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McKay correspondence in quasitoric orbifolds

Saibal Ganguli

Universidad de los Andes PhD thesis

Abstract

We prove that every positively omnioriented quasitoric orbifold admits a torus-
invariant almost complex structure. We construct blowdown maps of quasitoric
orbifolds and study their properties. We define the Chen-Ruan cohomology of any
omnioriented quasitoric orbifold. We define the notion of quasi-SL quasitoric orb-
ifold. We show that the Betti numbers of Chen-Ruan cohomology of a quasi-SL
quasitoric orbifold are preserved under crepant blowdown.
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12.6. Poincaré Polynomial 38
12.7. Correspondence in quasitoric orbifolds 39
13. Example 41
References 43



5

1. Introduction

McKay correspondence has been studied widely for complex algebraic SL (also
called Gorenstein) orbifolds [24]. A cohomological version of this correspondence
says that the Hodge numbers (and Betti numbers) of Chen-Ruan cohomology [8]
are preserved under crepant resolution. This was proved in [18] and [25] following
fundamental work of [4] and [12]. Chen-Ruan cohomology is defined originally for
any almost complex orbifold and it makes sense to ask if such a correspondence holds
for Betti numbers when the orbifold has almost complex structure only.
In this article we define Chen-Ruan cohomology for any omnioriented quasitoric

orbifold which is not necessarily almost complex. We find a corresponding general-
ization of the SL condition which we call quasi-SL. We construct blowdown maps
between omnioriented quasitoric orbifolds and define crepant blowdown in this con-
text. We find a correspondence for Betti numbers of Chen-Ruan cohomology of
omnioriented quasitoric quasi-SL orbifolds under crepant blowdowns. This general-
izes the known correspondence for algebraic toric orbifolds.
A quasitoric orbifold(in [10] [23]) is a 2n-dimensional differentiable orbifold equipped

with a smooth action of the n-dimensional compact torus such that the orbit space
is diffeomorphic as manifold with corners to an n-dimensional simple polytope. (An
n- dimensional polytope is called simple if every vertex is the intersection of exactly
n codimension one faces.) The preimage of every codimension one face is a torus
invariant (2n− 2)-dimensional quasitoric orbifold which is stabilized by a circle sub-
group of the form {(e2πa1t, . . . e2πant) : t ∈ R}. The vector (a1, . . . an) is a primitive
integral vector called the characteristic vector associated with this codimension one
face. In general a codimension k face is the intersection of k codimension one faces
and its characteristic set consists of the characteristic vectors of these codimension
one faces. The characteristic set of every face is linearly independent over R.
An omniorientation is a choice of orientation for the quasitoric orbifold as well

as for each invariant suborbifold of codimension two. When these orientations are
compatible, the quasitoric orbifold is called positively omnioriented, see section 4.9
for details. We prove the existence of invariant almost complex structure on posi-
tively omnioriented quasitoric orbifolds (Theorem 6.2) by adapting the technique of
Kustarev [15] for quasitoric manifolds.
Chen-Ruan cohomology was originally defined for almost complex orbifolds in [8].

There the almost complex structure on normal bundle of singular strata is used to
determine the grading of the cohomology. In quasitoric case, an omniorientation
together with the torus action determine a complex structure on the normal bundle
of every invariant suborbifold. Moreover the singular locus is a subset of the union
of invariant suborbifolds. Thus we can define Chen-Ruan cohomology groups for any
omnioriented quasitoric orbifold, see section 9. We also define a ring structure for this
cohomology in section 10 following the approach of [7]. The Chen-Ruan cohomology
of the same quasitoric orbifold is in general different for different omniorientations.
For a positively omnioriented quasitoric orbifold with the almost complex structure
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of Theorem 6.2, our definition of Chen-Ruan cohomology ring agrees with that of
[8].
We construct equivariant blowdown maps of omnioriented quasitoric orbifolds, see

section 7. These maps are continuous and they are diffeomorphism of orbifolds away
from the exceptional set. They are not morphisms of orbifolds (see [1] for definition).
In some cases they are analytic near the exceptional set, see Lemma 7.4. (In these
cases they are pseudoholomorphic in a natural sense, see Definition 7.2.) For these
we can compute the pull-back of the canonical sheaf and test if the blowdown is
crepant in the sense of complex geometry: The pull back of the canonical sheaf
of the blowdown is the canonical sheaf of the blowup. However the combinatorial
condition this corresponds to, makes sense in general and may be applied to an
arbitrary blowdown. We work with this generalized notion of crepant blowdown, see
section 8.
We prove the conservation of Betti numbers of Chen-Ruan cohomology under

crepant blowdowns (see section 12). By McKay correspondence in quasitoric orb-
ifolds, we mean this correspondence. We give an example in section 13. This ex-
ample is particularly interesting as it corresponds to the weighted projective space
P(1, 1, 3, 3, 3) which is not a Gorenstein or SL orbifold. Hence McKay correspon-
dence as studied in complex algebraic geometry does not apply to it. However under
suitable choice of omniorientation it is quasi-SL and McKay correspondence holds.
Note that the blowup is not a toric variety.
We briefly summarize our main contributions:

(1) Invariant almost complex structure in quasitoric orbifolds (see section 6.2)
(2) Construction of blowdown in the quasitoric category and its basic properties

(see section 7)
(3) Definition of Chen-Ruan cohomology ring for omnioriented quasitoric orb-

ifolds (see sections 9 and 10)
(4) Mackay Correspondence for Betti numbers of quasi-SL quasitoric orbifolds

under crepant blowdown (see section 12)

Parts of this thesis have appeared in the articles [13] and [14] authored jointly
with my advisor M. Poddar.
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2. Orbifolds

We give a brief introduction to orbifolds following the treatment in [1]

Definition 2.1. Let X be a topological space, and fix n≥ 0.

(1) An n-dimensional orbifold chart on X is given by a connected open subset
Ũ ⊂ Rn, a finite group G of smooth diffeomorphisims of Ũ , and a map ϕ : Ũ
→ X so that ϕ is G-invariant and induces a homeomorphism of Ũ/Gonto an
open subset U ⊂ X

(2) An embedding λ(Ũ , G, ϕ) →( Ṽ , H, ψ)between two such charts is a smooth
embedding λ : Ũ → Ṽ with ψλ = ϕ

(3) An orbifold atlas on X is a family of such charts U = (Ũ , G, ϕ), which cover
X and satisfy the compatibility condition: given any two charts (Ũ , G, ϕ)
for U = ϕ(Ũ) ⊂ X and (Ṽ , H, ψ) for V = ψ(Ṽ ) ⊂ X and a point x ∈
U ∩ V there exists an open neighborhood W ⊂ U ∩ V of x and a chart
(W̃ ,K, µ) for W such that there are embeddings λ1 : (W̃ ,K, µ) → (Ũ , G, ϕ)
and λ2 : (W̃ ,K, µ) → (Ṽ , H, ϕ). Every embedding of charts induces injective
homomorphisms λ : K → G.

(4) An atlas U is said to refine another atlas Υ if for every chart in U there
exists an embedding into some chart of Υ. Two orbifold atlases are said to
be equivalent if they have a common refinement.

Definition 2.2. An effective orbifold X of dimension n is a paracompact Hausdorff
spaceX equipped with an equivalence class [U ] of n-dimensional orbifold atlases.

Throughout this thesis we will always assume that our orbifolds are effective

(1) We are assuming that for each chart (Ũ , G, ϕ) the group G is acting smoothly
and effectively on Ũ . In particular G will act freely on a dense open subset
of Ũ .

(2) If the finite group actions on all the charts are free, then X is locally Eu-
clidean, hence a manifold. Points in an orbifold which are not locally Eu-
clidean form the singular locus

Definition 2.3. Let X = (X,U) and Y = (Y,Υ) be orbifolds. A map f : X → Y
is said to be smooth if for any point x ∈ X there are charts (Ũ , G, ϕ) around x and
(Ṽ , G, ψ), around f(x) with the property that f maps U = ϕ(Ũ) into V = ψ(Ũ)and

can be lifted to a smooth map f̃ : Ũ → Ṽ satisfying ψf̃ = fϕ

Definition 2.4. The isotropy subgroup of a point x̃ in the chart (Ũ , G, ϕ) is Gx̃ =
{g ∈ G | gx̃ = x̃}.If ỹ is a point in the G-orbit of x̃ , then Gỹ is conjugate to Gx̃ in
G. If G is Abelian ,Gx̃ = Gỹ and we denote Gx̃ by Gx where x = ϕ(x̃). Gx is called
the isotropy group of x.

2.1. Tangent Bundle of an Orbifold. We describe a tangent bundle for an orb-
ifold X = (X,U). Given a chart (Ũ , G, ϕ) we consider a tangent bundle T Ũ . Since
G acts smoothly on Ũ , hence it acts smoothly on T Ũ . Indeed if (ũ, v) a typical
element of T Ũ then g(ũ, v) = (gũ, dgũ(v)). Moreover the projection map T Ũ → Ũ
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is equivariant from which we get a projection p : T Ũ/G→ U by using the map ϕ. .
If x = ϕ(x̃)

(2.1) p−1(x) = {G(x̃, v) ⊂ T Ũ/G}
It can be easily seen this fiber is homeomorphic to Tx̃Ũ/Gx̃ where as Gx̃ is the
isotropy subgroup of the G action at x̃. This means we have constructed locally
a bundle like object where the fiber is not necessarily a vector space, but rather a
quotient of the form Rn/G0 where G0 ⊂ Gln(R). To construct the tangent bundle
on an orbifold X̃ = (X,U),we simply need to glue together the bundles defined over
the charts . Our resulting space will be an orbifold, with an atlas T U comprising
local charts (T Ũ , G, ϕ) over T U = T Ũ/G for each (Ũ , G, ϕ) ∈ U : We observe that
the gluing maps λ12 = λ2λ1

−1 are smooth, so we can use the transition functions
dλ12 : T λ1(W̃ ) → T λ2(W̃ ) to glue T Ũ/G→ U to T Ũ/H → H. In other words, we
define the space T X as an identification space

⊔
Ũ∈υ(T Ũ/G)/ ∼) where we give it the

minimal topology that will make the natural maps T Ũ/G→ T X homeomorphisms
onto open subsets of T X. We summarize this in the next remark.

Remark 2.1. The tangent bundle of an n-dimensional orbifold X denoted by T X =
(T X, T U)has the structure of a 2n-dimensional orbifold. Moreover, the natural
projectionp : T X → X defines a smooth map of orbifolds, with fibers p−1(x) =
Tx̃Ũ/Gx

2.2. Example: Teardrop orbifold. A teardrop orbifold is a topological sphere
with an orbifold singularity at north pole. Consider the standard embedding of the
sphere in R3 with(0, 0, 1) as the north pole and (0, 0,−1)as the south pole. We give
two orbifold charts.Let U = {(x, y, z) ∈ S2 | z < 1

3
} and V = {(x, y, z) ∈ S2 | z >

−1
3
} are two open sets around the south pole and north pole respectively. We define

a chart (Ũ , G, ϕ) where Ũ = U , G is the trivial group and ϕ identity map. Around
north pole we take the open set V and define an orbifold chart (Ṽ , H, ψ) where
Ṽ = V , H = Z3 and ψ is a triple cover branched at the north pole. Now if z ∈ U ∩V
we take neighborhood so small that the maps ϕ and ψ cover these neighborhood
evenly. Let us call this neighborhood Wz and with the chart (Wz, I, id) and the
maps λ1 and λ2 are mere inclusions.Thus we have an orbifold structure which is
different from the manifold structure of the sphere and we call it a teardrop orbifold.
From the above description it is fairly easy to construct its tangent bundle.
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3. McKay correspondence in complex geometry

Suppose Y is an n-dimensional complex algebraic or analytic variety with SL
orbifold singularities, i.e. every singularity is isomorphic to the quotient Cn/G where
G is a finite subgroup of SL(n,C). Let KY denote the canonical sheaf of Y . The
sections of this sheaf are locally generated by G-invariant (n, 0) forms. As G ⊂
SL(n,C), KY is in fact a vector bundle. A (partial) resolution of singularities ρ :

Ŷ → Y is called crepant if ρ∗(KY ) = KŶ .
The story of McKay correspondence begins with the work [19], where McKay

considers smooth crepant resolutions of Y = C2/G. The exceptional divisor E is
the preimage of the singular point 0, i.e. E = ρ−1{0}. McKay shows that the

topology of E (and therefore of Ŷ ) is determined by the representation theory of
G. In particular, the nontrivial conjugacy classes of G correspond to irreducibe

components of E or equivalently to generators of H2(E) ∼= H2(Ŷ ).
For Y = Cn/G where n > 2, it is hard in general to establish a natural corre-

spondence between conjugacy classes and generators of H∗(Ŷ ). However the rank of

H2k(Ŷ ) equals the number of congugacy classes of G having age or weight ι(g) = k.
This was proved for n = 3 in [16]; and later for general n independently in [4] and
[12] using sophisticated motivic integration techniques. Here ι(g) =

∑n
j=1 αj where

e2πiαj denote the eigen values of g and 0 ≤ αj < 1.
For a general complex SL orbifold Y , there may be many nontrivial local groups G

corresponding to different orbifold charts. In this case, to state the correspondence
we need a correct generalization of the notion of conjugacy classes. This is provided
by the Chen-Ruan cohomology [8]. (The stringy Hodge numbers of Batyrev [4] work
for even more general singularities, but they agree with Hodge numbers of Chen-
Ruan cohomology in the orbifold case.) Then, McKay correspondence translates to

the statement that the Hodge numbers (and Betti numbers) of Y and Ŷ are equal.
This is proved in [18] and [25] for any complete complex algebraic SL orbifold Y .

Note that this correspondence is valid even when Ŷ is a partial crepant resolution

of Y , that is, Ŷ need not be smooth.
There are other forms of McKay correspondence, for instance at the level of derived

categories. We refer to the article [24] of Reid for details. The version discussed above
and later in this thesis may be referred to as a cohomological version.
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4. Quasitoric orbifolds

In this section we review the combinatorial construction of quasitoric orbifolds. We
also construct an explicit orbifold atlas for them and list a few important properties.
The notations established here will be important for the rest of the article.

4.1. Construction. Fix a copy N of Zn and let TN := (N ⊗Z R)/N ∼= Rn/N
be the corresponding n-dimensional torus. A primitive vector in N , modulo sign,
corresponds to a circle subgroup of TN . More generally, suppose M is a submodule
of N of rank m. Then

(4.1) TM := (M ⊗Z R)/M

is a torus of dimension m. Moreover there is a natural homomorphism of Lie groups
ξM : TM → TN induced by the inclusion M ↪→ N .

Definition 4.1. Define T(M) to be the image of TM under ξM . If M is generated
by a vector λ ∈ N , denote TM and T (M) by Tλ and T (λ) respectively.

Usually a polytope is defined to be the convex hull of a finite set of points in Rn.
To keep our notation manageable, we will take a more liberal interpretation of the
term polytope.

Definition 4.2. A polytope P will denote a subset of Rn which is diffeomorphic, as
manifold with corners, to the convex hull Q of a finite number of points in Rn. Faces
of P are the images of the faces of Q under the diffeomorphism.

Let P be a simple polytope in Rn, i.e. every vertex of P is the intersection of
exactly n codimension one faces (facets). Consequently every k-dimensional face F
of P is the intersection of a unique collection of n− k facets. Let F := {F1, . . . , Fm}
be the set of facets of P .

Definition 4.3. A function Λ : F → N is called a characteristic function for P if
Λ(Fi1), . . . ,Λ(Fik) are linearly independent whenever Fi1 , . . . , Fik intersect at a face
in P . We write λi for Λ(Fi) and call it a characteristic vector.

Remark 4.1. In this article we assume that all characteristic vectors are primitive.
Corresponding quasitoric orbifolds have been termed primitive quasitoric orbifold in
[23]. They are characterized by the codimension of singular locus being greater than
or equal to four.

Definition 4.4. For any face F of P , let I(F ) = {i|F ⊂ Fi}. Let Λ be a charac-
teristic function for P. The set λF := {λi : i ∈ I(F )} is called the characteristic set
of F . Let N(F ) be the submodule of N generated by λF . Note that I(P ) is empty
and N(P ) = {0}.

For any point p ∈ P , denote by F (p) the face of P whose relative interior contains
p. Define an equivalence relation ∼ on the space P × TN by

(4.2) (p, t) ∼ (q, s) if and only if p = q and s−1t ∈ T (N(F (p)))
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Then the quotient space X := P × TN/ ∼ can be given the structure of a 2n-
dimensional quasitoric orbifold. Moreover it can be seen 2n-dimensional primitive
quasitoric orbifold defined in previous section can be obtained in this way. We refer
to the pair (P,Λ) as a model for the quasitoric orbifold. The space X inherits an
action of TN with orbit space P from the natural action on P × TN . Let π : X → P
be the associated quotient map.
The space X is a manifold if the characteristic vectors λi1 , . . . , λik generate a

unimodular subspace of N whenever the facets Fi1 , . . . , Fik intersect. The points
π−1(v) ∈ X, where v is any vertex of P , are fixed by the action of TN . For simplicity
we will denote the point π−1(v) by v when there is no confusion.

4.2. Orbifold charts. Consider open neighborhoods Uv ⊂ P of the vertices v such
that Uv is the complement in P of all edges that do not contain v. Let

(4.3) Xv := π−1(Uv) = Uv × TN/ ∼

For a face F of P containing v there is a natural inclusion of N(F ) in N(v). It
induces an injective homomorphism TN(F ) → TN(v) since a basis of N(F ) extends
to a basis of N(v). We will regard TN(F ) as a subgroup of TN(v) without confusion.
Define an equivalence relation ∼v on Uv × TN(v) by (p, t) ∼v (q, s) if p = q and
s−1t ∈ TN(F ) where F is the face whose relative interior contains p. Then the space

(4.4) X̃v := Uv × TN(v)/ ∼v

is θ-equivariantly diffeomorphic to an open set in Cn, where θ : TN(v) → U(1)n is

an isomorphism, see [10]. This means that there exists a diffeomorphism f : X̃v →
B ⊂ Cn such that f(t · x) = θ(t) · f(x) for all x ∈ X̃v. This will be evident from the
subsequent discussion.

The map ξN(v) : TN(v) → TN induces a map ξv : X̃v → Xv defined by ξv([(p, t)]
∼v) =

[(p, ξN(v)(t))]
∼ on equivalence classes. The kernel of ξN(v), Gv = N/N(v), is a finite

subgroup of TN(v) and therefore has a natural smooth, free action on TN(v) induced

by the group operation. This induces smooth action of Gv on X̃v. This action is not
free in general. Since TN ∼= TN(v)/Gv, Xv is homeomorphic to the quotient space

X̃v/Gv. An orbifold chart (or uniformizing system) on Xv is given by (X̃v, Gv, ξv).
Let (p1, . . . , pn) denote the standard coordinates on Rn ⊃ P . Let q1, . . . , qn be the

coordinates on N ⊗R with respect to the standard basis of N . They correspond to
standard angular coordinates on TN . Let {u1, . . . , un} be the standard basis of N .
Suppose the characteristic vectors ui are assigned to the facets pi = 0 of the cone
Rn

≥. In this case there is a homeomorphism ϕ : (Rn
≥ × TN/ ∼) → R2n given by

(4.5) xi =
√
pi cos(2πqi), yi =

√
pi sin(2πqi) where i = 1 . . . n.

Remark 4.2. The square root over pi is necessary to ensure that the orbit map
π : R2n → Rn

≥ is smooth.

We define a homeomorphism ϕ(v) : X̃v → R2n as follows. Assume without loss of
generality that F1, . . . , Fn are the facets of Uv. Let the equation of Fi be pi(v) = 0.
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Assume that pi(v) > 0 in the interior of Uv for every i. Let Λ(v) be the corresponding
matrix of characteristic vectors

(4.6) Λ(v) = [λ1 . . . λn].

If q(v) = (q1(v), . . . , qn(v))
t are angular coordinates of an element of TN with

respect to the basis {λ1, . . . , λn} of N ⊗ R, then the standard coordinates q =
(q1, . . . , qn)

t may be expressed as

(4.7) q = Λ(v)q(v).

Then define the homeomorphism ϕ(v) : X̃v → R2n by
(4.8)

xi = xi(v) :=
√
pi(v) cos(2πqi(v)), yi = yi(v) :=

√
pi(v) sin(2πqi(v)) for i = 1, . . . , n

We write

(4.9) zi = xi +
√
−1yi, and zi(v) = xi(v) +

√
−1yi(v)

Now consider the action of Gv = N/N(v) on X̃v. An element g of Gv is represented
by a vector

∑n
i=1 aiλi in N where each ai ∈ Q. The action of g transforms the

coordinates qi(v) to qi(v) + ai. Therefore

(4.10) g · (z1, . . . , zn) = (e2π
√
−1a1z1, . . . , e

2π
√
−1anzn).

We may identify Gv with the cokernel of the linear map Λ(v) : N → N . Then
standard arguments using the Smith normal form of the matrix Λ(v) imply that

(4.11) o(Gv) = | detΛ(v)|.

4.3. Compatibility of charts. We show the compatibility of the charts (X̃v, Gv, ξv).
Let v1 and v2 be two vertices so that the minimal face S of P containing both has di-
mension s ≥ 1. ThenXv1∩Xv2 is nonempty. Assume facets (F1, . . . , Fs, Fs+1, . . . , Fn)
meet at vertex v1 and facets (Fn+1, . . . , Fn+s, Fs+1, . . . , Fn) meet at v2. We take

(4.12)
Λ(v1) = [λ1, . . . , λs, λs+1, . . . , λn] and
Λ(v2) = [λn+1, . . . , λn+s, λs+1, . . . , λn].

Then

(4.13) q(v2) = Λ−1
(v2)

Λ(v1)q(v1)

Suppose

(4.14) λk =
n+s∑

j=s+1

cj,kλj, 1 ≤ k ≤ s.

Then by (4.13),

(4.15)
qj(v2) =

∑s
k=1 cn+j,k qk(v1) if 1 ≤ j ≤ s

qj(v2) =
∑s

k=1 cj,k qk(v1) + qj(v1) if s+ 1 ≤ j ≤ n.
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Let the facets Fj, j = 1, . . . , n + s, be defined by p̂j = 0 such that p̂j > 0 in the

interior of the polytope P . Then the coordinates (4.8) on X̃v2 and X̃v1 are related
as follows.

(4.16)
zj(v2) =

∏s
k=1 zk(v1)

cn+j,k

√
p̂n+j

∏s
k=1 p̂k

−cn+j,k if 1 ≤ j ≤ s

zj(v2) = zj(v1)
∏s

k=1 zk(v1)
cj,k

√∏s
k=1 p̂k

−cj,k if s+ 1 ≤ j ≤ n.

Take any point x ∈ Xv1

∩
Xv2 . Let x̃ be a preimage of x with respect to ξv1 .

Suppose π(x) belongs to the relative interior of the face F ⊂ S. Suppose F is
the intersection of facets Fi1 , . . . , Fit where s + 1 ≤ i1 < . . . < it ≤ n. Then the
coordinate zj(v1)(x̃) is zero if and only if j ∈ I(F ) = {i1, . . . , it}. Consider the
isotropy subgroup Gx of x̃ in Gv1 . It consists of all elements that do not affect the
nonzero coordinates of x̃,

(4.17) Gx = {g ∈ Gv1 : g · zj(v1) = zj(v1) if j /∈ I(F )}

It is clear that Gx is independent of the choice of x̃ and

(4.18) Gx = {[η] ∈ N/N(v1) : η =
∑

j∈I(F )

ajλj}.

Note that j ∈ I(F ) if and only if λj ∈ N(F ). It follows from the linear independence
of λ1, . . . , λn that

(4.19) Gx
∼= GF := ((N(F )⊗Z Q) ∩N)/N(F ).

Note that GP is the trivial group.
Choose a small ball B(x̃, r) around x̃ such that (g ·B(x̃, r))

∩
B(x̃, r) is empty for

all g ∈ Gv1 −Gx. Then B(x̃, r) is stable under the action of Gx and (B(x̃, r), Gx, ξv1)

is an orbifold chart around x induced by (X̃v1 , Gv1 , ξv1). We show that for sufficiently

small value of r, this chart embeds into (X̃v2 , Gv2 , ξv2) as well.
Note that the rational numbers cj,k in (4.14) are integer multiples of 1

∆
where

∆ = det(Λ(v2)). Choose a branch of zk(v1)
1
∆ for each 1 ≤ k ≤ s, so that the branch

cut does not intersect B(x̃, r). Assume r to be small enough so that the functions
zk(v1)

cj,k are one-to-one on B(x̃, r) for each s + 1 ≤ j ≤ n + s and 1 ≤ k ≤ s.

Then equation (4.16) defines a smooth embedding ψ of B(x̃, r) into X̃v2 . Note
that p̂k, 1 ≤ k ≤ s, and p̂n+j, 1 ≤ j ≤ s are smooth non-vanishing functions on
ξ−1
v1
(Xv1

∩
Xv2). Let iv2 : Gx → Gv2 be the natural inclusion obtained using equation

(4.19). Then (ψ, iv2) : (B(x̃, r), Gx, ξv1) → (X̃v2 , Gv2 , ξv2) is an embedding of orbifold
charts.

4.4. Independence of shape of polytope.

Lemma 4.3. Suppose X and Y are quasitoric orbifolds whose orbit spaces P and
Q are diffeomorphic and the characteristic vector of any edge of P matches with the
characteristic vector of the corresponding edge of Q. Then X and Y are equivariantly
diffeomorphic.
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Proof. Pick any vertex v of P . For simplicity we will write pi for pi(v), and qi for
qi(v). Suppose the diffeomorphism f : P1 → P2 is given near v by f(p1, p2 . . . , pn) =

(f1, f2 . . . , fn). It induces a map of local charts X̃v → Ỹf(v) by
(4.20)

(
√
pi cos(2πqi),

√
pi sin(2πqi)) 7→ (

√
fi cos(2πqi),

√
fi sin(2πqi)) for i = 1, . . . , n.

This is a smooth map if the functions
√
fi/pi are smooth functions of p1, . . . , pn.

Without loss of generality let us consider the case of
√
f1/p1. We may write

(4.21) f1(p1, p2 . . . pn) = f1(0, p2 . . . pn) + p1
∂f1
∂p1

(0, p2 . . . pn) + p21g(p1, p2 . . . pn)

where g is smooth, see section 8.14 of [11]. Note that f1(0, p2 . . . pn) = 0 as f maps
the edge p1 = 0 to the edge f1 = 0. Then it follows from equation (4.21) that f1/p1
is smooth. We have

(4.22)
f1
p1

=
∂f1
∂p1

(0, p2, . . . pn) + p1g(p1, p2, . . . pn)

Note that f1
p1

is nonvanishing away from p1 = 0. Moreover we have

(4.23)
f1
p1

=
∂f1
∂p1

(0, p2 . . . pn) when p1 = 0.

Since f1(0, p2 . . . pn) is identically zero, ∂f1
∂pj

(0, p2, . . . , pn) = 0 for each 2 ≤ j ≤ n. As

the Jacobian of f is nonsingular we must have

(4.24)
∂f1
∂p1

(0, p2, . . . , pn) ̸= 0

Thus f1
p1

is nonvanishing even when p1 = 0. Consequently
√
f1/p1 is smooth. There-

fore the map (4.20) is smooth and induces an isomorphism of orbifold charts. �

4.5. Torus action. An action of a groupH on an orbifoldY is an action ofH on the
underlying space Y with some extra conditions. In particular for every sufficiently
small H-stable neighborhood U in Y with uniformizing system (W,G, π), the action
should lift to an action of H on W that commutes with the action of G.

4.6. Metric. By a torus invariant metric on X we will mean a metric on X which is
TN(F )-invariant in some uniformizing neighborhood of x for any point x ∈ π−1(F ◦).
Any cover of X by TN -stable open sets induces an open cover of P . Choose

a smooth partition of unity on the polytope P subordinate to this induced cover.
Composing with the projection map π : X → P we obtain a partition of unity on
X subordinate to the given cover, which is TN -invariant. Such a partition of unity
is smooth as the map π is smooth, being locally given by maps pj = x2j + y2j . For

instance, choose a TN(v)-invariant metric on each X̃v. Then using a partition of
unity as above we can define an invariant metric on X.This is a valid orbifold metric
because the the uniformizing elements are subset of TN(v).
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4.7. Invariant suborbifolds. The TN -invariant subset X(F ) = π−1(F ), where F
is a face of P , has a natural structure of a quasitoric orbifold [23]. This structure
is obtained by taking F as the polytope for X(F ) and projecting the characteristic
vectors to N/N∗(F ) where N∗(F ) = (N(F )⊗ZQ)∩N . With this structure X(F ) is
a suborbifold of X. It is called a characteristic suborbifold if F is a facet. Suppose
λ is the characteristic vector attached to the facet F . Then π−1(F ) is fixed by the
circle subgroup T (λ) of TN . We denote the relative interior of a face F by F ◦ and
the corresponding invariant space π−1(F ◦) by X(F ◦). Note that v◦ = v if v is a
vertex.

4.8. Orientation. Note that for any vertex v, dpi(v) ∧ dqi(v) = dxi(v) ∧ dyi(v).
Therefore ω(v) := dp1(v) ∧ . . . ∧ dpn(v) ∧ dq1(v) ∧ . . . ∧ dqn(v) equals dx1(v) ∧
. . . ∧ dxn(v) ∧ dy1(v) ∧ . . . ∧ dyn(v). The standard coordinates (p1, . . . , pn) are re-
lated to (p1(v), . . . , pn(v) by a diffeomorphism. The same holds for (q1, . . . , qn) and
(q1(v), . . . , qn(v)). Therefore ω := dp1 ∧ . . . ∧ dpn ∧ dq1 ∧ . . . ∧ dqn is a nonzero mul-

tiple of each ω(v). The action of Gv on X̃v, see equation (4.10), preserves ω(v) for

each vertex v as dxi(v) ∧ dyi(v) =
√
−1
2
dzi(v) ∧ dzi(v). The action of Gv affects only

the angular coordinates. Since dq1 ∧ . . . ∧ dqn = det(Λ(v))dq1(v) ∧ . . . ∧ dqn(v) and
the right hand side is Gv-invariant, we conclude that ω is Gv-invariant. Therefore
ω defines a nonvanishing 2n-form on X. Consequently a choice of orientations for
P ⊂ Rn and TN induces an orientation for X.

4.9. Omniorientation. An omniorientation is a choice of orientation for the orb-
ifold as well as an orientation for each characteristic suborbifold. At any vertex v,

the Gv-representation T0X̃v splits into the direct sum of n Gv-representations corre-
sponding to the normal spaces of zi(v) = 0. Thus we have a decomposition of the
orbifold tangent space TvX as a direct sum of the normal spaces of the characteristic
suborbifolds that meet at v. Given an omniorientation, we say that the sign of a
vertex v is positive if the orientations of Tv(X) determined by the orientation of X
and orientations of characteristic suborbifolds coincide. Otherwise we say that sign
of v is negative. An omniorientation is then said to be positive if each vertex has
positive sign.
It is easy to verify that reversing the sign of any number of characteristic vectors

does not affect the topology or differentiable structure of the quasitoric orbifold.
There is a circle action of Tλi

on the normal bundle of X(Fi) producing a complex
structure and orientation on it. This action and orientation varies with the sign of
λi. Therefore, given an orientation on X, omniorientations correspond bijectively
to choices of signs for the characteristic vectors. We will assume the standard ori-
entations on P and T n so that omniorientations will be solely determined by signs
of characteristic vectors. Also under this choice the sign of v equals the sign of
det(Λ(v)).
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5. Invariant almost complex structure on quasitoric manifolds

Kustarev [15] showed that the obstruction to existence of a torus invariant almost
complex structure on a quasitoric manifold, which is furthermore orthogonal with
respect to a torus invariant metric, reduces to the obstruction to its existence on a
section of the orbit map.

Definition 5.1. An almost complex structure in a manifold is a continuous assign-
ment of linear operators J in the fibers of the tangent bundle such that its restriction
to each fiber satisfies J2 = −I. The tangent bundle along with this operator becomes
a complex vector bundle.

Definition 5.2. An almost complex structure J is torus invariant if dgJdg−1 = J
for every g ∈ TN and dg is the differential of g.This condition makes J commuting
with the isotropy subgroups.

Let X be a positively omnioriented (for definition see the previous section) qua-
sitoric manifold. We give a sketch of the proof of Kustarev which shows existence
of an invariant orthogonal almost complex structure on X. Denote the set of all i-
dimensional faces of P by ski(P ). We refer to π−1(ski(P )) as the i-th skeleton of X
whereπ : X → P is the orbit map. We fix an embedding ι : P → X that satisfies

(5.1)
π ◦ ι = id and
ι|int(F ) is smooth for any face F ⊂ P.

A choice of ι is given by the composition P
i→ P × TN

j→ X where i is the inclusion
given by i(p1, . . . , pn) = (p1, . . . , pn, 1, . . . , 1) and j is the quotient map that defines
X.
Kustarev [15] defined a orthogonal J on the restriction of the tangent bundle of

a quasitoric manifold X on the section and then transferred the almost complex
structure to whole of X by the TN action. Let V be a real oriented Euclidean vector
space of even dimension. Denote by J(V ) the space of all almost complex structures
of V preserving orientation and metric. Let F be a face of the polytope. In our case
V = T (π−1(F ))ι(x) for a given x ∈ F . Choosing a basis in V identifies J(V ) with
SO(2i)/U(i) where i = dim(V ). In particular J(V ) is simply connected. We denote
by JF the bundle with fiberJ(T (π−1(F ))y) over ι(F ) where y ∈ ι(F ) . Clearly JF is
trivial.

5.1. Zero and one skeletons. Consider any vertex v of P . It corresponds to
a unique TN -fixed point in X which we denote by v as well. The tangent space
TvX decomposes into the direct sum of normal spaces at v to the characteristic
submanifolds corresponding to the facets incident at v. Each of these normal spaces
has an action of the isotropy circle whose direction is specified by the sign of the
characteristic vector of the facet. This circle action endows the normal space with a
rotation by π/2, in other words a complex structure. Therefore the omniorientation
induces a canonical complex structure Jv on TvX. We may assume, without loss of
generality, that this complex structure is orthogonal with respect to the invariant
metric µ on X.
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Let E be an edge of P . Suppose E has vertices u and v. Suppose {λ1, . . . , λn−1}
is the characteristic set of E. The characteristic manifold corresponding to E is
a sphere which we denote by S2. Let ν denote the normal bundle to S2. Then
ν = ⊕n−1

i=1 νi where νi is the restriction of the normal bundle to the characteristic
submanifold corresponding to the i-th facet incident on E. Note that νi supports
nontrivial action of the circle T (λi).
Take any x ∈ S2. Observe, after Lemma 3.1 of [15], that νx and TxS

2 are orthog-
onal with respect to the metric. This may be verified as follows. Take any nonzero
vectors η1 ∈ νx and η2 ∈ TxS

2. Let θ be an element of the subgroup
∏
T (λi) that

acts on νx as multiplication by −1. Since
∏
T (λi) acts trivially on TxS

2, we have
µ(η1, η2) = µ(θ · η1, η2) = µ(−η1, η2) = 0. Thus we may split the construction of an
orthogonal J into constructions of orthogonal almost complex structures on ν and
T S2.
Similarly, it follows from Lemma 3.1 of [15] that the splitting ν = ⊕νi is orthogo-

nal. Define the restriction of J to νi as rotation by the angle π
2
with respect to the

metric µ as specified by the orientation of νi obtained from the T (λi) action. Then
J |ν is torus invariant as µ is preserved by torus action.
Recall that the space of all orthogonal complex structures on the oriented vector

space R2 is parametrized by SO(2)/U(1) which is a single point. We orient T S2

according to the given omniorientation. Consider the path ι(E) ∈ S2 given by the
embedding ι in (5.1). Since this path is contractible, the restriction of T S2 on it is
trivial. Thus there is a canonical choice of an orthogonal almost complex structure
on T S2|ι(E). We want this structure to agree with the complex structures Ju|T S2 and
Jv|T S2 at the vertices, chosen earlier. This is possible since the omniorientation is
positive. Then we use the torus action to define J |T S2 on each point x in S2. Find y
in ι(E) and θ ∈ TN/(

∏
T (λi) such that x = θ ·y. Then define J(x) = dθ◦J(y)◦dθ−1.

This completes the construction of a torus invariant orthogonal J on the 1-skeleton
of X.

5.2. Higher skeletons. For brevity, from now on we refer to an invariant almost
complex structure as structure.
Use induction. Suppose the structure is defined on skeleton ski−1(P) . Try to ex-

tend it to ski(P). Note the bundle T (π−1(F ))|ι(F ) is trivial(where F is a i dimensional

face). Let us fix a point x ∈ ι(F ) and a trivialization of the bundle T (π−1(F ))|ι(F ).

Then the bundle JF is also trivialized. Since J is already defined over T (X)|ι(δF )and

T (π−1(F ))|ι(δF ) ⊂ T (X)|ι(δF ) is J invariant sub-bundle, we obtain a continuous map

f : δF → J(T (π−1(F ))ι(x). Denote by CF the homotopy class of the spheroid f in
πi−i(J(T (π−1(F ))ι(x)). In [15] this class has been shown to be well defined. The
following lemma (Lemma 3.4 [15]) summarizes the above statements.

Lemma 5.1. Let J be a structure on i(ski−i(P )) respecting the omniorientation.
Then J may be extended over T ((π−1(F ))i(ski−i(P ))∪F if and only if CF = 0 in the
group πi−i(SO(2i)/U(i))
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Remark 5.2. The above lemma ensures structure on T ((π−1(F ))ι(F ). For defining
on T (X)ι(F ) define J on the normal bundle by π/2 rotation along the characteristic
directions

Every polytope P has a canonical cellular decomposition, with faces playing the
role of cells. Kustarev defines cellular cochain σi

J ∈ Ci(P, πi−i(SO(2i)/U(i))) by the
rule σi

J(F ) = CF . By definition σi
J is zero if and only if J may be extended from

ι(ski−1(P )) to ski(P ). The cochain σi
J is proved to be well defined and in lemma

3.8 in [15] it is proved to be a cocycle. The following lemma 3.10 in [15] helps us to
extend the structure to i(ski(P )).

Lemma 5.3. Suppose that J is a structure on ski−1(P ) that respects the omniorien-
tation and σi

J is a coboundary. Then one can change J on ι(ski−1(P ))− ι(ski−2(P ))
and obtain a new structure J

′
on ι(ski−1(P )) such that σi

J
′ = 0

We extend the structure on T (X)|ι(P ) in the following manner. We extend to
the image of one skeleton as done in the previous sub section due to positivity of
the omniorientation. Then we proceed by induction. Let the structure be defined in
the image of the i− 1 skeleton. By lemma 5.1 the obstruction to extension to image
of skeleton i is the cocycle σi

J . Since the polytope is contractible it is a coboundary.
And since it is a coboundary by lemma 5.3 there exists a structure J

′
on the image

of i− 1 skeleton that can be extended to the image of i skeleton.

Remark 5.4. Since SO(2i)/U(i) is simply connected for all i there are no obstruc-
tions for defining on 2-skeleton as a result the structure on 1-skeleton defined above
remains intact.

Remark 5.5. A close inspection of lemma5.3 ( lemma 3.10 [15]) shows the structure
does not change in the normal direction of the face. That is it remains π/2 rotation
along the characteristic directions.
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6. Invariant almost complex structure in quasitoric orbifolds

Definition 6.1. Let T X be the tangent bundle of the orbifold X = (X,U). An
almost complex structure J is a base preserving continuous map from T X → T X
satisfying the following:

(1) It lifts to a fiberwise linear map J : T Ũ → T Ũ for every chart (Ũ , G, ϕ) ∈ U
(2) J2 | (fiber) = −I
(3) For every g ∈ G where (Ũ , G, ϕ) ∈ U , dgJdg−1 = J
(4) For any gluing map λ12 of orbifold charts, dλ12Jdλ12

−1 = J

Definition 6.2. We say that an almost complex structure on a quasitoric orbifold
X is torus invariant if it is TN(F )-invariant in some uniformizing neighborhood of
each point x ∈ X(F ◦).

Remark 6.1. This definition gives an orbifold almost structure since the elements
g of the uniformizing groups are elements of TN(F ).

Theorem 6.2. Let X be a positively omnioriented quasitoric orbifold and µ an
invariant metric on it. Then there exists an orthogonal invariant almost complex
structure on X that respects the omniorientation.

Proof. Consider the subset Rv ⊂ X̃v consisting of points whose coordinates (4.9) are
real and nonnegative,

(6.1) Rv = {x ∈ X̃v : zj(v)(x) ∈ R≥ ∀1 ≤ j ≤ n}
In other words,

(6.2) Rv = {x ∈ X̃v : zj(v)(x) =
√
pj(v)(x), j = 1, . . . , n}

We glue the spaces Rv according to the transition maps (4.16), choosing the branch
cuts uniformly as −π < qk(v) < π. We obtain a manifold with boundary R.
Let x be any point in Rv1 such that ξv1(x) ∈ Xv1 ∩ Xv2 . Then the transition

maps (4.16), with above choice of cuts, define a local diffeomorphism ϕ12 from a

neighborhood of x in X̃v1 to a neighborhood of the image of x in X̃v2 .

Let Ev denote the restriction of T X̃v to Rv. The last paragraph shows that these
bundles glue to form a smooth rank 2n real vector bundle E on R. The metric µ on
T X induces a metric on the bundle E .
The restriction of the quotient map ξv|Rv : Rv → Xv is a homeomorphism onto

its image. As a result the space R is homeomorphic to the subspace ι(P ) of X
used by Kustarev [15]. The map ι : P → X is a homeomorphism given by the

composition P
i→ P × TN

j→ X where i is the inclusion given by i(p1, . . . , pn) =
(p1, . . . , pn, 1, . . . , 1) and j is the quotient map that defines X. For any face F of P
we denote its image in R under the composition of above homeomorphisms as R(F ).
The restriction of this homeomorphism to the relative interior of F is smooth, and
we denote the image by R(F ◦).

Let X̃v(F ) be the preimage of X(F ) in X̃v. If F is the intersection of facets

Fi1 , . . . , Fit , then X̃v(F ) is the submanifold of X̃v defined by the equations zij(v) = 0,
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1 ≤ j ≤ t. Then arguments similar to the case of E show that the restrictions

T X̃v(F )|Rv∩R(F ) glue together to produce a subbundle EF of E|R(F ).
It is easy to check from (4.16) that

(6.3)
∂

∂zij(v1)
=

∂

∂zij(v2)

at any point in Rv1 ∩ Rv2 ∩ R(F ). Therefore we obtain a subbundle NF of E|R(F )

corresponding to the normal bundles of X̃F,v in X̃v. The bundle NF obviously splits
into the direct sum of the rank 2 bundles NFk

where k ∈ I(F ) := {i1, . . . , it}.
Recall the torus TN(F ) corresponding to the face F of P from equation (4.1) and

definition 4.1. For any vertex v of F , the module N(F ) is a direct summand of the
module N(v). Consequently, TN(F ) injects into TN(v). Suppose x is a point in R(F ◦).

Then TN(F ) is the stabilizer of any preimage of x in X̃v.
TN(F ) is the product of the circles Tλk

, k ∈ I(F ). The circle Tλk
acts nontrivially

on NFk
and induces an almost complex structure on it corresponding to rotation by

π
2
. Note that this structure depends on the sign of λk or, in other words, the specific

omniorientation. Thus the TN(F ) action induces an almost complex structure on NF .
Using the method of Kustarev [15] it is possible to construct an orthogonal almost

complex structure J on E that satisfies the following condition: (⋆) For any face F of
P of dimension less than n, the restriction of J to NF |R(F ◦) agrees with the complex
structure induced by the TN(F ) action and the omniorientation. For future use, we
give a brief outline of the proof of existence of such a structure.
An orthogonal almost complex structure on E may be regarded as a map J :

R → SO(2n)/U(n). We proceed by induction. Let ski(R) denote the union of all
i-dimensional faces of R. For i = 0, existence of J is trivial. Extension to sk1(R)
is possible due to positivity of omniorientation. For i ≥ 2, suppose J is a structure
on ski−1(R) satisfying the condition (⋆). Then J may be regarded as a map from
ski−1(R) to SO(2i− 2)/U(i− 1) as it is fixed in the normal directions by the torus
action. Construct a cellular cochain σi

J ∈ Ci(R, πi−1(SO(2i)/U(i)) by defining the
value of σi

J on an i-dimensional face of R to be the homotopy class of the value
of J on the boundary of the face, composed with a canonical isomorphism between
πi−1(SO(2i−2)/U(i−1)) and πi−1(SO(2i)/U(i)). J extends to ski(R) if and only if
σi
J = 0. Following [15], one proves that σi

J is a cocycle. Therefore, by contractibility
of R it is a coboundary. Suppose σi

J = δβ, where β ∈ Ci−1(R, πi−1(SO(2i)/U(i)).
Note that δβ(Q) = ±

∑
G⊂∂Q β(G). For each H ∈ ski−1(R), one perturbs J in the

interior of H by a factor of −β(H). This makes σi
J = 0. (Note that if β(H) = 0, no

change is required for face H. This will be used crucially in Lemma 6.3.)
By (⋆) the structure J on Ev is invariant under the action of isotropy groups.

We can therefore use the action of TN(v) to produce an invariant almost complex

structure on T X̃v as follows,

(6.4) J(t · x) = dt ◦ J(x) ◦ dt−1 ∀x ∈ Rv, and ∀t ∈ TN(v)
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The local group Gv of orbifold chart (X̃v, Gv, ξv) is a subgroup of TN(v). Thus J is

Gv-invariant on X̃v.
The compatibility of J across charts may be verified as follows. Take any point

x ∈ Xv1 ∩Xv2 . Let x̃ ∈ X̃v1 be a preimage of x under ξv1 . Suppose x̃ = t1 · x0 where
x0 ∈ R and t1 ∈ TN(v1). Choose an embedding ϕ̃12 of a small Gx-stable neighborhood

of x̃ into X̃v2 as outlined in section 4.3. Suppose ϕ̃12(x̃) = t2 · x0 where t2 ∈ TN(v2).
Then

(6.5) ϕ̃12 = t2 ◦ ϕ12 ◦ t1−1

where ϕ12 is the local diffeomorphism that describes the gluing of Rv1 and Rv2 (see
page 19).
By construction of J on E , J commutes with dϕ12|R. J commutes with dti and

dt−1
i by its construction on X̃vi . Therefore J commutes with dϕ̃12, as desired. �

The following result gives us better control on the invariant almost complex struc-
tures in the manifold as well as orbifold cases.

Theorem 6.3. Suppose an orthogonal invariant almost complex structure is given
on a characteristic suborbifold X(F ). Then it can be extended to X.

Proof. We follow the notation of the previous theorem. J has been already specified
on X(F ) where dim(F ) = n− 1. This determines J on the subbundle EF of E over
R(F ). We use the torus action and omniorientation to extend J to E|R(F ).
We construct an extension of J to R skeleton-wise. Extension up to sk1(R) ∪ F

is achieved using positivity of omniorientation. For extension to higher skeletons
we need to use obstruction theory. We need to take care so that J is preserved on
sub-faces of F . We use induction. Suppose J has been extended to skd−1(R) ∪ F ,
where d < n. (We will deal with the d = n case separately.)
Let σd ∈ Cd(R, πd−1(SO(2d)/U(d))) be the obstruction cocycle. Let i : R(F ) ↪→ R

be inclusion map. Restriction to F produces a cochain

i∗(σd) ∈ Cd(R(F ), πd−1(SO(2d)/U(d))).

Then i∗(σd) = 0 since we know that J extends to R(F ). Since σd = δβ, i∗(β) is
a cocycle. As R(F ) is contractible i∗(β) is a coboundary. Let i∗(β) = δβ1 where
β1 ∈ Cd−2(R(F )). Define a chain β2 ∈ Cd−2(R) such that

(6.6) β2(H) =

{
β1(H) for any (d− 2) faceH ⊂ R(F )
0 otherwise

Then define β3 = β − δ(β2). This new cochain has the property that δ(β3) = σd

and its action on (d − 1)-dimensional faces of R(F ) is zero. So we can now extend
the structure to skd ∪R(F ) without affecting the sub-faces of R(F ).
By induction, we may assume that J has been extended to skn−1(R) ∪ R(F ).

Let σn ∈ Cn(R, πn−1(SO(2n)/U(n)) be the corresponding obstruction cochain for
extension to skn. Since R is contractible we have σn = δβ. We modify β as follows.
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Suppose K is a facet adjacent to F . Define β′ ∈ Cn−1 as follows.

(6.7) β′(H) =

 0 ifH = R(F )
β(R(F )) + β(R(K)) ifH = R(K)
β(H) otherwise

Then δβ′ = δβ = σn and β′(R(F )) = 0. So we may extend J to R without changing
it on R(F ). �

Corollary 6.4. Suppose an orthogonal invariant almost complex structure is given
on a suborbifold X(F ) where F is any face of P . Then it can be extended to X.

Proof. Consider a nested sequence of faces F = H0 ⊂ H1 . . . ⊂ Hk = P where
dim(Hi) = dim(F ) + i. Extend the structure inductively from X(Hi) to X(Hi+1)
using Theorem 6.3. �
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7. Blowdowns

Topologically the blowup will correspond to replacing an invariant suborbifold by
the projectivization of its normal bundle. Combinatorially we replace a face by a
facet with a new characteristic vector. Suppose F is a face of P . We choose a

hyperplane H = {p̂0 = 0} such that p̂0 is negative on F and P̂ := {p̂0 > 0} ∩ P is a
simple polytope having one more facet than P . Suppose F1, . . . , Fm are the facets of

P . Denote the facets Fi ∩ P̂ by Fi without confusion. Denote the extra facet H ∩P
by F0.
Without loss of generality let F =

∩k
j=1 Fj. Suppose there exists a primitive vector

λ0 ∈ N such that

(7.1) λ0 =
k∑

j=1

bjλj, bj > 0∀ j.

Then the assignment F0 7→ λ0 extends the characteristic function of P to a charac-

teristic function Λ̂ on P̂ . Denote the omnioriented quasitoric orbifold derived from

the model (P̂ , Λ̂) by Y.
Consider a small open neighborhood U := {x ∈ P : p̂0(x) < ϵ} of the face F ,

where 0 < ϵ < 1. Denote U ∩ P̂ by Û . By lemma 4.3 we may assume that

(7.2) f : U = F × [0, 1)k

We also assume without loss of generality that the defining function p̂j of the facet
Fj equals the j-th coordinate pj of Rn on U , for each 1 ≤ j ≤ k.
Choose small positive numbers ϵ1 < ϵ2 < ϵ and a smooth non-decreasing function

δ : [0,∞) → R such that

(7.3) δ(t) =

{
t if t < ϵ1
1 if t > ϵ2

Then define τ : P̂ → P to be the map given by

(7.4) τ(p1, . . . , pk, pk+1, . . . , pn) = (δ(p̂0)
b1p1, . . . , δ(p̂0)

bkpk, pk+1, . . . , pn).

The blow down map ρ : (P̂ × TN/ ∼) → (P × TN/ ∼) is defined by

(7.5) ρ(p,q) = (τ(p),q).

Since δ = 1 if p̂0 > ϵ2, ρ is a diffeomorphism of orbifolds away from a tubular
neighborhood of X(F ). We study the map ρ near X(F ).
Let w =

∩n
j=1 Fj be a vertex of F . Suppose v be a vertex of F0 such that

τ(v) = w. Then the edge joining v and w is the intersection of n− 1 facets common
to both which must include Fk+1, . . . , Fn. Therefore there are k choices for v, namely
vi =

∩
0≤j ̸=i≤n Fj with 1 ≤ i ≤ k.

Let p̂j = 0 be the defining equation of the facet Fj for k + 1 ≤ j ≤ n. Order the
facets at w as F1, . . . , Fn, and those at vi as F1, . . . , Fi−1, F0, Fi+1, . . . , Fn. Let zj(w)

and zj(vi) be the coordinates on X̃w and Ỹvi defined according to (4.8) and (4.9).
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Then by using a process similar to the one used for (4.16), we obtain the following
description of ρ near Yvi ,

(7.6)
zi(w) ◦ ρ = zi(vi)

bi
√
piδ(p̂0)bi(p̂0)−bi

zj(w) ◦ ρ = zi(vi)
bjzj(vi)

√
δ(p̂0)bj(p̂0)−bj if 1 ≤ j ̸= i ≤ k

zj(w) ◦ ρ = zj(vi) if k + 1 ≤ j ≤ n

We define a new coordinate system on Ỹvi , for each 1 ≤ i ≤ k, as follows.

(7.7)
z′i(vi) = zi(vi)(

√
pi)

1/bi
√
δ(p̂0)(p̂0)−1

z′j(vi) = zj(vi)(
√
pi)

−bj/bi if 1 ≤ j ̸= i ≤ k
z′j(vi) = zj(vi) if k + 1 ≤ j ≤ n

This is a valid change of coordinates as pi is positive on Ỹvi and δ(p̂0)(p̂0)
−1 is

identically one near p̂0 = 0.
In these new coordinates, ρ can be expressed as

(7.8)
zi(w) ◦ ρ = z′i(vi)

bi

zj(w) ◦ ρ = z′i(vi)
bjz′j(vi) if 1 ≤ j ̸= i ≤ k

zj(w) ◦ ρ = z′j(vi) if k + 1 ≤ j ≤ n

Lemma 7.1. The restriction ρ : Y − Y(F0) → X − X(F ) is a diffeomorphism of
orbifolds.

Proof. This is obvious outside π−1(U). On π−1(U) − X(F ), by formula (7.8), ρ
is locally equivalent to a blowup in complex geometry. Therefore ρ is an analytic
isomorphism on π−1(U)−X(F ). However since our quasitoric orbifolds are primitive,
there is no complex reflection in our orbifold groups. Hence using the results of [21],
analytic isomorphism yields diffeomorphism of orbifolds. �

Lemma 7.2. If X is positively omnioriented, then so is a blowup Y.

Proof. Note that the matrix Λ(vi) is obtained by replacing the i-th column of Λ(w),

namely λi, by λ0 =
∑k

j=1 bjλj. Therefore det Λ(vi) = bi detΛ(w). �

Definition 7.1. A blowdown ρ is said to be a resolution if for any vertex w of the
exceptional face F and any vertex vi ∈ ρ−1(F ) we have o(Gvi) < o(Gw).

Lemma 7.3. A blowdown ρ is a resolution if bi < 1 for each i.

Proof. The lemma holds since by (4.11) we have o(Gvi) = | detΛ(vi)| = bi| detΛ(w)| =
bio(Gw). �

7.1. Pseudoholomorphic blowdowns.

Lemma 7.4. Let ρ : Y → X be a blowdown along a subset X(F ). Suppose there exist

holomorphic coordinate systems z∗1(w), . . . , z
∗
n(w) on the uniformizing chart X̃w for

every vertex w of F , which produce an analytic structure on a neighborhood π−1(U)
of X(F ). Assume further that this analytic structure extends to an almost complex
structure on X. Then the blowup induces an almost complex structure on Y which
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is analytic near the exceptional set Y (F0). Moreover, with respect to these structures
ρ is analytic near Y (F0) and an almost complex diffeomorphism of orbifolds away
from Y (F0).

Proof. Note that for two vertices w1, w2 of F , the coordinates must be related as

(7.9) z∗j (w2) =
n∏

i=1

z∗i (w1)
dij

where the dijs are rational numbers determined from the matrix Λ−1
(w2)

Λ(w1), see (4.13)

and (4.16).
Also the coordinates z∗j (w) have to relate to the coordinates defined in (4.8) and

(4.9) as follows,

(7.10) z∗j (w) = zj(w)fj, 1 ≤ j ≤ n

where each fj is smooth and non-vanishing on X̃w. For each vi ∈ ρ−1(w) we define
coordinates in its neighborhood, by modifying the coordinates of (7.7) as follows,

(7.11)
z∗i (vi) = z′i(vi)(fi ◦ τ)1/bi
z∗j (vi) = z′j(vi)(fj ◦ τ)(fi ◦ τ)−bj/bi if 1 ≤ j ̸= i ≤ k
z∗j (vi) = z′j(vi) if k + 1 ≤ j ≤ n

In these coordinates ρ takes the following form near vi,

(7.12)
z∗i (w) ◦ ρ = z∗i (vi)

bi

z∗j (w) ◦ ρ = z∗i (vi)
bjz∗j (vi) if 1 ≤ j ̸= i ≤ k

z∗j (w) ◦ ρ = z∗j (vi) if k + 1 ≤ j ≤ n

We define an almost complex structure Ĵ on Y by defining the coordinates z∗j (vi) to

be holomorphic near Y (F ) and by Ĵ = dρ−1 ◦J ◦dρ away from it. This is consistent
as ρ is a diffeomorphism of orbifolds on the complement of YF .
By (7.9) and (7.12), for any two vertices u1 and u2 of F0, we have

(7.13) z∗j (u2) =
n∏

i=1

z∗i (u1)
eij

for some rational numbers eij. But these numbers are determined by the matrix
Λ−1

(u2)
Λ(u1). It is then obvious from the arguments about compatibility of charts in

section 4.2 that the patching of the charts Yu1 and Yu2 is holomorphic. �

Examples of blowdowns that satisfy the hypothesis of lemma 7.4 include blow-
downs of four dimensional positively omnioriented quasitoric orbifolds constructed
in [13] and toric blow-ups of simplicial toric varieties.

Definition 7.2. A function f on X is said to be smooth if f ◦ ξ is smooth for

every uniformizing system (Ũ , G, ξ). A complex valued smooth function f on an
almost complex orbifold (X, J) is said to be J-holomorphic if the differential d(f ◦ ξ)
commutes with J for every chart (Ũ , G, ξ). We denote the sheaf of J-holomorphic
functions on X by Ω0

J,X . A continuous map ρ : Y → X between almost complex
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orbifolds (Y, J2) and (X, J1) is said to be pseudo-holomorphic if f◦ρ ∈ Ω0
J2,Y

(ρ−1(U))

for every f ∈ Ω0
J1,X

(U) for any open set U ⊂ X; that is, ρ pulls back pseudo-
holomorphic functions to pseudo-holomorphic functions.

Lemma 7.5. Blowdowns that satisfy the hypothesis of lemma 7.4 are pseudoholo-
morphic.

Proof. Suppose ρ : Y → X is such a blowdown. Since ρ is an almost complex
diffeomorphism of orbifolds away from the exceptional set Y (F0), it suffices to check
the statement near Y (F0). Pick any vertex w of F . Define W = Xw ∩ π−1(U). For
any vertex vi ∈ ρ−1(w), let Vi = Yvi ∩ρ−1(π−1(U)). We will denote the characteristic

vectors at vi by λ̂j, j = 1, . . . , n. Note that

(7.14) λ̂j =

{
λj if j ̸= i
λ0 if j = i.

The ring Ω0
J1,X

(W ) is the Gw-invariant subring of convergent power series in vari-
ables z∗j (w). It is generated by monomials of the form

(7.15) f =
n∏

j=1

z∗j (w)
dj

where the djs are integers such that
∑
ajdj is an integer whenever the vector∑

ajλj ∈ N . This last condition follows from invariance under action of the el-
ement g ∈ Gw corresponding to

∑
ajλj.

Using (7.12) and λ0 =
∑n

j=1 bjλj with bj = 0 for j ≥ k + 1, we get

(7.16) f ◦ ρ = z∗i (vi)
∑

bjdj
∏
j ̸=i

z∗j (vj)
dj .

Take any element h in Gvi . Suppose h is represented by
∑
cjλ̂j ∈ N . The action

of h on f ◦ ρ is multiplication by e2π
√
−1α, where

(7.17) α = ci
∑
j

bjdj +
∑
j ̸=i

cjdj = cibidi +
∑
j ̸=i

(cj + cibj)dj

Note that η := cibiλi+
∑

j ̸=i(cj+cibj)λj = ci
∑

j bjλj+
∑

j ̸=i cjλj =
∑
cjλ̂j. Hence

this is an element of N .
Suppose f is a generator of Ω0

J1,X
(W ) as in (7.15). Consider the action of the

element of Gw corresponding to η on f . It is multiplication by e2π
√
−1α. Since f is

Gw-invariant, α is an integer. Hence f ◦ ρ is Gvi invariant. The ring Ω0
J1,Y

(Vi) is
the Gvi-invariant subring of convergent power series in variables z∗j (vi). Therefore

f ◦ ρ ∈ Ω0
J1,Y

(Vi). �

The proof of the following corollary of lemma 7.4 is straightforward.

Corollary 7.6. Consider a sequence of blowups ρi : Yi → Yi−1 where 1 ≤ i ≤ r and
ρ1 satisfies the hypothesis of lemma 7.4. Assume that the locus of the i-th blowup
is contained in the exceptional set of the (i − 1)-st blowup for every i. Then we
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can inductively choose almost complex structures so that each blowdown map in the
sequence is pseudoholomorphic.

Proposition 7.7. Suppose X is a 4-dimensional positively omnioriented primitive
quasitoric orbifold. Then X admits an invariant almost complex structure that is
analytic in the neighborhood of every vertex (i.e. TN -fixed point).

Proof. We also fix a torus invariant metric µ on X as follows. Choose an open cover
of P such that each vertex of P has a neighborhood which is contained in exactly
one open set of the cover. This induces a cover of X. On each open set Wv of this
cover, corresponding to the vertex v, choose the standard metric with respect to the
coordinates in (4.8). On the remaining open sets, choose any TN -invariant metric.
Then use a TN -invariant partition of unity, subordinate to the cover, to glue these
metrics and obtain µ.

Choose small orbifold charts (X̃ ′
v, Gv, ξv) around each vertex v where X ′

v ⊂ Wv.

Choose coordinates xi(v), yi(v) i = 1, 2 on X̃ ′
v according to (4.8). Declare zi(v) =

xi(v) +
√
−1yi(v). Choose the standard complex structure Jv on X̃ ′

v with respect
to these coordinates, i.e. z1(v), z2(v) are holomorphic coordinates under Jv. Since
Jv commutes with action of TN(v) and Gv is a subgroup of TN(v), we may regard Jv
as a torus invariant complex structure on a neighborhood of v in the orbifold X.
Note that these local complex structures are orthogonal with respect to µ near the
vertices.
Recall the embedding ι : P → X and the corresponding decomposition of X

into skeletons. The construction of almost complex structure on the first skeleton
proceeds exactly as described in section 5.1. Details may be found in [13].
Finally, choose a simple loop γ in P that goes along the edges for the most part

but avoids the vertices. By the previous step of our construction, J is given on ι(γ).
Let D be the disk in P bounded by γ. The set X0 := π−1(D) ⊂ X is a smooth
manifold with boundary. The restriction of T X0 to ι(D) is a trivial vector bundle.
Fix a trivialization. Recall that the space of all orthogonal complex structures on
oriented vector space R4, up to isomorphism, is homeomorphic to SO(4)/U(2). This
is a simply connected space. Thus J may be extended from ι(γ) to ι(D). Then we
produce a TN -invariant orthogonal J on T X0 by using the TN action. This completes
the proof.

�

Theorem 7.8. There exists a pseudoholomorphic resolution of singularity for any
primitive positively omnioriented four dimensional quasitoric orbifold.

Proof. For any primitive positively omnioriented four dimensional quasitoric orb-
ifold, Proposition 7.7 produces an almost complex structure that satisfies the hy-
pothesis of lemma 7.4 for every vertex. The singularities are all cyclic and concen-
trated at the vertices. We can resolve them by applying a sequence of blow-ups as
in corollary 7.6. �
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8. Crepant blowdowns

Definition 8.1. A blowdown is called crepant if
∑
bj = 1.

This has the following geometric interpretation.

Definition 8.2. Given an almost complex 2n-dimensional orbifold (X, J), we define
the canonical sheaf KX to be the sheaf of continuous (n, 0)-forms on X; that is, for

any orbifold chart (Ũ , G, ξ) over an open set U ⊂ X, KX(U) = Γ(∧nT 1,0(Ũ)∗)G

where Γ is the functor that takes continuous sections.

An almost complex orbifold is called Gorenstein or SL orbifold if the linearization
of every local group element g belongs to SL(n,C). For an SL-orbifold X, the
canonical sheaf is a complex line bundle over X.

Lemma 8.1. Suppose ρ : Y → X is a pseudoholomorphic blowdown of SL quasitoric
orbifolds along a face F satisfying the hypothesis of lemma 7.4. Then ρ is crepant if
and only if ρ∗KX = KY .

Proof. We consider the canonical sheaf KX as a sheaf of modules over the sheaf
of continuous functions C0

X . Since ρ is an almost complex diffeomorphism away
from the exceptional set it suffices to check the equality of the ρ∗KY and KX on
the neighborhood ρ−1(π−1(U)) ⊂ Y of the exceptional set. Choose any vertex w
of F. On Xw ∩ π−1(U), the sheaf KX is generated over the sheaf C0

X by the form
dz∗1(w)∧ . . .∧ dz∗n(w), see (7.10). Let vi be any preimage of w under ρ. Similarly on
Yvi∩ρ−1(π−1(U)),KY is generated over the sheaf C0

Y by the form dz∗1(vi)∧. . .∧dz∗n(vi).
Using (7.12) we have

(8.1)
ρ∗dz∗i (w) = biz

∗
i (vi)

bi−1dz∗i (vi)
ρ∗dz∗j (w) = z∗i (vi)

bjdz∗j (vi) + bjz
∗
i (vi)

bj−1z∗j (vi)dz
∗
i (vi) if 1 ≤ j ̸= i ≤ k

ρ∗dz∗j (w) = dz∗j (vi) if k + 1 ≤ j ≤ n

Therefore we have

(8.2) ρ∗(dz∗1(w) ∧ . . . ∧ dz∗n(w)) = biz
∗
i (vi)

b1+...+bk−1dz∗1(vi) ∧ . . . ∧ dz∗n(vi)
The lemma follows. �
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9. Chen-Ruan Cohomology

The Chen-Ruan cohomology group is built out of the ordinary cohomology of
certain copies of singular strata of an orbifold called twisted sectors. The twisted
sectors of orbifold toric varieties was computed in [22]. The determination of such
sectors for quasitoric orbifolds is similar in essence. Another important feature of
Chen-Ruan cohomology is the grading which is rational in general. In our case the
grading will depend on the omniorientation.
LetX be an omnioriented quasitoric orbifold. Consider any element g of the group

GF (4.19). Then g may be represented by a vector
∑

j∈I(F ) ajλj. We may restrict

aj to [0, 1) ∩ Q. Then the above representation is unique. Then define the degree
shifting number or age of g to be

(9.1) ι(g) =
∑

aj.

For faces F and H of P we write F ≤ H if F is a sub-face of H, and F < H if it
is a proper sub-face. If F ≤ H we have a natural inclusion of GH into GF induced
by the inclusion of N(H) into N(F ). Therefore we may regard GH as a subgroup of
GF . Define the set

(9.2) G◦
F = GF −

∪
F<H

GH

Note that G◦
F = {

∑
j∈I(F ) ajλj|0 < aj < 1} ∩N , and G◦

P = GP = {0}.

Definition 9.1. We define the Chen-Ruan orbifold cohomology of an omnioriented
quasitoric orbifold X to be

H∗
CR(X,R) =

⊕
F≤P

⊕
g∈G◦

F

H∗−2ι(g)(X(F ),R).

Here H∗ refers to singular cohomology or equivalently to de Rham cohomology of
invariant forms when X(F ) is considered as the orbifold X(F ). The pairs (X(F ), g)
where F < P and g ∈ G◦

F are called twisted sectors of X. The pair (X(P ), 1), i.e.
the underlying space X, is called the untwisted sector. We denote the Betti number
rank(Hd

CR(X)) by hdCR.

9.1. Poincaré duality. Poincaré duality is established in a similar fashion as for
compact almost complex orbifolds. We need to distinguish the copies of X(F ) cor-
responding to different twisted sectors. Therefore for g ∈ G◦

F , we define the space

(9.3) S(F, g) = {(x, g) : x ∈ X(F )}.
Of course S(F, g) is homeomorphic to X(F ). It is denoted by S(F, g) when endowed
with an orbifold structure which is the structure of X(F ) with an additional trivial
action of GF at each point. With this structure, it is a suborbifold of X in a natural
way. The untwisted sector is denoted by S(P, 1). In this notation the Chen-Ruan
groups may be written as

(9.4) H∗
CR(X,R) =

⊕
F≤P

⊕
g∈G◦

F

H∗−2ι(g)(S(F, g),R)



30

Lemma 9.1. Suppose g ∈ G◦
F . Then 2ι(g) + 2ι(g−1) = 2n− dim(X(F )).

Proof. When F = P , G◦
P = {0} and the result is obvious. Suppose F =

∩k
i=1 Fi.

Then g =
∑k

i=1 aiλi where each 0 < ai < 1. Then g−1 is represented by the vector∑k
i=1 −aiλi in N modulo N(F ). Therefore g−1 may be identified with the vector∑k
i=1(1 − ai)λi. Note that 0 < 1 − ai < 1 for each i. Therefore the age of g−1,

ι(g−1) =
∑k

i=1(1− ai). Hence 2ι(g) + 2ι(g−1) = 2
∑k

i=1 ai + 2
∑k

i=1(1 − ai) = 2k =
2n− dim(X(F )). �

For any compact orientable orbifold, there exists a notion of orbifold integration∫ orb
for invariant top dimensional forms which gives Poincaré duality for the de Rham

cohomology of the orbifold, see [8]. For a chart U = (Ũ , G, ξ) orbifold integration

for an invariant form ω on Ũ is defined by

(9.5)

∫ orb

U

ω =
1

o(G)

∫
Ũ

ω.

Let I : S(F, g) → S(F, g−1) be the diffeomorphism of orbifolds defined by I(x, g) =
(x, g−1). We define a bilinear pairing

(9.6) ⟨, ⟩orb(F,g) : H
d−2ι(g)(S(F, g))×H2n−d−2ι(g−1)(S(F, g−1))

for every 0 ≤ d ≤ 2n by

(9.7) ⟨α, β⟩orb(F,g) =

∫ orb

S(F,g)

α ∧ I∗(β).

This pairing is nondegenerate because of lemma 9.1. By taking a direct sum of the
pairing (9.6) over all pairs of sectors ((F, g), (F, g−1)) for F ≤ P , we get a nonsingular
pairing for each 0 ≤ d ≤ 2n

(9.8) ⟨, ⟩orb : Hd
CR(X)×H2n−d

CR (X).
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10. Ring structure of Chen-Ruan cohomology

We will follow [7] and define the structure of an associative ring on Chen-Ruan
cohomology of an omnioriented quasitoric orbifold.
The normal bundle of a characteristic suborbifold has an almost complex struc-

ture determined by the omniorientation. More generally suppose F =
∩k

i=1 Fi is an
arbitrary face of P . The normal bundle of the suborbifold S(F, g), see section 9.1,
decomposes into the direct sum of complex orbifold line bundles Li which are restric-
tions of the normal bundles corresponding to facets Fi that contain F . Each of these
line bundles Li have a Thom form θi. (Note that the Thom forms ofX(F ) and S(F, g)
in X may differ at most by a constant factor.) For any g =

∑
0≤i≤k aiλi ∈ Box◦F

define the formal form (twist factor)

(10.1) t(g) =
∏

1≤i≤k

θaii .

The order of the θis in the above product is not important. The degree of t(g) is
defined to be 2ι(g). For any invariant form ω on S(F, g) define a corresponding
twisted form ωt(g). Define the degree of ωt(g) to be the sum of the degrees of ω and
t(g). Define

(10.2) Ωp
CR(F, g) = {ωt(g) | ω ∈ Ω∗(S(F, g)), deg(ωt(g)) = p}.

Define the de Rham complex of twisted forms by

(10.3) Ωp
CR =

⊕
F≤P,g∈Box◦

F

Ωp
CR(F, g)

with differential

(10.4) d(
∑

ωit(gi)) =
∑

d(ωi)t(gi).

It is easy to see that the cohomology of this complex coincides with the Chen-Ruan
cohomology defined in section 9.
Now we define a product ⋆ : Ωp1

CR(K1, g1) × Ωp2
CR(K2, g2) → Ωp1+p2

CR (K, g1g2) of
twisted forms as follows,

(10.5) ω1t(g1) ⋆ ω2t(g2) = i∗1ω1 ∧ i∗2ω2 ∧Θ(g1, g2)t(g1g2).

Here K is the unique face such that (K1 ∩K2) ≤ K and g1g2 ∈ G◦
K . The map ij is

the inclusion of X(K1 ∩K2) in X(Kj). The form Θ(g1, g2) is obtained as follows.
Consider the product t(g1)t(g2). We can think of the gjs as elements of Boxv

where v is a vertex of K1 ∩K2. Write gj =
∑n

i=1 aijλi. Write the twist factor t(gj)
as

∏
1≤i≤n θ

aij
i . A term in the product t(g1)t(g2) looks θ

ai1+ai2
i . We may ignore the

i’s for which both ai1 and ai2 are zero. Then there can be three cases:

(1) ai1 + ai2 < 1. Then θai1+ai2
i contributes to t(g1g2).

(2) ai1 + ai2 > 1. Then fractional part θai1+ai2−1
i contributes to t(g1g2) and the

integral part is the Thom form θi which contributes as an invariant 2-form
to Θ(g1, g2).
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(3) ai1 + ai2 = 1. When this happens g1g2 ∈ Box◦K where (K1 ∩K2) < K and θi
contributes to Θ(g1, g2).

If case (3) does not occur for any i, then K = K1 ∩K2 and i
∗
1ω1 ∧ i∗2ω2 ∧Θ(g1, g2)

restricts to S(K, g1g2) without problem. If case (3) occurs for some i’s then the
product of the restrictions of corresponding θis to X(K) is, up to a constant factor,
the Thom form of the normal bundle of X(K1 ∩ K2) in X(K). The wedge of this
Thom form with i∗1ω1 ∧ i∗2ω2 and the restriction of the contributions from case (2) to
X(K) defines a form on X(K). Thus the star product is well-defined.
We extend the star product to a product on Ω∗

CR by bi-linearity. The differential
acts on the star product as follows,
(10.6)
d(ω1t(g1) ⋆ ω2t(g2)) = d(ω1t(g1)) ⋆ ω2t(g2) + (−1)deg(ω1)+deg(ω2)ω1t(g1) ⋆ d(ω2t(g2)).

Hence the star product induces a product on the Chen-Ruan cohomology.
Observe that the form i∗1ω1∧ i∗2ω2∧Θ(g1, g2) is supported in a small neighborhood

of X(K1 ∩ K2). Therefore the star product of three forms ωit(gi) ∈ Ωpi
CR(Ki, gi),

1 ≤ i ≤ 3, is nonzero only ifK1∩K2∩K3 is nonempty. Now it is fairly straightforward
to check that the star product is associative.
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11. Correspondence for Euler characteristic

First we introduce some notation. Consider a codimension k face F = F1∩ . . .∩Fk

of P where k ≥ 1. Define a k-dimensional cone CF in N ⊗ R as follows,

(11.1) CF = {
k∑

j=1

ajλj : aj ≥ 0}

The group GF can be identified with the subset BoxF of CF , where

(11.2) BoxF := {
k∑

j=1

ajλj : 0 ≤ aj < 1} ∩N.

Consequently the set G◦
F is identified with the subset

(11.3) Box◦F := {
k∑

j=1

ajλj : 0 < aj < 1} ∩N

of the interior of CF . We define BoxP = Box◦P = {0}.
Suppose v = F1 ∩ . . . ∩ Fn is a vertex of P . Then Boxv =

⊔
v≤F Box

◦
F . This

implies

(11.4) Gv =
⊔
v≤F

G◦
F

11.1. Euler characteristic. An almost complex orbifold is SL if the linearization
of each g is in SL(n,C). This is equivalent to ι(g) being integral for every twisted
sector. Therefore, to suit our purposes, we make the following definition.

Definition 11.1. A quasitoric orbifold is said to be quasi-SL if the age of every
twisted sector is an integer.

Lemma 11.1. Suppose X is a quasi-SL quasitoric orbifold. Then the Chen-Ruan
Euler characteristic of X is given by

χCR(X) =
∑
v

o(Gv)

where v varies over all vertices of P .

Proof. Note that each X(F ) is a quasitoric orbifold. So its cohomology is concen-
trated in even degrees, see [23]. Since X is quasi-SL, the shifts 2ι(g) in grading are
also even integers. Therefore the Euler characteristic of Chen-Ruan cohomology is
given by

(11.5) χCR(X) =
∑
F≤P

χ(X(F )) · o(G◦
F ).

Each X(F ) admits a decomposition into locally closed subsets as follows

(11.6) X(F ) =
⊔
H≤F

X(H◦)
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where H◦ is the relative interior of H and X(H◦) = π−1(H◦). We have

(11.7) χ(X(F )) =
∑
H≤F

χ(X(H◦))

However X(H◦) is homeomorphic to the product of H◦ with (S1)dim(H). Therefore
χ(X(H◦)) = 0 unless H is a vertex. Hence

(11.8) χ(X(F )) = number of vertices of F.

Using (11.4), (11.5) and (11.8), we have the desired formula. �

Lemma 11.2. The crepant blowup of a quasi-SL quasitoric orbifold is quasi-SL.

Proof. Suppose the blowup is along a face F = F1 ∩ . . . ∩ Fk. The new sectors
that appear correspond to G◦

H where H < F0. Take any vertex v in H. Suppose v
projects to the vertex w of F under the blowdown. Without loss of generality assume
w =

∩n
j=1 Fj. Then v =

∩
0≤j ̸=i≤n Fj for some 1 ≤ i ≤ k. Without loss of generality

assume i = 1. Since v ≤ H, I(H) ⊂ {0, 2, . . . , n}. Therefore any g ∈ G◦
H may be

represented by an element η = c0λ0+
∑n

j=2 cjλj of N where each cj ∈ [0, 1)∩Q. We

need to show that the age of g, namely c0 +
∑n

j=2 cj, is an integer.

But using λ0 =
∑k

j=1 bjλj we get that η ∈ Cw. In fact

(11.9) η = c0b1λ1 +
k∑

j=2

(c0bj + cj)λj +
n∑

j=k+1

cjλj

We may write η =
∑n

j=1(mj + aj)λj where each mj is an integer and each aj ∈
[0, 1) ∩ Q. Then

∑n
j=1 ajλj corresponds to an element of Gw. Since X is quasi-

SL,
∑n

j=1 aj must be an integer. Therefore
∑n

j=1(mj + aj) is an integer. Hence

c0b1 +
∑k

j=2(c0bj + cj) +
∑n

j=k+1 cj is an integer. Using
∑k

j=1 bj = 1, this yields that

c0 +
∑n

j=2 cj is an integer. �

Theorem 11.3. The Euler characteristic of Chen-Ruan cohomology is preserved
under a crepant blowup of a quasi-SL quasitoric orbifold.

Proof. Let ρ : Y → X be a crepant blowdown along a face F =
∩k

j=1 Fj of P . Let

w be any vertex of P and let v1, . . . , vk be the vertices of P̂ such that ρ(vi) = w.
Suppose w =

∩
1≤j≤n Fj. Then vi = F0 ∩

∩
1≤j ̸=i≤n Fj.

The contribution of w to χCR(X) is o(Gw) = | detΛ(w)|, see (4.11). The contribu-
tion of each vi to χCR(Y) is o(Gvi) = | detΛ(vi)| = bi| detΛ(w)| = bio(Gw). As the

blowdown is crepant, we have o(Gw) =
∑k

i=1 o(Gvi). The theorem follows. �

11.2. Betti numbers. Some partial results on Betti numbers are not hard to prove.
We describe them below.

Theorem 11.4. Suppose ρ : Y → X is a crepant blowdown of quasi-SL quasitoric
orbifolds of dimension ≤ 6. Then the Betti numbers of Chen-Ruan cohomology of
X and Y are equal.
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Proof. Assume that dim(X) = 6. Note that there are no facet sectors as every
characteristic vector is primitive. Therefore the twisted sectors correspond to either
vertices or edges. The age of a vertex sector is either 1 or 2 and such a sector
contributes a generator to H2

CR or H4
CR respectively. An edge sector always has

age 1. Since such a sector is a sphere it contributes a generator to H2
CR as well

as H4
CR. There is only one generator in H0

CR and H6
CR coming from the untwisted

sector. Therefore h0CR and h6CR are unchanged under blowup. If h2CR changes under
blowup then by Poincaré duality, h4CR must change by the same amount. That would
contradict the conservation of Euler characteristic. Therefore all Betti numbers are
unchanged.
The proof for dimension four is similar. �

Lemma 11.5. Suppose ρ : Y → X is a crepant blowdown of quasi-SL quasitoric
orbifolds of dimension ≥ 8. Then h2CR(Y) ≥ h2CR(X).

Proof. The sectors that contribute to h2CR are the untwisted sector and twisted sec-
tors of age one. Each age one sector contributes one to h2CR. The untwisted sector
contributes h2. It is proved in [23] that h2 = m−n where m is the number of facets
and n is the dimension of the polytope.
Suppose the blowup is along a face F . The twisted sectors that may get affected

by the blowup are the ones that intersect X(F ). These must be of the form (S, g)
where g belongs to

∪
wGw where w varies over vertices of F . Consider any such w.

Suppose λ1, . . . , λn are the corresponding characteristic vectors. Note that the age
one sectors of X coming from Gw belong to the set

(11.10) Aw = {
n∑

j=1

ajλj :
n∑

j=1

aj = 1}

Since λ1, . . . , λn are linearly independent, there exists a unique vector v such that
the dot product ⟨λi, v⟩ = 1 for each i. Hence Aw is a hyperplane given by

(11.11) Aw = {x ∈ N ⊗ R : ⟨x, v⟩ = 1}.
Note that since the blowup is crepant, λ0 ∈ Aw∩CF∩N . The sector corresponding

to λ0 is lost under the blowup. However the loss in h
2
CR because of it is compensated

by the contribution from the untwisted sector on account of the new facet F0.
Consider any other age one sector g of X in Gw. Cw is partitioned into n sub-cones

by the introduction of λ0. Accordingly g may be represented by
∑

0≤j ̸=i≤n cjλj with
each cj ≥ 0, for some 1 ≤ i ≤ n. This means that g becomes a sector of Y coming
from Gvi where vi =

∩
0≤j ̸=i≤n Fj. Now g ∈ Aw as it is an age one sector of X.

Also each λj ∈ Aw. Therefore by (11.11),
∑

0≤j ̸=i≤n cj = 1. This implies that each
0 ≤ cj < 1 and age of g as a sector of Y is one as well. The lemma follows. �
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12. Correspondence of Betti numbers

12.1. Singularity and lattice polyhedron. Following the discussions in sections
9 and 11, a singularity of a face F is defined by a cone CF formed by positive linear
combinations of vectors in its characteristic set λ1, . . . , λd where d is the codimension
of the face in the polytope. The elements of the local group GF are of the form
g = diag(e2π

√
−1α1 , . . . , e2π

√
−1αd), where

∑d
i=1 αiλi ∈ N , and 0 ≤ αi < 1. Recall

that the age

(12.1) ι(g) = α1 + . . .+ αd

is integral in quasi-SL case by definition 11.1.
The singularity along the interior of F is of the form Cd/GF . These singularities

are same as Gorenstein toric quotient singularities in complex algebraic geometry.
Now let Nv be the lattice formed by {λ1, . . . , λn}, the characteristic vectors at a
vertex v contained in the face F . Let mv be the element in the dual lattice of Nv

such that its evaluation on each λi is one. Now from Lemma 9.2 of [9] we know
that the cone Cv contains an integral basis, say e1, . . . , en. Suppose ei =

∑
aijλj.

By (11.2) ei corresponds to an element of Gv, and since the singularity is qausi-SL,∑
aij is integral. Hence mv evaluated on each ej is integral. So mv an element of

the dual of the integral lattice N .
Consider the (n − 1)-dimensional lattice polyhedron ∆v defined as {x ∈ Cv | ⟨

x ,mv⟩ = 1}. Note that ∆v = {
∑n

i=1 aiλi | ai ≥ 0,
∑
ai = 1}. For any face F

containing v we define ∆F = ∆v ∩ CF . If {λi, . . . , λd} denote the chracteristic set

of F , then ∆F = {
∑d

i=1 aiλi | ai ≥ 0,
∑
ai = 1}. Hence ∆F is independent of the

choice of v.

Remark 12.1. An element g ∈ G of an SL orbifold singularity can be diagonalized
to the form g= diag(e2π

√
−1α1 , . . . , e2π

√
−1αd), where 0 ≤ αi < 1 and ι(g) = α1+ . . .+

αd is integral.

We make some definitions following [5].

Definition 12.1. Let G be a finite subgroup of SL(d,C). Denote by ψi(G) the
number of the conjugacy classes of G having ι(g) = i. Define

(12.2) W (G; uv) = ψ0(G) + ψ1(G)uv + . . .+ ψd−1(G)(uv)
d−1

Definition 12.2. We define height(g) = rank(g-I)

Definition 12.3. Let G be a finite subgroup of SL(d,C). Denote by ψ̃i(G) the
number of the conjugacy classes of G having the height = d and ι(g) = i.

(12.3) W̃ (G; uv) = ψ̃0(G) + ψ̃1(G)uv + . . .+ ψ̃d−1(G)(uv)
d−1

Definition 12.4. For a lattice polyhedron ∆F defining a SL singularity Cd/GF , we
define the following:

(12.4) W (∆F ;uv) =W (GF ;uv)

(12.5) ψi(∆F ) = ψi(GF )
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(12.6) W̃ (∆F ;uv) = W̃ (GF ;uv)

(12.7) ψ̃i(∆F ) = ψ̃i(GF )

Definition 12.5. A finite collection τ = {θ} of simplices with vertices in ∆F ∩ N
is called a triangulation of ∆F if the following properties are satisfied.

(1) If θ′ is a face of θ ∈ τ then θ′ ∈ τ
(2) The intersection of any two simplices θ′, θ′′ ∈ τ is either empty, or a common

face of both of them;
(3) ∆F = ∪θ∈τθ

12.2. Blowdown and triangulation of polyhedron. A crepant blowup gives rise
to triangulation of the polyhedrons corresponding to some of the faces. Suppose we
blow up about a face F . Then it is clear that new characteristic vector is an integral
vector lying in the interior of the polyhedron ∆F . Note that ∆F is a simplex. The
crepant blow up induces a barycentric subdivision of ∆F with the new characteristic
vector as barycenter. We denote this triangulation of ∆F by τF . For the faces F ′

contained in F, ∆F ′ is triangulated as follows. Let KF ′ = λF ′ − λF be difference of
two characteristic sets. The triangulation τF ′ consists of simplices with vertex set
of the form θ ∪ β where θ are the vertices of a simplex of τF and β ⊂ KF ′ . To see
that this process takes care of all the faces lost and created we make the following
comments. First of all the faces lost are F and its subfaces. This means there will be
no simplex with vertex set having λF as a subset. This is exactly what happens here.
The new faces created are subfaces of the intersection of new facet (created by the
blowup) with faces having as vertex one of the vertices of F . These faces intersected
F prior to the blow up in some F ′ and so the new faces formed correspond to the
simplices with vertex set that are subset of the union θ ∪ β discussed above.

12.3. E-polynomial. The following has been taken from the paper of Batyrev
and Dais [5]. Let X be an algebraic variety over C which is not necessarily compact
or smooth. Denote by hp,q(Hk

c (X)) the dimension of the (p, q) Hodge component of
the k-th cohomology with compact supports. We define

(12.8) ep,q(X) = Σk≥0(−1)khp,q(Hk
c (X)).

The polynomial

(12.9) E(X; u, v) := Σp,qe
p,q(X)upvq

is called E-polynomial of X.

Remark 12.2. If the Hodge structure is pure, for example in the case of smooth
projective toric varieties, then the coefficients ep,q(X) of the E-polynomial of X are
related to the usual Hodge numbers by ep,q(X) = (−1)p+qhp,q(X)

We state the following theorem without proof.

Theorem 12.3. (Proposition 3.4 in [5]) Let X be a disjoint union of locally closed
subvarieties Xj, j ∈ J , where J ⊂ N. Then
(12.10) E(X;u, v) = Σj∈JE(Xj;u, v)
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12.4. Ehrhart power series. Let ∆ be a lattice polyhedron and k∆ := {kx |
x ∈ ∆}. Let l(k∆) be the number of lattice points of k∆. Then the Ehrhart power
series

(12.11) P∆(t) = Σ(k≥0)l(k∆)tk

Definition 12.6. Let ∆F be a (d-1) dimensional lattice polyhedron defining a d-
dimensional toric singularity . It is well-known (see, for instance, [5], Theorem 5.4)
that P∆F

(t) can be written in the form,

(12.12) P∆F
(t) =

ψ0(∆F ) + ψ1(∆F )t+ . . .+ ψd−1(∆F )t
d−1

(1− t)d

where ψ0(∆F ), . . . , ψd−1(∆F ) are non-negative integers defined in (12.5).

12.5. More on quasi-SL orbifolds . LetX be a compact quasi-SL 2n-dimensional
quasitoric orbifold. Let Sing(X) be the set of singular points of X. Consider the set
I = {i ∈ N | i ≤ number of faces in the polytope of X}. We can index the set of
faces by the set I. Call the inverse image of the interior of the face Fi as Xi. It can
be easily seen that this gives a stratification of the orbifold where each stratum Xi

is diffeomorphic to a complex torus.
It is easily seen that

(12.13) W (∆Fi
, uv) = ΣXj≥Xi

W̃ (∆Fj
, uv)

where Xj ≥ Xi if Xj ⊃ Xi. The above result is true because the coefficient of each
term in the left hand side can be broken in to ones with different heights (see defi-
nition (12.2), equations (12.6), (12.3) and(12.7). The ones with height equal to the

codimension of Xi contribute to W̃ (∆Fi
, uv)). These come from G◦

Fi
. Use the de-

composition GFi
=

⊔
Fj⊇Fi

G◦
Fj

to observe that terms with lesser heights correspond

to higher Xj.

12.6. Poincaré Polynomial. Recall that

(12.14) H∗
CR(X,R) =

⊕
F≤P

⊕
g∈G◦

F

H∗−2ι(g)(S(F, g),R)

where S(F, g) is homeomorphic to the inverse image of the face F .

Definition 12.7. The Poincaré polynomial of a cohomology of X is a polynomial
P (X)(t) where the coefficient of td is the rank of the degree d cohomology group. We
denote by PP (X)(v) the Poincaré polynomial of the ordinary singular cohomology
and PPCR(X)(v) as the Poincaré polynomial of the Chen-Ruan cohomology of X.

Now if X is a projective toric orbifold, it has pure Hodge structure. Since the
Zariski closure of theXi are the suborbifolds corresponding to the faces, from (12.14),
(12.6) and (12.3), we have

(12.15) PPCR(X)(v) = Σi∈IPP (Xi)(v)W̃ (∆Fi
, v2).
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12.7. Correspondence in quasitoric orbifolds. Take a quasi-SL quasitoric orb-
ifold X. A slight perturbation makes the polytope P associated with the orbifold
into a rational ploytope (see section 5.1.3.in [6]), and with suitable dilations make
it into an integral polytope P ′ which is combinatorially equivalent to P . From the
normal fan of P ′ we get a projective toric orbifold X ′ whose polytope is P ′. (The
orbifold structure of X ′ is determined by its analytic structure and we may conve-
niently refrain from using bold-face notation.) Putting u = v in Theorem (12.3) we
have

(12.16) E(X ′; v, v) = Σi∈IE(X
′
i; v, v)

In the left hand side the coefficient of vk is the sum of ep,q(X ′) where p + q = k.
Since X ′ is Kahler the Hodge structure is pure and from remark (12.2) it follows
ep,q(X ′) = (−1)p+qhp,q(X ′). Since toric orbifolds (see section 4 of [23]) have zero
odd cohomology only the coefficient of v2k terms are nonzero. By Baily’s Hodge
decomposition (see [3]), the Hodge numbers hp,q for p+ q = 2k add up to the 2k-th
Betti number of singular cohomology group. So the left hand side is the Poincaré
polynomial of the ordinary cohomology, giving

(12.17) PP (X ′)(v) = Σi∈IE(X
′
i; v, v).

It is known from section 4 of [23] that the Betti numbers depend on the combinatorial
equivalence class of the polytope P ′. As P ′ is combinatorially equivalent to P , the
left hand side equals the Poincaré polynomial of the quasitoric orbifold X. The right
hand side is a sum of E-polynomials of a number of tori. Since the number of tori of
each dimension is the same by combinatorial equivalence of the polytopes, we have,

(12.18) PP (X)(v) = Σi∈IE(Xi, v, v)

where
⊔
Xi is the stratification by tori of the quasitoric orbifold X. Now from 12.14

we get,

(12.19) PPCR(X)(v) = Σi∈IPP (Xi)(v)W̃ (∆Fi
, v2)

Using 12.18 we have

(12.20) PPCR(X)(v) = Σi∈IΣXj≤Xi
E(Xj, v, v)W̃ (∆Fi

, v2)

Interchanging the order of summation, and using 12.13 we have

(12.21) PPCR(X)(v) = Σj∈IE(Xj, v, v)W (∆Fj
, v2)

Theorem 12.4. Suppose X is a quasi-SL quasitoric orbifold, and X̂ a crepant
blowup. Then

(12.22) PPCR(X)(v) = PPCR(X̂)(v))

Proof. Let ρ : X̂ → X be a crepant blowdown. We set X̂i := ρ−1(Xi). Then X̂i has

a natural stratification by products Xi× ((C∗)codim(θ)) induced by the triangulation,

(12.23) ∆Fi
= ∪θ∈τiθ
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where τi consists of all simplices which intersect the interior of ∆Fi
, and codim(θ)

denotes the codimension of θ in ∆Fi
.

Note that the E-polyinomial of a k-dimensional complex torus is (v2 − 1)k.
From (12.12) we have

(12.24) W (∆Fi
; v2) = P∆Fi

(v2)(1− v2)d

where d is the dimension of the face Fi. Consider the triangulation (12.23) of ∆Fi
. By

counting lattice points using (12.12) and applying the inclusion exclusion principle
we have

(12.25) P∆Fi
(v2) =

∑
θ∈τi

(−1)codim(θ)Pθ(v
2) =

∑
θ∈τi

(−1)codim(θ)W (θ, v2)(1− v2)−dim(θ)

Multiplying both sides by (1− v2)d, we obtain

(12.26) W (∆Fi
; v2) = Σθ∈τi(v

2 − 1)codim(θ)W (θ, v2)

Since we are dealing with simplices θ which intersect the interior of ∆Fi
each

stratum of X̂ is counted once. This is because each stratum corresponds to the
interior of a face and for each face we have a simplex and it will lie in the interior
of exactly one of the original (pre-triangulation) polyhedrons. Thus the equation

(12.21) applied to X̂ gives

(12.27) PPCR(X̂)(v) = Σi∈IE(Xi; v, v)Σθ∈τi(v
2 − 1)codim(θ)W (θ; v2)

Now using (12.26)

(12.28) PPCR(X̂)(v)) = Σi∈IE(Xi; v, v)W (∆Fi
; v2) = PPCR(X)(v)

�
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13. Example

We will consider the weighted projective space X = P(1, 3, 3, 3, 1) which is a
toric variety. The generators of the one dimensional cones of the fan of X are e1 =
(1, 0, 0, 0), e2 = (0, 1, 0, 0), e3 = (0, 0, 1, 0), e4 = (0, 0, 0, 1) and e5 = (−1,−3,−3,−3).
X may be realized as a quasitoric orbifold with the 4-dimensional simplex as the
polytope and the eis as characteristic vectors. However P(1, 3, 3, 3, 1) is not an SL
orbifold and this choice of characteristic vectors coming from the fan does not make
it an omnioriented quasi-SL quasitoric orbifold. So we choose a different omniori-
entation.
To be precise, by the correspondence established in [17], we can consider X as

a symplectic toric orbifold with a simple rational moment polytope P whose facets
have inward normal vectors e1, . . . , e5. The moment polytope may be identified with
the orbit space of the torus action. The denominations of the polytope are related
to the choice of the symplectic form and is not important for us. Denote the facet
of P with normal vector ei by Fi. We assign the characteristic vectors as follows

(13.1) λi =

{
ei if 1 ≤ i ≤ 4
−e5 if i = 5.

The singular locus of X is the subset X(F ) where F = F1 ∩ F5. The group GF is
isomorphic to Z3 and

(13.2) G◦
F = {g = 2

3
λ1 +

1

3
λ5, g

2 =
1

3
λ1 +

2

3
λ5} = {(1, 1, 1, 1), (1, 2, 2, 2)}.

Thus there are only two twisted sectors S(F, g) and S(F, g2), each of age one. Since
F is a triangle, the 4-dimensional quasitoric orbifold X(F ) has h0 = h2 = h4 = 1.
Therefore each twisted sector contributes one to hkCR(X) for k = 2, 4, 6.
We consider a crepant blowup Y of X along X(F ) with λ0 = (1, 1, 1, 1). The

singular locus of Y equals Y (H) where H = F0 ∩ F5. GH
∼= Z2 and G◦

H = {h =
1
2
λ0 +

1
2
λ5} = {(1, 2, 2, 2)}. The age one twisted sector S(H, h) contributes one to

hkCR(Y) for k = 2, 4, 6. But h2CR(Y) also has an additional contribution from the
new facet. Therefore h2CR(Y) = h2CR(X). Then by Poincaré duality, h6CR are also
equal. Finally by conservation of Euler characteristic we get equality of h4CR.
It is also possible to directly ascertain the change in the ordinary Betti numbers

due to blowup. The new facet F0 is diffeomorphic to F × [0, 1]. So the new polytope
has three extra vertices. We can arrange them to have indices 1, 2, 3 and keep indices
of other vertices unchanged, see [23] for definition of index. This means that ordinary
homology, and therefore cohomology, of Y is richer than that of X by a generator
in degrees 2, 4, 6.
If we perform a further blowup ofY along F0 with (1, 2, 2, 2) the new characteristic

vector, we obtain a quasitoric manifold Z. It is easy to observe that Betti numbers
of Chen-Ruan cohomologies of Y and Z are equal. If we switched the choice of
characteristic vectors for the two blowups, McKay correspondence for Betti numbers
would still hold.
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Finally consider other choices of omniorientation that could make X quasi-SL.
Switching the sign(s) of λ2, λ3 or λ4 does not affect quasi-SLness or the calculations
of Betti numbers. Another option is to take λ1 = −e1 and λ5 = e5. The calculations
for this choice are analogous to the ones above.
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