, our results differ from the conclusions of Fikioris et al. in [52, 56, 159, 160]
because we understand (and we remove) the fake oscillations from non-trivial rounding errors
related to a standard convolutional problem. The fake oscillations are little affected by a
reasonable increase of the numerical resolution because the spectrum of this kernel has a rapid
decay toward zero at high frequencies. Following the same argument, the better immunity
of other formulations using high sampling rates (e.g. exact kernel or the kernel generated
by Calderon identity) can be reasonably justified by kernels with a slower decay toward zero
at high frequencies. From a physical point of view, the reduced kernel is inappropriate for
interpolation functions such that p(x;4) : 4 < 4a because its spectrum is incorrect for
samples rates ϑ > a−1/4.

4.6 Discussion about the Delta-gap source

The so-called Delta-gap source, defined by

f gap(x) , A0

4
Π4(x− xgap) (4.51)

evidences a paradox with our approach. Any source model in BM-P (or PM-P) must be
evaluated instantly at x = xm. Therefore, it must not come from any kind of dependence of
4 before the regularization. It has more sense if

f gap(x) = A0 · 4−1Π4(x) ∗ δ(x− xgap) (4.52)

Therefore, the Delta-gap source is coherent with S-RT using an impulsive source f∞Ω (x) =
A0δ(x− xgap) and the regularization filter RΠ(x;4).

Our interpretation unifies under a single approach different situations. First, it offers
a simplified and coherent explanation of why PM-P using this source does not make sense
in (3.15). Second, it establishes under which conditions f gap(x) could be used to find a
consistent solution by means of the weighting function RΠ(x;4). Third, this interpretation
would explain why in PM-P this source improves the results when 4 � 1 because (3.22)
has an approximate mathematical sense to (3.15) caused by R(·) → δ(·). Finally, the MoS!
establishes a new methodology to include other models for the impulsive source through
R(x;4) if R(x;4) ∗ f∞Ωc(x) |x=xm= 0,∀xm ∈ S.

Remark 22. In that case, the filter produces a change of formulation with physical meaning;
In the particular case of EFIE, it changes the original problem of Electric Field to Electric
Potential, in which R(·) can be interpreted literally as the normalized impulse response of a
sensor between those physical variables.
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Using the MoS!, the classical solutions of a center-fed linear dipole using Kap(x) and the
Delta-gap source have the following unexpected interpretations:

1. MoM using PM-P with the rectangular basis function resumed by ∑N
n=1 ÎΩ(xn)Kap(x)∗

Π4(x − xn) = 4−1Π4(x) sampled at xm. From the ultra formulation, we obtain
4−1Π4(x) ∗ ∑N

n=1 ÎΩ(xn)Kap(x) ∗ pδ(x − xn;4) = 4−1Π4(x) ∗ δ(x) sampled at xm.
Consequently, the model uses the ideal generalized interpolation function pδ(x;4) and
the filter RΠ(x;4).

2. MoM using PM-P with the triangular basis function resumed by ∑N
n=1 ÎΩ(xn)Kap(x) ∗

Λ4(x − xn) = 4−1Π4(x) sampled at xm. From the ultra formulation, we obtain
4−1Π4(x) ∗ ∑N

n=1 ÎΩ(xn)Kap(x) ∗ Π4(x − xn) = 4−1Π4(x) ∗ δ(x) sampled at xm.
Consequently, the model uses the rectangular basis function pΠ(x;4) and the filter
RΠ(x;4).

In summary, the general solution assuming the source

f̄∞(xm) = A0 ·R(x;4) ∗ δ(x− xgap) |x=xm (4.53)

= A0 ·R(xm − xgap;4) (4.54)

is the regularization of a source with an infinite bandwidth. Therefore, the interpretations and
solutions in electrodynamics using f gap(x) with arbitrary weighting functions and multiples
sampling rates are, from a general point of view, misguided because the model is a major
simplification, it is interfered, and it is potentially oscillatory.

From the System Theory point of view, the problem (g∗K)(x) = δ(x) does not have sense
for K ∈ L2 and g ∈ L1∧2 because the distribution Delta-Dirac δ /∈ L1,2,∞. Therefore, incoher-
ent results (unbounded or oscillatory results) are mandatory with generalized interpolation
functions and filters p,R ∈ L1∧2 at high sampling rates because the formulation is incoherent
at high frequencies. However, our approach could solve this problem using a convenient set
of distributions as interpolation functions and standard filters because the MoS! is based on
the Distribution Theory.

Our discussion is very relevant for the electrodynamic community because the Delta-gap
source is widely used and studied in many electromagnetic problems with different compu-
tational techniques.
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4.7 Discussion about the Galerkin method using mul-
tiples sampling rates

In order to discuss the Galerkin Method using multiples sampling rates, we assume that the
unknown function g(x) requires two kind of approximations, given by

ĝ(x) = ĝ1(x) + ĝ2(x) (4.55)

in the interest of an efficient solution. Without loss of generality, the slow part of the function
is modeled by

ĝ1(x) =
J∑
n=1

αnp(x− xn;4) (4.56)

for x1)
n = a+4n,∀n = 1, · · · J . The fast part is modeled by

ĝ2(x) =
N∑

n=J+1
βnq(x− xn;4) (4.57)

for x2)
n = xn = c + 4

2 n,∀n = J + 1, · · · , N . The fast basis function q(x;4) = p(2x;4) is a
compression (2 times in this example) of the slow basis function p(x;4), in order to have a
well defined approximation in the new spacing 42 . Therefore, except for the better approxi-
mation obtained in each interval caused by the appropriate compression, we are assuming no
fundamental change in the basis functions. Using the MoM with the Galerkin Method, we
choose the weighting functions W 1)

m (x;4) = p(x − xm;4) at xm = a +4m,∀m = 1, · · · , J
and W 2)

m (x;4) = q(x− xm;4) at xm = c+ 4
2 m,∀m = J + 1, · · · , N .

Using our approach, this solution uses two non-normalized filters with Fourier Transforms
W̃ 1)(v;4) = p̃(v;4) and W̃ 2)(v;4) = 1

2 p̃(
1
2v;4) modeling (W 1) ∗K ∗ ĝ)(x) = (W 1) ∗ f∞)(x)

and (W 2) ∗ K ∗ ĝ)(x) = (W 2) ∗ f∞)(x) coupled by the samples xm. From the additive
property of the Fourier Transform, the interference of the sampling process can be separated
in two different parts. The first is centered at ±k4−1 produced by ĝ1(x) with sampling
rate ϑ1 = 4−1. The second is centered at ±2k4−1 produced by ĝ2(x) with sampling rate
ϑ2 = 24−1. Because in general the linear and invariant systems have memory and they are
dispersive, the influence of both sampling functions are found into the entire domain.

A simple inspection of the Fourier Transform of (W j) ∗ K ∗ ĝ)(x) shows that the filter
W 1)(·) reduces the interference produced by ĝ1(x) and ĝ2(x) because their nulls match with
the harmonic interference at ±k4−1. However, the filterW 2)(·) only reduces the interference
produced by ĝ2(x) because their nulls only match the harmonic interference at ±2k4−1. As
a result, the solution may obtain severe ill-conditioning or oscillatory information in certain
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parts of the domain because the formulation contains inconsistent and interfered information
from ĝ1(x).

Although the impact of the interference depend on each particular kernel, sampling rate
and the reduction of the harmonic interference using p(x;4), the authors consider that the
Galerkin Method using multiples sampling rates is, from a general point of view, misguided
for this reason. Nevertheless, the inconsistency produced by arbitrary nonuniform sampling
rates is indeterminate because the interference of the sampling process are located in a quasi-
random distribution or it is not well-defined a priori. Moreover, the inconsistency using an
arbitrary linear operator depends of each particular case because a linear operator may change
the positions and the intervals of the harmonic interference as a time-variant system [161]
(formally an x-domain variant system).

In order to discuss this problematic in a practical case, the classical approximation prob-
lem using our notation is proposed. Suppose the problem

∃g(·) : g(x) = f(x),∀x ∈ [a, b] (4.58)

where the function g(·) has a nontrivial closed form (g 6= f). The extended equivalent
problem is

∃gΩ(·) : δ(x) ∗ gΩ(x) = f∞(x) (4.59)

where δ(x) is the Delta-Dirac Distribution, f∞Ω (x) = fΩ(x) and f∞Ωc(x) is a degree of freedom
with mathematical sense. From a general point of view, f∞Ωc(x) could be designed to enhance
the convergence of the approximation. Through the analysis of this trivial kernel without
memory (K = δ) , we can understand the results of dispersive kernels.

The instantaneous equivalent problem is

δ(x) ∗Ψ(x) = f∞(x) (4.60)

Consider the test function

f(x) = 1
2{1− cos(3

2πx
2 + 1

2πx),∀x[0, 1] (4.61)

Although the sinc function is not the better option for any f∞(·), this interpolation
function allows to discuss several issues by choosing

p(x,4) = sinc(π4−1x) (4.62)
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(a) (b)

(c) (d)

Figure 4.7: Comparison between the different approaches. (a) Ψ1(x) (BM-P) with N = 8. (b)
Ψ2(x) (BM-P) with N = 8. (c) Ψ2(x) (Galerkin Method) with N = 8. (d) Ψ2(x) (Galerkin
Method) with N = 48.

at samples xn = (n− 1)4,∀n = 1, · · · , N + 1 and 4 = 1/N . As we show in Fig. 4.7a, this
interpolator find a good approximation of f(x) by means of

Ψ1(x) =
N+1∑
n=1

αnp(x− xn;4) (4.63)

where the matrix solution is trivial using BM-P, given by

α = f (4.64)

where f = [f(xm)].
However, this solution requires a small interval 4, or high number of unknown variables

(N + 1), caused by the high spectral information of f(x) into the interval [2
3 , 1]. Reducing

the number of unknown variables is relevant when we have dispersive kernels because a dense
matrix is usually found. With that objective, the approximation is divided into two parts
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Ω1 = [0, 2/3) and Ω2 = [2/3, 1] using the Complete-domain approach in order to simplify the
formulation. The slow part is represented by p(x,4) at the samples x1)

n = 4(n − 1),∀n =
1, · · · , N/2, and the fast part by

q(x,4) = sinc(π24−1x) (4.65)

at the samples x2)
n = (N + n− 1)4/2,∀n = 1, · · · , N/2 + 1, with

Ψ2(x) =
N/2∑
n=1

αnp(x− x1)
n ;4) +

N/2+1∑
n=1

βnq(x− x2)
n ;4) (4.66)

where 4 = 4/(3N), f1 = [f(x1)
m)] and f2 = [f(x2)

m)]. Using BM-P at the appropriate samples
xi)m in (4.66), we obtain

 A B
C D

 α
β

 =
 f1

f2

 (4.67)

where

A = [Amn]N/2,N/2 = [sinc(π(m− n))] (4.68)

B = [Bmn]N/2,N/2+1 = [sinc(2π(m− 1
2n−

N

2 −
1
2))] (4.69)

C = [Cmn]N/2+1,N/2 = [sinc(π(1
2m− n+ N

2 + 1
2))] (4.70)

D = [Dmn]N/2+1,N/2+1 = [sinc(2π(m− n))] (4.71)

As a result, by the orthogonality of the sinc’s functions, we obtain an easy and well
conditioned solution because B = 0, A = I, D = I, and

 α
β

 =
 A 0

C D

−1  f1

f2

 =
 A−1 0
−D−1CA−1 D−1

 f1

f2

 (4.72)
 α
β

 =
 I 0
−C I

 f1

f2

 (4.73)
 α
β

 =
 f1

f2 −Cf1

 (4.74)

As we show in Fig. 4.7b, the new approximation has “apparently low performance”. In
order to enhance the approximation, the Galerkin Method is used, with the following nor-
malized filters:
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W 1)(x,4) = 4−1sinc(π4−1 x) (4.75)

W 2)(x,4) = 24−1 sinc(2π4−1 x) (4.76)

Because the Fourier Transform in L2 for the sinc functions converge, the following con-
volutions are well defined:

sinc(π4−1 x) ∗ {4−1sinc(π4−1 x)} = sinc(π4−1 x) (4.77)

sinc(2π4−1 x) ∗ {4−1sinc(π4−1 x)} = 1
2sinc(π4−1 x) (4.78)

sinc(π4−1 x) ∗ {24−1 sinc(2π4−1 x)} = sinc(π4−1 x) (4.79)

sinc(2π4−1 x) ∗ {24−1 sinc(2π4−1 x)} = 1
2sinc(2π4−1 x) (4.80)

As a result, we obtain Ā = A, C̄ = C, D̄ = D and

B̄ = [B̄mn]N/2,N/2+1 = [12sinc(π(m− 1
2n−

N

2 −
1
2))] (4.81)

Therefore, the matrix solution is

 α
β

 =
 I B̄

C̄ I

−1  f1

f2

 (4.82)

Although the new matrix is still well conditioned, the approximation can not avoid the
poor performance, as we show in Fig. 4.7c. This particular situation is justified by the Gibbs
phenomena at x = 2

3 using the sinc representation, as we show in Fig. 4.7d. As a result, using
the MoM framework, the general conclusion is that the sinc function with a Complete-domain
has poor performance in this particular problem because the high frequency information
truncated by this ideal function is very important for the approximation.

According with the MoS!, the mistake in this procedure is to assume that a continuous
approximation given by

ĝΩ(x) = ΨΩ(x) (4.83)

will have a good performance. With this simple but relevant consideration, the solution
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with BM-P in Fig. 4.7b using multi rate is the best “instantaneous approximation”. Strictly
speaking, if a continuous approximation is required, then we should use a continuous method-
ology, such as the Gram–Schmidt process. This is not the usual approach in electrodynamics
because the computational cost is increased significantly.

One solution to this problem is given by maintaining the uniform sampling rate as possible,
for example by

Ψ3(x) =
N/2+N/4+1∑

n=1
αnp(x− x3)

n ;4) +
N/4∑
n=1

βnp(x− x4)
n ;4) (4.84)

at the samples

x3)
n = (n− 1)4,∀n = 1, · · · , N/2 +N/4 + 1 (4.85)

x4)
n = 2/3 + (n− 1/2)4,∀n = 1, · · · , N/4 (4.86)

with the same segmentation4 = 4/(3N) and N multiple of 4. In this strategy,∑αnpn means
an uniform sampling approximation in the interval [0, 1], and ∑ βnpn means the error at a
delay 4/2 in the interval (2/3, 1) at the same sampling rate. The coefficients are calculate
by

 D E
F G

 α
β

 =
 f3

f4

 (4.87)

D = [Dmn]3N/4+1,3N/4+1 = [sinc(π(m− n))] (4.88)

E = [Emn]3N/4+1,N/4 = [sinc(π(m− n− (N + 1)/2))] (4.89)

F = [Fmn]N/4,3N/4+1 = [sinc(π(m− n+ (N + 1)/2))] (4.90)

G = [Gmn]N/4,N/4 = [sinc(π(m− n))] (4.91)

where f3 = [f(x3)
m)], f4 = [f(x4)

m)], F = ET, D = I and G = I. Therefore, we can simplify the
inversion using the block matrix inversion

 D E
F G

−1

=
 {D−1 + D−1E(G− FD−1E)−1FD−1} −D−1E(G− FD−1E)−1

−(G− FD−1E)−1FD−1 (G− FD−1E)−1

 (4.92)

As we show in Fig. 4.8, the new hypothesis ĝ(x) = Ψ3(x) has a smooth convergence in x ∈ Ω
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(a) (b)

(c) (d)

Figure 4.8: Ψ3(x) using BM-P. (a) N = 8. (b) N = 12. (c) N = 16. (d) N = 20.

because f(x) is continuous and smooth in x ∈ Ω and the main approximation∑αnpn and the
error correction∑ βnpn are continuous functions in x ∈ Ω. As a result, the Gibbs phenomenon
is avoided by a Complete-domain formulation using the same number of unknown variables
(N + 1).

As a conclusion, the argument that the sinc function has poor performance in solving a
general case (K ∗ gΩ)(x) = f∞(x) with multiples sampling rates requires a careful analysis
because the instantaneous approximation is different from the continuous approximation.
The test function (4.61) can be interpreted in electrodynamics as the unknown current density
related with a body with sharp geometry at x = 2/3, in which the current density must go to
zero by the boundary conditions at x = {0, 1}. In general, this discussion is very important
for the MoS! because the bandlimited functions have an efficient control of the interference
and distortion, and they can simplify the integrals using the Fourier domain.
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Chapter 5

Other Related Topics

5.1 Introduction

From a general point of view, the author understand the Method of Weighted Residuals
(MWR) as the same Method of Moment applied over an arbitrary linear operator I {·}. For
instance, the Finite Element Method (FEM) and the Finite Difference Method (FDM) in the
cases FD-TD, TLM and PTSD can be understood from the MWR [50, 121]. The MWR is
systematically used to solve multidimensional problem in electrodynamics and it is included
in many CAD, such as HFSS, IE3D, FEKO, and NEC.

Although it is beyond of the scope of this research a general discussion of other cases,
our methodology also works in many problems because the Distributions Theory, the Fourier
Transform, the ideal and the non-ideal Sampling Theorems can be applied in a wide range
of linear operators by means of generalized functions and the convolution operator. In fact,
using the Fourier Transform properties, some non-linear operator can be addressed by this
approach, too.

For example, from the main conclusions obtained in this research, the following major
issues for the FEM and the FD-TD are identified:

1. Because the instantaneous function Ψ(x) is not necessarily a good interpolation func-
tions for ĝ(x), an interpolation algorithm after finding the instantaneous values ĝ(xn)
is not a contradiction for the FEM approach. This concept fundamentally changes the
way in that the final results are presented and calculated in this method for the low
order basis and weighting functions (e.g., the classical triangular function).

2. Any continuous variable that has been sampled has a spectral model well defined for
uniform sampling rates, which include the phenomena of interference, distortion and
aliasing. As a result, the time domain (t-domain) and the space domain (x-domain)
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using FD-TD introduces an interference well located by the 2D Fourier Transform.
Because FD-TD does not use regularization, a fundamental instability (eg., harmonic
interference from the sampling process) is found at low sampling rates. Therefore, the
use of a filter in the time-space domains, with low computational cost for the method,
could substantially improve the performance of this methodology at low sampling rates.

Conclusively, the impact of MoS! is too extensive to be developed in a reasonable time-space.
For these reasons, this chapter aims to address and to discuss some issues related to the new
methodology as hypotheses or without an exhaustive verification using other computational
techniques.

5.2 Interpretation based on the Communication The-
ory

The author proved in chapter 3 that a CIE is, literally (and not approximately), a partial
deconvolution problem. Therefore, a CIE can be expressed (and not approximate) using the
convolution operator. As a result, several design rules and interpretations can be developed by
different frameworks and domains. In particular, another way to understand the solution of
the extended equivalent problem (3.11) is proposed in Fig. 5.1, where the designer is sending
an i-PAM modulation toward the channel K(x), and the receptor is designed to recover a
continuous approximation of the unknown function starting from the channel output.

Figure 5.1: Another interpretation based on the Communication Theory

Consequently, a more comprehensive approach to design the problem using the Commu-
nication Theory can be found because the filter R(x;4), as a part of the demodulator, is
not necessarily related to reducing the residual error in the sense of a geometric projection
under an interior product. For instance, this filter may be designed as a standard receptor
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system with several roles related to reducing the noise caused by the rounding errors and the
distortion produced by the interpolation functions (e.g., Matched filter, and Pre-emphasis
and De-emphasis techniques) and to transforming a dense matrix into a sparse matrix (e.g.,
Intersymbol Interference techniques).

5.3 Method of Sampling for arbitrary one-dimensional
operators with integral form

Using the Green methodology, or in general the impulse response of the linear system based
on Distributions [141,142], it is possible to obtain two kind of kernels with integral form. The
first has been discussed extensively in this research, which is a linear and invariant kernel
(or difference kernel). The second, it is a linear and variant kernel with general form (3.1),
where K(x, x− u) 6= K(x− u). In that case, the extended linear and variant problem is

∃gΩ(·) :
ˆ ∞
−∞

K(x, x− u)gΩ(u)du = f∞(x) (5.1)

where f∞Ω (x) = fΩ(x), and f∞Ωc(x) is a degree of freedom with mathematical sense.
As a result, the solution of this extended equivalent variant problem can be performed in

the x-domain or in the v-domain by

K(x, u) ? gΩ(x) = f∞(x) (5.2)

K̃(v, w)Fg̃Ω(v) = f̃∞(v) (5.3)

where (?) is the one-dimensional variant convolution operator, K̃(v, w) = F 2{K(x, u)} is the
Fourier Transform in two dimensions, and (F) is the one-dimensional dual variant convolution
operator.

The equivalent instantaneous problem using Ψ(x) is

K(x, u) ?Ψ(x) = K(x, u) ? ĝΩ(x) +K(x, u) ? ε4(x) = f∞(x) (5.4)

K̃(v, w)F˜̂gΩ(v) + K̃(v, w)Fε̃4(v) = f̃∞(v) (5.5)

As a result, the methodology developed for the invariant approach can be extended to this
case with one fundamental difference. By the non-multiplicative redistribution of the har-
monic interference caused by the variant property [161], it is not possible to guarantee that
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‖ K̃(v, w)Fε̃4(v) ‖2 → 0 for a general problem. With generalized interpolation functions is
possible to asymptotically remove the distortion. With some filter is possible to asymptot-
ically remove the harmonic interference out of bandwidth (|v| > BW ). However, it is not
possible to assume a general criteria for the reduction of the aliasing and the interference into
the bandwidth (|v| < BW ). As a result, the solution should be studied from this framework
in each particular case.

For instance, the problem

ˆ 1

0
|λx− u| g(u)du = f(x) (5.6)

where λ > 1,∀x, u ∈ Ω , [0, 1] is the IE of the differential equation

g(x) = 1
2λ2

d2

dx2f(x)
∣∣∣∣∣
xλ−1

,∀x ∈ [0, 1] (5.7)

where f(x) has some bounded conditions and boundaries f(0), f(1), detailed in [47].
Using our approach, the extended linear and variant problem is

|(λ− 1)x+ u| ? gΩ(x) = f∞(x) (5.8)

Solving the integral with gΩ(x) = sin(πx),∀x ∈ [0, 1], we obtain

f∞Ω (x) = π−1 − 2π−2 sin(πxλ),∀x ∈ [0, 1] (5.9)

This IE models a linear and variant problem, in which it is intuitive that the input’s
spectral components are modified by the kernel such that the output’s spectral components
are not coherent with a spectral multiplicative form caused by the compression/expansion
xλ. In this problem, we find that MoM or MoS! can not find a convergent solution with full
uniform samples because the matrix is very ill-conditioned or singular. For example, using
the rectangular interpolation function with BM-P and the Galerkin method with the samples
S = {4(k − 1

2) : k = 1, · · · , N}, 4 = N−1 and

Smn =
n4ˆ

(n−1)4

∣∣∣∣λ4(m− 1
2)− u

∣∣∣∣ du (5.10)

S̄mn = 4−1

m4ˆ

(m−1)4

n4ˆ

(n−1)4

|λx− u| dudx (5.11)
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we find that the matrices are singular from N ≥ 4 for λ > 1.
The discussion of this particular problem was chosen by three reasons. First, it is the

variant version of the invariant problem solved in the section 4.3. Second, it has an apparent
simplicity and their integrals are easy to evaluate with Sub-domain functions. Lastly, its
descriptive phenomenon can be understood from the Doppler Effect over the original test
function.

For this case, we find a way to solve the problem as following. We propose to modify
S-RT with BM-P using any generalized interpolation function with uniform distribution
un ∈ S = {u1, u2, · · · , uN} and samples points xm ∈ Sλ

−1
, {λ−1 · um}. For λ > 1, the

samples points meet xm ∈ Ω and the solution has the same mathematical expressions found
in the section 4.3 with any interpolation function.

This solution uses only a part of the entire-domain and quasi uniform samples xm to
convert the original variant problem in an equivalent invariant problem. This approach
gives us a different perspective on the consequences of using arbitrary distributions for the
sampling points xm. For instance, it can be concluded that using non-uniform samples xm
may convert a well defined invariant problem in a new variant equivalent problem, where the
spectral mismatch and the aliasing can produce ill-conditioned or singular matrices.

This case shows the potential non-trivial difficulties in removing the interference and
aliasing caused by the sampling process. Although it is a hypothesis, the author considers that
this simple variant problem can not be solved using full uniform sampling points un, xm ∈ S
due to the aliasing and the mismatch of the Fourier Domain in (5.5) caused by the Doppler
effect using any interpolation function.

5.4 Method of Sampling for arbitrary one-dimensional
operators without integral form

Using our approach, the MoS! for one dimension and arbitrary linear operator without integral
form can be modeled as following. Let I {·} : G→ F be a linear operator with G,F : R→ C.
Without loss of generality, let ∃g(·) : I {g(u)} = f(x) be an unknown problem such that
f, g : Ω→ C.

Let the extend equivalent problem be

∃gΩ(·) : I {gΩ(u)} = f∞(x) (5.12)

where f∞Ω (x) = fΩ(x), and f∞Ωc(x) is a degree of freedom with mathematical sense. Consider
the solution of the instantaneous equivalent problem defined by
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I {Ψ(u)} = f∞(x) (5.13)

where Ψ(u) = ∑N
n=1 ĝΩ(un)pn(u;4) is a non-ideal sampling function with N unknown vari-

ables, ĝΩ(un) is an instantaneous approximation of the unknown function, and pn(u;4n) is
a generalized interpolation function with several properties based on the non-ideal Sampling
Theory.

Filtering the instantaneous equivalent problem with R(x;4) and taking samples at x =
xm, we obtain

R(x;4) ∗I {Ψ(u)} |x=xm
= R(x;4) ∗ f∞(x) |x=xm

(5.14)
N∑
n=1

ĝΩ(un)R(x;4) ∗I {pn(u;4)} |x=xm
= R(x;4) ∗ f∞(x) |x=xm

(5.15)

N∑
n=1

ĝΩ(un)S̄mn = f̄m (5.16)

where the system coefficients and the sampled source are given by

S̄mn = R(x;4) ∗I {pn(u;4)} |x=xm
=

∞̂

−∞

R(xm − x;4)I {pn(u;4)}dx (5.17)

f̄m = R(x;4) ∗ f∞(x) |x=xm
=

∞̂

−∞

R(xm − x;4)f∞(x)dx (5.18)

In order to avoid unknown information of the source, the sampled linear invariant or
variant filter Rm(x;4) = R(xm − x;4) should have compact support Ω. Consequently,
several of the conclusions and strategies for CIEs applies in this problem. In particular,
we obtain that the methodology is an instantaneous technique, independent of the filter
R(x;4). Therefore, the approximation of the unknown continuous function obtained by an
interpolation algorithm from the instantaneous approximation ĝΩ(un) given by

ĝΩ(u) = I{ĝΩ(un)}, ∀u ∈ Ω (5.19)

is not a contradiction for the methodology because the solution is supported by the Nyquist
criterion.

As a conclusion, our approach allows to solve different kind of linear operators without
integral form, such as the Boundary Value Problems (BVP). In fact, this is not a surprise
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because the FDM and FEM approaches can be generalized from the MWR [50,121].
In order to discuss the solution of BVP with a classical case, we propose the Poisson

Equation with homogeneous Dirichlet boundary conditions, given by

− d2

dx2 g(x) = f(x),∀x ∈ [0, 1] (5.20)

g(0) = g(1) = 0 (5.21)

Solving this problem with the FDM approach using uniform sampling points xn = n·4, an
uniform mesh 4 = 1

N+1 , and the central difference approximation from the Taylor expansion
given by

− d2

dx2 g(x) = −g(x−4)− 2g(x) + g(x+4)
42 +O(42) (5.22)

≈ − ĝ(x−4)− 2ĝ(x) + ĝ(x+4)
42 (5.23)

we obtain the linear equations system



m = 1 − ĝ(x0)−2ĝ(x1)+ĝ(x2)
42 = f(x1)

m = 2 − ĝ(x1)−2ĝ(x2)+ĝ(x3)
42 = f(x2)

...

m = N − ĝ(xN−1)−2ĝ(xN )+ĝ(xN+1)
42 = f(xN)

(5.24)

where the boundaries x0 = 0, xN+1 = 1 and ĝ(x0) = ĝ(xN+1) = 0. As a result, we obtain the
classical tridiagonal matrix formulation

Tĝ = 42 · f (5.25)

T ,



2 −1
−1 2 −1

−1 2 −1
· · ·
−1 2


(5.26)

where ĝ = [ĝ(xn)]N×1, f = [f(xm)]N×1 and m,n = 1, · · · , N .
In order to compare the methodologies between FDM and MoS!, we will solve this problem
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using BM-P. With this motivation, the extended linear problem is

− d2

dx2 gΩ(x) = f∞(x) (5.27)

g(0) = g(1) = 0 (5.28)

where Ω = (0, 1). The instantaneous equivalent problem can be formulated in different ways
using different generalized interpolation functions. In particular, we will use the generalized
interpolation function

q(x;4) = 4−2 3
B
i=1

Π4(x) = 4−2 ·(Π4 ∗Π4 ∗Π4)(x) =


3
4 −

(
x
4

)2
0 ≤ |x| ≤ 1

24
9
8 −

3
2

∣∣∣ x4 ∣∣∣+ 1
2

(
x
4

)2 1
24 < |x| ≤ 3

24

0 |x| > 3
24

(5.29)
with Fourier Transform

q̃(v;4) = 4 · sinc3(πv/ϑ) (5.30)

and first and second derivative

d

dx
q(x;4) = 4−2 · Π4(x) ∗ Π4(x) ∗ {δ(x+ 42 )− δ(x+ 42 )}

= 4−1 · {Λ4(x+ 42 )− Λ4(x− 42 )} (5.31)

d2

dx2 q(x;4) = 4−2 · Π4(x)∗{δ(x+42 )−δ(x+42 )}∗{δ(x+42 )−δ(x+42 )}

= 4−2{Π4(x+4)− 2Π4(x) + Π4(x−4)} (5.32)

Those functions are shown in Fig. 5.2.

One solution of the Poisson problem using q(x;4) with BM-P is obtained by the instan-
taneous equivalent problem

− d2

dx2 Ψ(x) = f∞(x) (5.33)

ĝΩ(0) = ĝΩ(1) = 0 (5.34)
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Figure 5.2: Generalized interpolation function q(x;4).

where

Ψ(x) =
N+1∑
n=0

ĝΩ(xn)q(x− xn;4) =
N∑
n=1

ĝΩ(xn)q(x− xn;4) (5.35)

with x0 = 0, xN+1 = 1 and ĝΩ(x0) = ĝΩ(xN+1) = 0.
If we take samples at x = xm,∀m = 1, · · · , N in (5.33), then

−4−2
N∑
n=1

ĝΩ(xn){Π4(x−xn+4)−2Π4(x−xn)+Π4(x−xn−4)}|x=xm
=f∞(x) |x=xm

(5.36)

−ĝΩ(xm−1) + 2ĝΩ(xm)− ĝΩ(xm+1) = 42f(xm) (5.37)

As a result, we obtain the same matrix formulation (5.25)-(5.26). This example allows to
emphasize the paradigm proposed by the MoS!. This methodology allows to find instanta-
neous values ĝΩ(xn) such that the Non-ideal Sampling Theorem guarantees the asymptotic
convergence ĝΩ(xn)→ gΩ(xn), almost anywhere, independent of the quality of the “continu-
ous approximation” Ψ(x). In fact, Ψ(x) in this example is not a good continuous interpolator
for gΩ(x) because the error at the boundaries is bigger caused by Ψ(0) 6= 0 and Ψ(1) 6= 0.

Because the non-ideal instantaneous function Ψ(x) has been sampled by the second deriva-
tive operator at xm and this linear operator is a wide band operator, the function Ψ(x) at
x = xm may improve the accuracy of the instantaneous approximation. Therefore, the fol-
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lowing instantaneous approximation has sense with the MoS!

ˆ̂g(xm) = Ψ(xm) = 1
8 ĝΩ(xm−1) + 3

4 ĝΩ(xm) + 1
8 ĝΩ(xm+1) (5.38)

where m = 1, · · · , N , and ĝΩ(x0) = ĝΩ(xN+1) = 0. The equation (5.38) can be interpreted
such as a simple low pass digital filter over the instantaneous values ĝΩ(xm) obtained from
the solution of (5.25).

In this problem, it is relevant to compare the solution using a smooth approach with the
same interpolation function. In that case, the solution is given by

− d2

dx2 ǧ(x) = f(x),∀x ∈ [0, 1] (5.39)

ǧ(0) = ǧ(1) = 0 (5.40)

where

ǧ(x) =
N+1∑
n=0

αn · q(x− xn;4),∀x ∈ [0, 1] (5.41)

From the boundaries (5.40), we obtain

ǧ(0) = 3
4α0 + 1

8α1 = 0 (5.42)

ǧ(1) = 1
8αN + 3

4αN+1 = 0 (5.43)

Taking samples at x = xm, ∀m = 1, · · · , N in the linear problem (5.39), we obtain

− αm−1 + 2αm − αm+1 = 42 · f(xm) (5.44)

Therefore, the matrix formulation is



3
4

1
8

−1 2 −1
−1 2 −1

· · ·
−1 2 −1

1
8

3
4





α0

α1

α2
...
αN

αN+1


= 42



0
f(x1)
f(x2)

...
f(xN)

0


(5.45)

where the instantaneous solution at xn, ∀n = 1, · · · , N is obtained by
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(a) (b)

(c) (d)

Figure 5.3: Evaluation of the instantaneous approaches using BM-P with the trigonometric
test functions and q(x;4). (a) k = 1. (b) k = 2. (c) k = 3. (d) k = 4.

ǧ(xn) = 1
8αn−1 + 3

4αn + 1
8αn+1 (5.46)

In order to compare the different solutions of this problem, we use the family of trigono-
metric test functions

g(x) = sin(πk · x),∀x ∈ [0, 1], k ∈ N (5.47)

f(x) = (πk)2 · sin(πk · x),∀x ∈ [0, 1], k ∈ N (5.48)

As we shown in Fig. 5.3, the instantaneous residual errorR{·} = ‖{·} − g(xn)‖2 / ‖g(xn)‖2

obtained with the smooth approach has a poor performance compared with the instantaneous
approach.

In the same way, we show that the digital filter over the FDM approach using the family
of trigonometric test functions improves the accuracy in an approximate relation of unknown
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variables of 2
3 . However, the last result is not universal because the test functions g(x) =

1
2x(1−x) and f(x) = 1,∀x ∈ [0, 1] can be better approximated by the direct FDM expression.

Corollary 23. The Finite Difference Method (FDM) can be interpreted as a natural case
of MoS! using Sub-domain generalized interpolation functions with the Bandwidth Matching
Procedure (BM-P).

On the other hand, we can also compare the solution of this problem using the classical
FEM approach. For example, the Galerkin FEM methodology for this problem is formulated
as following.

Let the variational solution G(x) such that the residual error using the weighting function
Wm(x) is reduced by

ˆ 1

0
Wm(x) ·

{
− d2

dx2G(x)− f(x)
}
dx = 0 (5.49)

where Wm(·) has Sub-domain or Entire-domain with the property Wm(0) = Wm(1) = 0.
Using integration by parts, we obtain

−
ˆ 1

0
Wm(x) · d

2

dx2G(x) · dx =
ˆ 1

0

d

dx
Wm(x)· d

dx
G(x)·dx+Wm(x)· d

dx
G(x) |x=1

x=0 (5.50)

=
ˆ 1

0

d

dx
Wm(x) · d

dx
G(x) · dx (5.51)

As a result, the variational solution is

ˆ 1

0

d

dx
Wm(x) · d

dx
G(x) · dx =

ˆ 1

0
Wm(x) · f(x)dx (5.52)

Using an uniform mesh and the classical smooth Sub-domain basis functions with bound-
ary condition φ(x±4) = 0 for G(x), we obtain

G(x) =
N∑
n=1

ḡ(xn) · φ(x− xn) (5.53)

as we shown in Fig. 5.4.
Using the same family of basis functions such as weighting functions by Wm(x) = φ(x−

xm), we obtain
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Figure 5.4: Interpretation of the Galerking FEM approach using basis functions

N∑
n=1

ḡ(xn)
ˆ 1

0

d

dx
φ(x− xm) · d

dx
φ(x− xn) · dx =

ˆ 1

0
φ(x− xm) · f(x)dx (5.54)

As a result, the matrix formulation is

Fḡ = b (5.55)

F = [Fmn]N×N (5.56)

Fmn =
ˆ 1

0

d

dx
φ(x− xm) · d

dx
φ(x− xn) · dx (5.57)

bm =
ˆ 1

0
φ(x− xm) · f(x)dx (5.58)

In particular, using the classical piecewise linear function φ(x) = Λ4(x) and reordering
the linear equations system, we obtain

Tḡ = 42 · f̄ (5.59)

f̄(xm) = 4−1 ·
ˆ xm+4

xm−4
Λ4(x− xm) · f(x)dx (5.60)

where the final continuous approximation is obtained by the variational hypothesis (5.53).
Using our notation and the instantaneous equivalent problem, the formulation (5.49) has

a sampled convolutional form given by
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−R(x;4) ∗ d2

dx2 Ψ(x) |x=xm
= R(x;4) ∗ f∞(x) |x=xm

(5.61)

−
∞̂

−∞

R(x− ξ;4) · d
2

dξ2 Ψ(ξ)dξ |x=xm
=

∞̂

−∞

R(x− ξ;4) · f∞(ξ)dξ |x=xm
(5.62)

−
∞̂

−∞

R(xm − ξ;4) · d
2

dξ2 Ψ(ξ)dξ =
∞̂

−∞

R(xm − ξ;4) · f∞(ξ)dξ (5.63)

Because the sampled linear filter Rm(x;4) , R(xm−x;4) must have Sub-domain or Entire-
domain in order to avoid unknown information of the source f∞(x), then

−
1ˆ

0

Rm(x;4) · d
2

dx2 Ψ(x)dx =
1ˆ

0

Rm(x;4) · f(x)dξ (5.64)

As a result, ifWm(x) = Rm(x;4) and G(x) = Ψ(x), then we obtain the same formulation
(5.49).

Corollary 24. The Finite Element Method (FEM) can be interpreted as a particular case of
MoS! using Sub-domain or Entire-domain basis functions and the Regularization Technique
by convolution (RT).

The main consequence of this conclusion, it is that G(x) is not necessarily a good contin-
uous approximation g(x) because G(x) has been filtered in order to solve the inverse problem
in a better way. As far as the author knows best, the general approach using the FEM
considers that G(x) is the continuous approximation based on the variational approach, and
it does not use an instantaneous approach so far.

Using our approach, the Galerkin FEM must use an interpolator to find the performance
parameters using wide band operators because the filter R(x;4) remove critical information
of Ψ(x) at high frequencies. In electrodynamics, this is a major issue because it is usually to
find other performance parameters by means of vector operators (e.g., ∇,∇·,∇×).

With this interpretation, the instantaneous solution using the Galerkin FEM and the
family of trigonometric test functions (5.47)-(5.48) obtains

f̄(xm) = 2∆−2(1− cos(π∆k)) sin(πkxm) = f(xm) · 2(πk∆)−2(1− cos(π∆k)) (5.65)

The results obtained with this approach are totally consistent with the MoS!. First,
we obtain the same asymptotic convergence between FDM and Galerkin FEM because
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lim4→0+ f̄(xm) = f(xm). Therefore, the only difference between those approaches is the
way in that the source f(x) is filtered for a finite sampling rate. Second, after many numer-
ical experiments using any sampling rate, we found that the instantaneous solution for the
family of trigonometric test functions obtain the exact instantaneous values ḡ(xn) = g(xn),
as we show in Fig. 5.5.

As a result, the continuous approximation (for the family of test function used) only
depends of quality of the a posteriori interpolation ḡ(x) = I{ḡ(xn)},∀x ∈ [0, 1] with bound-
aries ḡ(x0) = ḡ(xN+1) = 0. This conclusion allows to emphasize again the general point of
this research: “The instantaneous approach may have better performance than a continuous
approach using different methodologies, such as the variational framework”.

Although the ideal instantaneous performance is only valid for the family of test functions
used, including the case g(x) = 1

2x(1− x) and f(x) = 1,∀x ∈ [0, 1], those functions are part
of the Fourier basis of f(x). As a result, the following conjecture has sense

Conjecture 25. The Poisson Equation − d2

dx2 g(x) = f(x),∀x[0, 1] with homogeneous Dirich-
let boundary conditions g(0) = g(1) = 0 has an ideal instantaneous solution with the Method
of Sampling using the weak formulation with the triangular (or standard piecewise linear)
interpolation functions for any smooth and continuous function f(x),∀x[0, 1].

In summary, the MoS! applied to Boundary Value Problems has very high prospects be-
cause the method divides the instantaneous approximation of unknown function using sparse
matrices and its subsequent continuous approximation using any interpolation algorithm
based on the Nyquist criterion.

5.5 Discussion about multidimensional linear operators
and the general application in electrodynamics based
on time harmonic potentials

Although a general discussion of our approach using arbitrary linear operators is beyond the
scope of this research because each operator requires special attention, we can generalize our
methodology for well defined multidimensional problems using the scalar multidimensional
convolution
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(R ∗ f)(x) ,

∞̂

−∞

R(x− y)f(y)dy (5.66)

,
˙ ∞

−∞
R(x1−y1,· · ·, xM−yM)g(y1,· · ·, yM)dy1· · ·dyM (5.67)

Let I {·} : G→ F be a multidimensional linear operator over the functions G,F : RM →
C. Without loss of generality, let ∃g(·) : I {g(u)} = f(x) be an unknown multidimensional
problem such that f, g : Ω→ C and Ω ⊂ RM . The extended linear problem is

I {gΩ(u)} = f∞(x) (5.68)

where f∞Ω (x) = fΩ(x), and f∞Ωc(x) is a degree of freedom with mathematical sense.
Let Ψ(u) = ∑∞

n=−∞ ĝΩ(un)pn(u;4) = ∑N
n=1 ĝΩ(un)pn(u;4) = ĝΩ(u) + ε4(u) be an

instantaneous and finite representation of gΩ(u) such that un ∈ S ⊆ Ω and Ψ : RM → C
because we may use generalized interpolation functions pn : RM → C.

Let R(x;4) be a multidimensional filter with a nascent Delta-Dirac property. Filtering
the multidimensional equivalent instantaneous problem, we obtain

R(x;4)∗I {Ψ(u)}=R(x;4)∗f∞(x) (5.69)

R(x;4)∗(I {ĝΩ(u)}+I {ε4(u)})=R(x;4)∗f∞(x) (5.70)

Therefore, if we design the generalized interpolation functions pn(u;4) such that

ĝΩ(u),I {ĝΩ(u)} (5.71)

and

ε4(u),I {ε4(u)} (5.72)

are asymptotically separable through the Fourier domain, then the filter R(x;4) can remove
asymptotically the error and regularize the source at the same time. Otherwise, the regu-
larization cannot remove the error, and therefore, the solution is strictly conditional upon
a very smooth representation Ψ(u) such that the weak hypothesis lim4→0+ ε4(u) → 0 ⇒
lim4→0+ I {ε4(u)} → 0 may be valid.

Rewriting (5.69) in integral form and taking samples at xm ∈ S, we obtain
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N∑
n=1

ĝΩ(xn)
∞̂

−∞

R(xm − x;4)I {pn(u)}dx

=
∞̂

−∞

R(xm − x;4)f∞(x)dx (5.73)

Consequently, if the sampled multidimensional filter Rm(x;4) , R(xm−x;4) has domain
ΩRm ⊆ Ω in order to avoid unknown information of f∞(x) and the interpolation functions
have domain Ωpn ⊆ Ω, then we obtain the same mathematical expression used by the multi-
dimensional Method of Weighted Residuals. In contrast with the MWR methodology, and as
we extensively discussed in this research for the one dimensional case, our approach may be
more general, it may offer new interpretations, degrees of freedom and design rules based on
the multidimensional sampling process, the multidimensional Distribution Theory and the
multidimensional Fourier Transform.

In particular, our proposal may have a relevant impact in electrodynamics because the
time harmonic potentials

φ = 1
4πε

˚
Ω

1
R
q(x′, y′, z′)dV ′ (5.74)

A = µ

4π

˚
Ω

e−jkR

R
J(x′, y′, z′)dV ′ (5.75)

F = ε

4π

˚
Ω

e−jkR

R
M(x′, y′, z′)dV ′ (5.76)

with Ω ⊂ R3 and R =
√

(x− x′)2 + (y − y′)2 + (z − z′)2 can be rewritten as

φ = 1
4πε(

1
r
∗ qΩ)(x, y, z) (5.77)

A = µ

4π (e
−jkr

r
∗ JΩ)(x, y, z) (5.78)

F = ε

4π (e
−jkr

r
∗MΩ)(x, y, z) (5.79)

where r =
√
x2 + y2 + z2, the scalar-vector convolution is f ∗ B , f ∗ (Bx, By, Bz) = (f ∗

Bx, f ∗By, f ∗Bz), and the truncated vector function is
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BΩ ,

(Bx, By, Bz) ∀r ∈ Ω

(0, 0, 0) ∀r /∈ Ω
(5.80)

Consequently, a framework based on (5.77)-(5.80) has a compact notation and simple
interpretation, it gives physical meaning to the Supra-domain information (e.g., φ = φ∞

and A = A∞), it allows the application of special theories and properties (e.g., the Fourier
Transform and the Distribution Theory on partial derivatives are well defined), it identifies
special issues related to the Distribution Theory because we have spatial vector operators over
truncated spatial functions, and finally, the solution may be addressed by several imaging
techniques (e.g., see the surveys [162,163]) because the formulation is a partial deconvolution
problem.
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Chapter 6

Conclusions

The author has presented a new approach to solve integral equations for one dimension
with difference kernels based on the generalization of an Fredholm Equation of first type
as an extended convolutional problem. Among the results, we show that the Method of
Moments (and in general, the Method of Weighted Residuals) is a particular case, and new
interpretations, degrees of freedom and design rules can be found to solve the problem using
standard matrix techniques.

The new approach can be used to address major methodological questions for the Method
of Moments, such as: how to design all the functions related with the computational method
(e.g., as far as the authors know best, a general approach to the design of weighting functions
does not exist so far), how to build preconditioners in a systematic way (e.g., problems using
bandlimited basis functions), how to reduce the computational cost based on several new
properties (e.g., ultra formulation, and functions with an approach that not necessarily imply
orthogonality, differentiability or smooth continuity), how to use the Fourier Transform as
a fundamental design tool although the solution must be performed in the original domain
(e.g., matrix coefficients calculated by the Fourier domain, and understanding and removing
fake oscillations), and how to understand the formulation based on the interior product as a
particular case of regularization using convolution.

The new methodology has very good prospective to solve other kind of linear operator,
such as Boundary Value Problem, because the new approach divides the instantaneous un-
known estimation from the continuous unknown estimation based on the Sampling Theorems.
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Appendix A

Matrix B

Corollary 26. The matrix B = [Bmn]N×N = [|m− n|]N×N given by

B =



0 1 2 3 · · · N − 2 N − 1
1 0 1 2 · · · N − 3 N − 2
2 1 0 1 2 · · · N − 3
... . . . . . . . . . . . . . . . ...

N − 3 · · · 2 1 0 . . . 2
N − 2 N − 3 · · · 2 1 0 1
N − 1 N − 2 · · · 3 2 1 0


(A.1)

has an inverse for N ≥ 3 given by

B−1 = 1
2



1
N−1 − 1 1 0 0 · · · 0 1

(N−1)

1 −2 1 0 · · · 0 0
0 1 −2 1 0 · · · 0
... . . . . . . . . . . . . . . . ...
0 · · · 0 1 −2 1 0
0 0 · · · 0 1 −2 1
1

(N−1) 0 · · · 0 0 1 1
N−1 − 1


(A.2)

Corollary 27. ρ+(B−1) ≤ 2 for N ≥ 3.
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