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Abstract

In Colombia, physicians must work during a year to fulfill a compulsory social service

known as año rural. This service constitutes an entry-level labor market which can be

modeled as a many-to-one matching market. To match physicians with hospitals, a

centralized and equiprobable random drawing is employed in the market. This random

mechanism is evaluated here by using axioms of ex-post stability, ex-post efficiency

and strategy-proofness. It is underlined in this paper that agents in the market have

identified these axioms as a matter of interest. A formal proof shows that the random

mechanism violates these axioms.

Three random mechanisms which produce desirable outcomes are presented: Em-

ployment by Lotto (Aldershof, Carducci, and Lorenc, 1999; Klaus and Klijn, 2006),

Random Order Mechanism (Roth and Vande Vate, 1990; Ma, 1996; Klaus and Klijn,

2006) and Doctor Serial Dictator (Roth, 1982). The first two are both ex-post stable

and ex-post efficient, and the latter is ex-post efficient and strategy-proof. It is shown

that there is no ex-post stable and strategy-proof random mechanism, extending the

result by Roth (1982, 1985) from deterministic to random mechanisms. Considering

the concept of doctor-strategy-proofness, it is shown that the deterministic mechanism

which leads to the doctor-optimal matching is the unique ex-post stable and doctor-

strategy-proof mechanism, strengthening the result by Roth (1985).

Keywords: two-sided matching, random mechanisms, ex-post stability, ex-post efficiency,

strategy-proofness.
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Abstract

En Colombia, los médicos deben trabajar durante un año para dar cumplimiento al año

rural o servicio social obligatorio. Este servicio obligatorio forma un mercado laboral

que puede ser modelado como un mercado de asignaciones muchos-a-uno. Para asignar

médicos a hospitales se emplea un proceso aleatorio centralizado y equiprobable. Este

mecanismo aleatorio es evaluado a partir de axiomas de estabilidad ex-post, eficiencia

ex-post y no manipulación. En el documento se señala que algunos agentes del mer-

cado han identificado estos axiomas como un problema de interés. Una prueba formal

muestra que el mecanismo aleatorio incumple estos axiomas.

Se presentan tres mecanismos que generan resultados aleatorios deseables: Loteŕıa

de Asignación (Aldershof et al., 1999; Klaus and Klijn, 2006), Mecanismo de Orden

Aleatorio (Roth and Vande Vate, 1990; Ma, 1996; Klaus and Klijn, 2006) y Dictador

Serial para Médicos (Roth, 1982). Los primeros dos son estables ex-post y eficientes

ex-post, y el último es eficiente ex-post y no manipulable. Se muestra que no existe

ningún mecanismo aleatorio estable ex-post y no manipulable, extendiendo el resul-

tado de Roth (1982, 1985) a mecanismos aleatorios. Considerando el concepto de no

manipulación por médicos, se muestra que el mecanismo determińıstico que genera la

asignación médico óptima es el único mecanismo estable ex-post y no manipulable por

médicos, fortaleciendo el resultado de Roth (1985).

Palabras clave: asignaciones bilaterales, mecanismos aleatorios, estabilidad ex-post, eficien-

cia ex-post, no manipulación.

Clasificación JEL: C71, C78, D47.
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1. Introduction

This paper concerns the labor market which emerges from the Compulsory Social Service for

physicians in Colombia, commonly known as año rural or rural year. The market in question

is a matching market in which newly graduated medical students seek their first hospital

position. Prior to 2007, the market was run in a decentralized way; this is, physicians were

responsible for finding jobs and hospitals were responsible for filling empty positions. Because

of a shortage in the number of hospitals’ positions, a centralized and equiprobable random

drawing has been used to match doctors with hospitals. Doctors who result unmatched from

this random mechanism are declared exempted from the social service. In the paper, this

procedure is called the Compulsory Social Service (CSS) mechanism.

The 2012 random drawing showed up a strategic behavior taken by a large number of

physicians, who were able to increase their probability of being exempted from the social

service (Correa, 2013). This evidences that the Compulsory Social Service mechanism is not

strategy-proof. On the other hand, although penalties exist for those doctors who refuse to

work or quit the assigned hospitals, some have preferred to assume the cost (Villa et al.,

2011; Gaviria et al., 2011). This problem highlights that doctors may find some hospitals

unacceptable, however this paper will assume that hospitals are always acceptable.

The two-sided matching literature has studied in depth centralized markets where agents

submit rank ordered preference lists to a clearinghouse, which processes these lists using

some mechanism (or algorithm) to produce a matching. In most cases such mechanisms

are deterministic, meaning that outcomes involve no element of chance. In other words,

outcomes depend completely on the submitted preference lists. This kind of mechanisms

have been successfully implemented in real markets to assign students to public schools

(Abdulkadiroglu, Pathak, and Roth, 2005) and physicians to internships (Roth, 1984, 1991;

Roth and Peranson, 1999; Kamada and Kojima, 2012), to give some examples. Klaus and

Klijn (2006) argues that deterministic mechanisms produce an inherent favoritism for one-

side of a two-sided market or benefit some agents over others. Then, introducing some

randomness is a reasonable way to capture some notion of fairness in these markets.

In comparison with the one-sided matching literature, where random mechanisms are

widely studied (Abdulkadiroglu and Sönmez, 1998; Bogomolnaia and Moulin, 2001; Katta

and Sethuraman, 2005), mechanisms like the Compulsory Social Service are rarely considered

in the two-sided literature.

Pais (2008) suggests that lotteries can be considered as a way to represent frictions in

decentralized two-sided markets. She studies the incentives of agents who deal with the

fact of being assigned by some ex-post stable random mechanism in the college admission
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problem.1 It is important to notice that the Compulsory Social Service mechanism (CSS) is

a random procedure used in the centralized market studied in this paper.

Manjunath (2013) addresses what he calls the probabilistic marriage problem,2 and fo-

cuses on the concept of core. He looks for establishing the bases to study probabilistic

matchings in the two-sided literature.

The present paper studies the trade-off between ex-post stability, ex-post efficiency and

strategy-proofness for random mechanisms. Besides the Compulsory Social Service mecha-

nism, here is presented Employment by Lotto (Aldershof et al., 1999; Klaus and Klijn, 2006)

and the Random Order mechanism (Roth and Vande Vate, 1990; Ma, 1996; Klaus and Klijn,

2006), which are ex-post stable and ex-post efficient, and the Doctor Serial Dictator (Roth,

1982), which is ex-post efficient and strategy-proof. It is shown that the CSS mechanism

is ex-post unstable, ex-post inefficient and is not strategy-proof. Some general results for

random mechanisms are: there is no an ex-post stable and strategy-proof mechanism, the

unique ex-post stable and doctor-strategy-proof mechanism must be deterministic, and there

exists an ex-post efficient and strategy-proof mechanism.

Section 2 presents a description of the Compulsory Social Service market, its history and

the evolution of the CSS mechanism. Section 3 builds a model to analyze random matching

mechanisms. This model addresses the college admission problem in the two-sided matching

literature. Section 4 defines the concepts of ex-post stability, ex-post efficiency, strategy-

proofness and doctor-strategy-proofness. Section 5 describes the formal process followed by

the CSS mechanism and three other random mechanisms; some examples are also included

in this section. Section 6 contains the results of this paper.

2. Market History and CSS Mechanism

The Rural Health Social Service, or Servicio Social de Salubridad Rural (SSR), was created

in 1949 as a requisite to obtain a bachelor degree in medicine. Later, it was extended as a

requirement to obtain degrees in dentistry (1951), bacteriology (1971) and nursing (1976).

This service was aimed to improve the health conditions and increase the health coverage in

rural zones. The Compulsory Social Service (or Servicio Social Obligatorio) was introduced

in 1981 and preserved the service as the main requisite for physicians to obtain their degree;

this is why it is still known as año rural though the service can also be completed in urban

hospitals. Nowadays, graduates from the mentioned bachelor programs are required to fulfill

1College admission problem usually refers to the many-to-one matching problem in two-sided matching
literature.

2A one-to-one matching problem is usually called a marriage problem in two-sided matching literature.
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the social service during a year to obtain a professional license necessary to work inside the

country.

Before 2007, the labor market formed by the social service was organized in a decen-

tralized way: physicians were responsible of finding jobs and hospitals were responsible of

filling empty positions. However, this market structure changed when hospitals’ positions

were not enough to cover the demand of recent graduates. Since the service is compulsory,

the law determined that when this shortage occurs, a random drawing must be implemented

to assign physicians to hospitals (Ley 50, 1981). This legal measure was introduced as a

consideration for fairness. Hence, from 2007 to 2013, two kinds of random drawings were

implemented.

In the first kind of drawing, hospitals were divided into 5 large regions taking into account

their geographical position. Each physician was allowed to choose one particular region

to participate from the procedure. All physicians who chose the same region had equal

probability to be matched to a hospital within that region. Those doctors who were not

matched to any hospital became exempted from the service. This way, the random drawing

was considered as a fair mechanism to determine which physicians must fulfill the social

service and which ones must be exempted (González et al., 2006).

It is important to notice that CSS mechanism ignores agents’ preferences, and some

doctors have refused to work and quit the matched hospitals. Deans from five medicine

faculties and the Secretary of Health of the department of Antioquia pointed out in a public

communication that:

“The Ministry [of Health] decided to randomly draw [hospitals’] positions in a

centralized model, but did not take into account the so named “red zones”, the

hospitals that owes wages to their workers, [and the places] where doctors from

the Compulsory Social Service complaint about rights violations”.

“Some physicians have quit rural positions because of the lack of minimum work-

ing conditions and safety, or because they were assigned to places located far from

their families” (Gaviria et al., 2011)

The above also suggests that there are hospitals which doctors consider as not acceptable;

these are hospitals where doctors prefer not to fulfill the social service in any case. However,

in this paper it is assumed that all agents are acceptable for each side of the market.

In 2012, the random procedure was modified from regional random drawings to depar-

tamental random drawings, but the mentioned problems were not resolved by limiting the

mechanism to smaller geographical areas. However, this change did facilitate a strategic

behavior by which physicians could manipulate the probabilities generated by the drawing.
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Every random drawing gives a doctor a probability of being both matched and exempted.

These probabilities depend on the number of doctors competing for a position at each de-

partment. So, the probability that a doctor becomes exempted has a positive relation with

the number of doctors who choose the same department. Namely, a doctor can increase her

probability of being exempted by choosing a department with a larger number of doctors or

a department with a smaller amount of positions.

During 2012, on average, 42% of doctors chose three departments to compete for a

position in the random drawing: Atlántico, Quind́ıo and La Guajira. Considering that these

departments have few positions to assign (3,4% of total positions at national level), 80%

of the doctors registered in these departments resulted exempted from Compulsory Social

Service.

Figure 1. (Registered Doctors) vs. (Amount of Available Positions).

The previous figure presents the difference between registered doctors and the amount of

available positions for each department in the four 2012 random drawings. It shows that in

some departments the total of registered doctors increased dramatically between the random
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drawings of January and July; for example in the department of Quind́ıo. Meanwhile, the

number of registered doctors decreased in Cundinamarca, Bogotá and Antioquia in the same

period. This suggests that doctors moved to especific departments, in general, departments

with few positions as pointed out previously.

Related to this topic, the Secretary of Health of the department of Quind́ıo made a

pronouncement on January 2013 about the results from the last random drawing of 2012,

mentioning that:

“most of registrations were made for Quind́ıo, declaring null the majority of

positions for doctors in other departments”. (Correa, 2013)

Trying to affect the strategical behavior of doctors, a change in the random process was

introduced at the end of 2012. This change consisted in establishing an upper bound for the

number of doctors that could register to compete for a position on each department. It was

determined that the number of registered could not exceed twice the amount of the available

hospitals’ positions on each department.

3. Model

There are two finite and disjoint sets of agents: a set of doctors D and a set of hospitals

H, where possibly |D| �= |H|. Let I = D ∪H be the set of agents. An agent, a doctor and

a hospital are respectively denoted by i, d and h. For each hospital h, there is an integer

quota qh ≥ 1 that represents the number of positions it offers. Doctor d can work for at

most one hospital and hospital h can hire at most qh doctors. Let q = (qh)h∈H be the profile

of hospitals’ positions. It is assumed that there is enough positions for all doctors, that

is,
∑

h∈H qh = |D|.3

Each doctor d ∈ D has an utility function ud over the hospitals H and the prospect

of “being unmatched”, which is denoted by ∅.4 Formally, ud : H ∪∅ → R. Let ud be an

injective function to represent doctor d’s strict preferences over H ∪ ∅. For h, h′ ∈ H ∪∅, it
is written ud(h) ≥ ud(h

′) if doctor d finds h at least as good as h′, that is, ud(h) > ud(h
′)

if h �= h′, or ud(h) = ud(h
′) if h = h′. If h ∈ H is such that ud(h) > ud(∅), then h is called

an acceptable hospital for doctor d. It is assumed that all hospitals are acceptable for all

doctors. Let uD = (ud)d∈D be the profile of doctors’ utilities.

For each hospital h ∈ H, a subset of doctors D′ ⊆ D is feasible if |D′| ≤ qh. Let

F(D, qh) ≡ {D′ ⊆ D : |D′| ≤ qh} denote the collection of feasible subsets of doctors for

3 If originally
∑

h∈H qh < |D|, then a virtual hospital with a quota |D| −
∑

h∈H qh is introduced. If
originally

∑
h∈H qh > |D|, then it is introduced a number of virtual doctors equals to

∑
h∈H qh − |D|.

4 With some abuse of notation, x is written for a singleton {x}.
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H, where possibly |D| �= |H|. Let I = D ∪H be the set of agents. An agent, a doctor and

a hospital are respectively denoted by i, d and h. For each hospital h, there is an integer

quota qh ≥ 1 that represents the number of positions it offers. Doctor d can work for at

most one hospital and hospital h can hire at most qh doctors. Let q = (qh)h∈H be the profile

of hospitals’ positions. It is assumed that there is enough positions for all doctors, that

is,
∑

h∈H qh = |D|.3

Each doctor d ∈ D has an utility function ud over the hospitals H and the prospect

of “being unmatched”, which is denoted by ∅.4 Formally, ud : H ∪∅ → R. Let ud be an

injective function to represent doctor d’s strict preferences over H ∪ ∅. For h, h′ ∈ H ∪∅, it
is written ud(h) ≥ ud(h

′) if doctor d finds h at least as good as h′, that is, ud(h) > ud(h
′)

if h �= h′, or ud(h) = ud(h
′) if h = h′. If h ∈ H is such that ud(h) > ud(∅), then h is called

an acceptable hospital for doctor d. It is assumed that all hospitals are acceptable for all

doctors. Let uD = (ud)d∈D be the profile of doctors’ utilities.

For each hospital h ∈ H, a subset of doctors D′ ⊆ D is feasible if |D′| ≤ qh. Let

F(D, qh) ≡ {D′ ⊆ D : |D′| ≤ qh} denote the collection of feasible subsets of doctors for

3 If originally
∑

h∈H qh < |D|, then a virtual hospital with a quota |D| −
∑

h∈H qh is introduced. If
originally

∑
h∈H qh > |D|, then it is introduced a number of virtual doctors equals to

∑
h∈H qh − |D|.

4 With some abuse of notation, x is written for a singleton {x}.
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hospital h. The element ∅ ∈ F(D, qh) denotes “being unmatched”. Each hospital h has an

utility function uh over F(D, qh). Formally, uh : F(D, qh) → R. Let uh be an injective

function to represent hospital h’s strict preferences over F(D, qh). For D
′, D′′ ∈ F(D, qh), it

is written uh(D
′) ≥ uh(D

′′) if hospital h finds D′ at least as good as D′′, that is, uh(D
′) >

uh(D
′′) if D′ �= D′′, or uh(D

′) = uh(D
′′) if D′ = D′′.

Two assumptions are made about each hospital h utility function uh. First, it is supposed

that uh is responsive,5 that is, for each D′ ∈ F(D, qh), (a1) if d ∈ D\D′ and |D′| < qh,

then uh(D
′ ∪ d) > uh(D

′) if and only if uh(d) > uh(∅) and (a2) if d ∈ D\D′ and d′ ∈ D′,

then uh((D
′\d′) ∪ d) > uh(D

′) if and only if uh(d) > uh(d
′). Second, it is supposed that uh

is additive, that is, for each D′ ∈ F(D, qh), uh(D
′) =

∑
d∈D′ uh(d).

If doctor d ∈ D is such that uh(d) > uh(∅), then d is called an acceptable doctor for

hospital h. It is assumed that all doctors are acceptable for all hospitals. Let uH = (uh)h∈H

be the profile of hospitals’ utilities, u ≡ (uD, uH) be the profile of all agents’ utilities

and u−i = (ui′)i′∈I\i be the profile of all agents’ utilities except agent i’s. Occasionally, it is

written u = (u−i, ui) to represent the profile of all agents’ utilities.

A many-to-one matching market is a tuple (D,H, u, q) or, when no confusion is

possible, it is denoted by (u). A deterministic matching is a correspondence µ : D∪H →
D ∪H ∪ ∅ such that:

1. Each doctor is either matched to exactly one hospital or unmatched, that is, for each

d ∈ D, µ(d) = h ∈ H or µ(d) = ∅;

2. Each hospital is matched to a feasible set of doctors, that is, for each h ∈ H, µ(h) ∈ F(D, qh);

and

3. A doctor is matched to a hospital if and only if the hospital is matched to the doctor,

that is, for each d ∈ D and h ∈ H, µ(d) = h if and only if d ∈ µ(h).

Let M(D,H, q) be the set of all deterministic matchings or, when no confusion is possible,

it is denoted by M. Here, a deterministic matching µ ∈ M is represented by a list. For

example,

µ =

(
h1 h1 h2 ... h|H|

d1 d2 d3 ... d|D|

)

means that in matching µ, doctors d1 and d2 are both matched to hospital h1, doctor d3

is matched to hospital h2 and doctor d|D| is matched to hospital h|H|.

5 This is a common assumption in the two-sided matching literature. See Roth (1985) and Roth and
Sotomayor (1990) for further discussion.
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Let pd,h represents the probability that doctor d is being matched to hospital h. A

random matching is a probability matrix p = [pd,h]d∈D,h∈H such that: (1) for each d ∈ D

and h ∈ H, 0 ≤ pd,h ≤ 1; (2) for each d ∈ D,
∑

h∈H pd,h = 1; and (3) for each h ∈ H,∑
d∈D pd,h = qh. For each d ∈ D and h ∈ H, the row vector pd = (pd,h)h∈H and the column

vector ph = (pd,h)d∈D denote doctor d’s and hospital h’s random matching, respectively.

Let A(D,H, q) be the set of all random matchings or, when no confusion is possible, it

is denoted by A. Note that a random matching p is a deterministic matching if pd,h ∈ {0, 1}
for each d ∈ D and each h ∈ H, that is, M ⊆ A.

A lottery is a probability distribution α over M, that is, α = (αµ)µ∈M is such that for

each µ ∈ M, 0 ≤ αµ ≤ 1 and
∑

µ∈M αµ = 1. Let ∆(M) be the set of all lotteries. For each

α ∈ ∆(M), let pαd,h be the probability that doctor d is being matched to hospital h under

α. A lottery α induces a random matching pα = [pαd,h]d∈D,h∈H such that for each d ∈ D y

h ∈ H,

pαd,h =
∑

µ∈M : d∈µ(h)

αµ.

Theorem 1 (Birkhoff, 1946; Von Neumann, 1953; Kojima and Manea, 2010; Kesten and

Ünver, 2013). For each random matching p ∈ A, there exists a lottery α ∈ ∆(M) that

induces p, that is, p = pα.

Let Supp(α) ⊆ M be the support of α, this is, Supp(α) = {µ ∈ M : αµ > 0}. If

a random matching p ∈ A is induced by a lotery α ∈ ∆(M), p’s observable outcome (or

ex-post outcome) is a deterministic matching µp ∈ Supp(α), which is called a realization

of p.

Each doctor d ∈ D has a von Neumann–Morgenstern utility function Ud over

random matchingsA. For each p ∈ A, Ud(p) =
∑

h∈H ud(h) · pd,h. The function Ud represents

doctor d’s preferences over A. For p, p′ ∈ A, it is written Ud(p) ≥ Ud(p
′) if doctor d finds the

random matching p at least as good as p′, that is, Ud(p) > Ud(p
′) if p �= p′, or Ud(p) = Ud(p

′)

if p = p′.

Each hospital h ∈ H has a von Neumann–Morgenstern utility function Uh over

the random matchings A. For each p ∈ A, Uh(p) =
∑

d∈D uh(d) · pd,h. The function Uh

represents hospital h’s preferences over A. For p, p′ ∈ A, it is written Uh(p) ≥ Uh(p
′) if

hospital h finds the random matching p at least as good as p′, that is, Uh(p) > Uh(p
′) if

p �= p′, or Uh(p) = Uh(p
′) if p = p′.

For each market (u), a mechanism ϕ is a function that chooses a random matching.

Let ϕ(u)d,h be the probability that doctor d is being matched to hospital h by using ϕ. The

random matching ϕ(u) = [ϕ(u)d,h]d∈D,h∈H is the outcome of mechanism ϕ : u → A. If

ϕ(u)d,h ∈ {0, 1} for each d ∈ D and each h ∈ H, ϕ is called a deterministic mechanism.
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4. Properties

Consider a deterministic matching µ ∈ M at which doctor d and hospital h are not matched

to each other. If doctor d prefers to be matched to hospital h and h prefers to either add

d or replace another doctor by d, it is expected that this mutually beneficial adjustment be

carried out. Namely, the pair doctor-hospital (d, h) forms a blocking pair for µ.

Definition 1. A doctor-hospital pair (d, h) is a blocking pair for µ ∈ M if (b1) ud(h) >

ud(µ(d)) and (b2) [|µ(h)| < ch and uh(d) > uh(∅)] or [there exists d′ ∈ µ(h) such that

uh(d) > uh(d
′)].

Definition 2. A deterministic matching µ ∈ M is stable if there not exists any doctor-

hospital (d, h) blocking pair for µ.

Let S(u) ⊆ M be the set of deterministic stable matchings. For each market (u), S(u) is

not empty (Gale and Shapley, 1962). Additionally, S(u) does not depend on the responsive

extensions of the agents’ preferences (Roth, 1985).

Consider a deterministic stable matching µD ∈ S(u) at which, for all deterministic stable

matchings µ ∈ S(u), every doctor d finds her mate µD(d) at least as good as any other mate

µ(d). Then, µD is called a doctor-optimal stable matching.

Definition 3. Given a market (u), a deterministic stable matching µD ∈ S(u) is doctor-

optimal if for each µ ∈ S(u) and each d ∈ D, ud(µ
D(d)) ≥ ud(µ(d)).

When each doctor and each hospital have strict preferences, there always exists a doctor-

optimal matching µD ∈ S(u) (Gale and Shapley, 1962).

A random matching p ∈ A is ex-post stable if it is induced by a lottery which assigns

positive probabilities only to deterministic stable matchings, this is, a lottery whose support

includes only deterministic stable matchings (Kesten and Ünver, 2013).

Definition 4. A random matching p ∈ A is ex-post stable if there exists α ∈ ∆(M) such

that Supp(α) ⊆ S(u) and p = pα.

A deterministic matching µ ∈ M is pareto-efficient if it is not possible to make an agent

better off without making another agent worse off.

Definition 5. A deterministic matching µ ∈ M is efficient if there not exists another

µ′ ∈ M such that for each agent i ∈ D ∪H, ui(µ
′(i)) ≥ ui(µ(i)) and for some i′ ∈ D ∪H,

ui′(µ
′(i′)) > ui′(µ(i

′)).

10
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Let P (u) ⊆ M be the set of deterministic efficient matchings. The set of deterministic

stable matchings is a subset of all deterministic efficient matchings, this is, S(u) ⊆ P (u)

(Roth and Sotomayor, 1990).

A random matching p ∈ A is ex-post efficient if it is induced by a lottery which assigns

positive probabilities only to deterministic efficient matchings, this is, a lottery whose support

includes only deterministic efficient matchings.

Definition 6. A random matching p ∈ A is ex-post efficient if there exists α ∈ ∆(M)

such that Supp(α) ⊆ P (u) and p = pα.

A mechanism ϕ is an ex-post stable mechanism if for each market (u), the random

matching ϕ(u) ∈ A is ex-post stable. Likewise, ϕ is an ex-post efficient mechanism if

for each market (u), ϕ(u) ∈ A is ex-post efficient.

Consider a deterministic ex-post stable mechanism ϕD. If for each market (u), the

deterministic matching ϕD(u) ∈ M is equal to the doctor-optimal matching µD, then ϕD is

called the doctor-optimal mechanism.

A mechanism is strategy-proof if no agent benefits from misrepresenting her preferences.

In other words, for each agent i ∈ I truth telling is a best response.

Definition 7. A mechanism ϕ is strategy-proof if ∀u, ∀i ∈ I y ∀u′
i,

Ui(ϕ(u−i, ui)) ≥ Ui(ϕ(u−i, u
′
i)).

A mechanism is doctor-strategy-proof if no doctor benefits from misrepresenting her

preferences. Notice that this is a weaker strategy-proof concept.

Definition 8. A mechanism ϕ is doctor-strategy-proof if ∀u, ∀d ∈ D, and ∀u′
d,

Ud(ϕ(u−d, ud)) ≥ Ud(ϕ(u−d, u
′
d)),

which is equivalent to

∑
h∈H

ud(h) · ϕd,h(u−d, ud) ≥
∑
h∈H

u′
d(h) · ϕd,h(u−d, u

′
d).

5. Matching Mechanisms

5.1. Compulsory Social Service Mechanism (CSS)

Let (u) be a matching market. There is a set of regions (or departments) R, in which r is

a particular region and Hr ⊆ H is the set of hospitals located in region r ∈ R. The set
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of hospitals H is partitioned into hospitals in different regions, this is, for each r, r′ ∈ R,

Hr ∩Hr′ = ∅ if r �= r′ and H =
⋃

r∈R Hr. For each region r ∈ R, there is an integer quota

qr ≡
∑

h∈Hr
qh.

The CSS mechanism operates as a regional random drawing in which each doctor chooses

a region r ∈ R and the number positions qr are drawn between doctors in r. If the number of

positions in a region is not enough to match all doctors, those who result unmatched become

exempted to accomplish the rural year. The set of doctors D is partitioned into doctors in

different regions, this is, for each r, r′ ∈ R, Dr ∩Dr′ = ∅ if r �= r′ and D =
⋃

r∈R Dr.

For simplicity, it is assumed that each doctor d ∈ D chooses the region where is located

her most preferred hospital. For example, consider a market with 2 regions and 2 hospitals

h and h′, respectively located in regions r and r′. Suppose there is a doctor d whose utility

function is ud := ud(h) > ud(h
′). Since doctor d’s most preferred hospital is h, this doctor

chooses region r. Then, the set of doctors D is partitioned in such a way that doctor d

belongs to the subset of doctors who chose region r, this is, d ∈ Dr.

The CSS mechanism is denoted by ϕcss, the random matching produce by this mechanism

is ϕcss(u), and ϕcss(u)i is agent i’s random matching.

CSS Mechanism

Step 0: For each market (u), the set of hospitals H is partitioned into hospitals in different regions.

According to doctors’ most preferred hospitals, the set of doctors D is partitioned into doctors in different

regions. Hence, for each r, r′ ∈ R, Hr∩Hr′ = ∅ and Dr∩Dr′ = ∅ if r �= r′, H =
⋃

r∈R Hr and D =
⋃

r∈R Dr.

If there is a region r ∈ R in which the quota qr is smaller than the number of doctors who choose r, a virtual

hospital h̄ with quota qh̄ = |Dr| − qr is created for that region. For each doctor d in Dr, the virtual hospital

represents the option of being exempted. On the contrary, if there is a region r in which the quota qr is

larger than the number of doctors who choose r, qr − |Dr| virtual doctors are introduce for that region. A

virtual doctor is denoted by d̄. For each hospital located in r, a virtual doctor d̄ represents the option of

having one position unfilled.

Step 1: For each region r ∈ R, the number of hospital positions qr is drawn between the doctors in Dr.

Then, it is obtained a random matching ϕcss(u) such that, for each pair of doctors d, d′ ∈ Dr,

ϕcss(u)d′ = ϕcss(u)d = (ϕcss(u)d,h)h∈H .

If h ∈ Hr, for each d ∈ Dr, ϕ
css(u)d,h = qh

|Dr| . Otherwise, ϕcss(u)d,h = 0.

Remark 1. Notice that ϕcss(u) = [ϕcss(u)d,h]d∈D,h∈H satisfies: (1) for each d ∈ D and each

h ∈ H, 0 ≤ ϕcss(u)d,h ≤ 1; (2) for each d ∈ D,
∑

h∈H ϕcss(u)d,h = 1; and (3) for each h ∈ H,∑
d∈D ϕcss(u)d,h = ch. This is, ϕ

css(u) ∈ A.

Observe that the random matching generated by the CSS mechanism depends on the doctors

regional distribution. It is also important to mention that before carrying out the random
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drawing, agents are able to evaluate the potential mechanism results. In the model presented

above, agents evaluate these results using their von Neumann-Morgenstern utility functions.

Example 1. Consider a market (u) with 4 doctors, 2 hospitals and utility profile u given

in Table 1. Hospitals h1 and h2 have both quota 2. Suppose there are 2 regions r1, r2 ∈ R

such that, hospital h1 is located in r1 and hospital h2 is located in r2.

Doctors Hospitals

ud1(h1) > ud1(h2) uh1(d1) > uh1(d2) > uh1(d3) > uh1(d4)

ud2(h1) > ud2(h2) uh2(d3) > uh2(d2) > uh2(d1) > uh2(d4)

ud3(h1) > ud3(h2)

ud4(h2) > ud4(h1)

Table 1. Utility profile u in Example 1.

In this market, doctors d1, d2 and d3 choose region r1 to participate in regional random

drawing, this is, Dr1 = {d1, d2, d3}. Since the number of hospital positions in r1 is not

enough to match all doctors in Dr1 , a virtual hospital h̄ with quota 1 is introduced in this

region. Then, Hr1 = {h1, h̄} and Hr2 = {h2}. In region r2, the regional quota is larger

than the number of doctors. Then, for region r2 a virtual doctor d̄ is introduced, this is,

Dr2 = {d4, d̄ }. Finally, H = Hr1 ∪Hr2 and D = Dr1 ∪Dr2 .

For this set up, the CSS mechanism generates the random matching ϕcss(u) such that

ϕcss(u) =




ϕcss(u)d1

ϕcss(u)d2

ϕcss(u)d3

ϕcss(u)d4

ϕcss(u)d̄



=




2
3

0 1
3

2
3

0 1
3

2
3

0 1
3

0 1 0

0 1 0



.

Here, doctor d’s random matching is ϕcss(u)d = (ϕcss(u)d,h1 , ϕ
css(u)d,h2 , ϕ

css(u)d,h̄) and

ϕcss(u)d,h is the probability that d ∈ D is matched to hospital h ∈ H trough CSS mechanism.

At last, for each doctor d ∈ D, ϕcss(u)d,h̄ is the probability of being exempted.
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5.2. Employment by Lotto (EL)

Aldershof et al. (1999) proposes an ex-post stable mechanism called Employment by Lotto,

which can be formulated as a random serial dictatorship on the set of deterministic stable

matchings (Klaus and Klijn, 2006). In the first step of the mechanism, an agent is randomly

drawn and can discard all deterministic stable matchings at which she is not matched to her

most preferred mate. Observe that now the first agent is matched to the same mate for all

stable matchings which survive the elimination process. The agent and (possibly) her mate

are excluded from the set of agents. In the second step, another agent is drawn again and,

from the reduced set of deterministic stable matchings, can discard all those at which her

mate is not the most preferred among the available ones. This sequential reduction of the

set of deterministic stable matchings continues until it is reduced to a singleton.

Employment by Lotto

For a market (u), set I0 := I, µ0 such that for each i ∈ I, µ0(i) = ∅, S0 := S(u) and t := 1.

Step t : Choose randomly an agent it from It−1.

Suppose it = d ∈ D.

Match doctor d to her most preferred hospital h∗ among {h ∈ H : h∗ = µ(d) for some µ ∈ St−1}. Define

µt(d) := h∗, µt(h
∗) := µt−1(h

∗) ∪ d and, for all i ∈ It−1\{d, h∗}, µt(i) := µt−1(i). If |µt(h
∗)| = qh∗ , define

It := It−1\{d, h∗}. Otherwise define It := It−1\d. Set St := St−1\{µ ∈ St−1 : µ(d) �= h∗}.
If It = ∅, then stop and define EL(u) := µt. Otherwise go to step t := t+ 1.

Suppose it = h ∈ H.

Match hospital h to her most preferred set of doctors D∗ among {D′ ∈ F(D, qh) : D
∗ = µ(h) for some µ ∈

St−1}. Define µt(h) := D∗ and, for each d ∈ D∗, µt(d) = h. For all i ∈ It−1\{h,D∗} define µt(i) := µt−1(i).

Set St := St−1\{µ ∈ St−1 : µ(h) �= D∗}.
If It := It−1\{h,D∗} = ∅, then stop and define EL(u) := µt. Otherwise go to step t := t+ 1.

This mechanism ends in a finite number k (1 ≤ k ≤ |D| + |H|) of steps that depends

on agents’ preferences and hospitals’ quotas. The process generates a random sequence of

agents (i1, ..., ik) whose final outcome is a deterministic stable matching EL(u) ∈ S(u). Let

Σ∗ be the set of such sequences and σ∗ = |Σ∗|. In addition, for each µ ∈ M, let Σ∗
µ ⊆ Σ∗ be

the set of sequences (possibly empty) which leads to µ. Denote σ∗
µ = |Σ∗

µ|.
The outcome of this mechanism is characterized by the lottery α∗ = (α∗

µ)µ∈M such that

Supp(α∗) ⊆ S(u) and the probability of EL(u) = µ is equal to α∗
µ =

σ∗
µ

σ∗ . It is possible

that there exists a deterministic stable matching µ′ ∈ S(u) such that Σ∗
µ′ is empty and then

α∗
µ′ = 0. The next example shows the process followed by Employment by Lotto.

Example 2. Consider a market (u) with 3 doctors, 2 hospitals and utility profile u given in

Table 2. Hospital h1 has quota 2 and hospital h2 has quota 1.
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Doctors Hospitals

ud1(h1) > ud1(h2) uh1(d2) > uh1(d1) > uh1(d3)

ud2(h2) > ud2(h1) uh2(d3) > uh2(d2) > uh2(d1)

ud3(h1) > ud3(h2)

Table 2. Utility profile u in Example 2.

In this market the set of deterministic stable matchings is S(u) = {µ, µ′}, where

µ =

(
h1 h2

d1, d3 d2

)
and µ′ =

(
h1 h2

d1, d2 d3

)
.

Suppose that doctor d2 is randomly chosen in the first step of Employment by Lotto,

this is, i1 = d2. Doctor d2 is matched to her most preferred hospital among the set of

deterministic stable matchings, that is, among µ(d2) = h2 and µ′(d2) = h1. To finish step 1,

d2 and h2 are excluded from the set of agents and the set of deterministic stable matchings

is reduced to S(u) = µ.

In step 2, suppose that hospital h1 is chosen, h1 = i2. Then, h1 is matched to her most

preferred set of feasible doctors, among the available ones in the reduced set of deterministic

stable matchings. Hence, h1 is matched to µ(h2) = {d1, d3}. Finally, h1, d1 and d3 are

excluded from the reduced set of agents. The outcome generated through the sequence

(i1, i2) = (d2, h1) is the deterministic stable matching EL(u) = µ.

Notice that at µ all doctors are matched to their most preferred hospital and at µ′ all

hospitals are matched to their most preferred feasible set of doctors. In addition, observe

that µ(d1) = µ′(d1) = h1. It is easy to see that whenever i1 is a hospital, then EL(u) = µ′.

On contrary, whenever i1 is a doctor different from d1, then EL(u) = µ. For those cases

in which i1 is d1, the second agent in the sequence (i1, i2, ..., i5) determines the outcome; if

i1 = d1 and i2 is a doctor, then EL(u) = µ. If i1 = d1 and i2 is a hospital, then EL(u) = µ′.

The lottery α∗, which characterizes the final outcome, is such that α∗
µ = 1

2
= α∗

µ′ . At

last, α∗ induces the random matching ϕα∗
(u) with

ϕα∗
(u) =



ϕα∗

(u)d1

ϕα∗
(u)d2

ϕα∗
(u)d3


 =



1 0
1
2

1
2

1
2

1
2


.

Doctor d’s random matching is ϕα∗
(u)d = (ϕα∗

(u)d,h1 , ϕ
α∗
(u)d,h2) and ϕα∗

(u)d,h is the

probability that d ∈ D is matched to hospital h ∈ H trough EL mechanism.
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5.3. Random Order Mechanism (RO)

Based on Random Paths to Stability (Roth and Vande Vate, 1990), Ma (1996) presents a

mechanism called Random Order mechanism. This mechanism can be described by the fol-

lowing idea. Imagine an empty room with an unique door. At first, all agents are unmatched

and wait outside the room. In each step of the mechanism, an agent is chosen randomly and

invited to get into the room. Before an agent enters, the matching inside the room is stable.

Once a new agent is in the room, the existing matching may became unstable, which means

that the new agent may form a blocking pair for that matching. If a process is satisfied

for the blocking pairs (described below), a new stable matching is obtained for the market

inside the room. Since for each step a new agent enters and none leaves the room, the final

outcome is a stable matching for the original market.

Random Order Mechanism

For a market (u), set R0 := ∅, µ0 such that for all i ∈ I, µ0(i) = ∅, and t := 1.

Step t : Choose randomly an agent it from I\Rt−1. Set Rt := Rt−1 ∪ it.

Suppose it = d ∈ D.

Stable room procedure

Case(i) There exists no blocking pair (d, h) for µt−1 with h ∈ Rt. Stop if t = |I| and define RO(u) := µt−1.

Otherwise, set µt = µt−1 and go to step t := t+ 1.

Case(ii) There exists a blocking pair (d, h) for µt−1 with h ∈ Rt:

Choose the blocking pair (d, h∗) for µt−1 with h∗ ∈ Rt that d prefers most.

If |µt−1(h
∗)| < qh∗ , define µt such that µt(h

∗) := µt−1(h
∗) ∪ d, µt(d) := h∗ and for all i ∈ I\{d, h∗},

µt−1(i) := µt−1(i). Stop if t = |I| and define RO(u) := µt. Otherwise, go to step t := t+ 1.

If |µt−1(h
∗)| = qh∗ , then exists d′ ∈ µt−1(h

∗) such that for h∗, d′ is the less preferred mate, among the

matched ones, and d is preferred to d′. Redefine µt−1 such that µt−1(h
∗) := (µt−1(h

∗)\d′)∪d, µt−1(d) := h∗,

µt−1(d
′) := d′ and for all i ∈ I\{d, d′, h∗}, µt−1(i) := µt−1(i). Set d := d′ and repeat the stable room

procedure.

Suppose that it = h ∈ H.

Stable room procedure

Case(i) There exists no blocking pair (d, h) for µt−1 with d ∈ Rt. Stop if t = |I| and define RO(u) := µt−1.

Otherwise, set µt = µt−1 and go to step t := t+ 1.

Case(ii) There exists a pair (d, h) for µt−1 with d ∈ Rt:

Choose the blocking pair (d∗, h) for µt−1 with d∗ ∈ Rt that h prefers most.

If µt−1(d
∗) = d∗, define µt such that µt(d

∗) := h, µt(h) := µt−1(h) ∪ d∗, and for all i ∈ I\{d∗, h}, µt(i) :=

µt−1(i). Stop if t = |I| and define RO(u) := µt. Otherwise, go to step t := t+ 1.

If µt−1(d
∗) = h′ ∈ H, redefine µt−1 such that µt−1(d

∗) := h, µt−1(h) := µt−1(h)∪d∗, µt−1(h
′) := µt−1(h

′)\d∗

and for all i ∈ I\{d∗, h, h′}, µt−1(i) := µt−1(i). Set h := h′ and repeat the stable room procedure.
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This mechanism ends in exactly |I| steps. The process generates a random sequence of agents

(i1, ..., i|I|) whose final (or observable) result is a deterministic stable matching RO(u) ∈ S(u).

The set of sequences of agents is equal to the set of permutations of all agents and is denoted

for Σ̄. As a consequence, |I|! = |Σ̄|. In addition, for each µ ∈ M, let Σ̄µ ⊆ Σ̄ be the set of

sequences (possibly empty) which leads to µ. Denote σ̄µ = |Σ̄µ|.
The outcome of this mechanism is characterized by the lottery ᾱ = (ᾱµ)µ∈M such that

Supp(ᾱ) ⊆ S(u) and the probability of RO(u) = µ is equal to ᾱµ = σ̄µ

|I|! . It is possible

that there exists a deterministic stable matching µ′ ∈ S(u) such that Σ̄µ′ is empty and then

ᾱµ′ = 0. The next example shows the process followed by the Random Order mechanism.

Example 3. The market used in this example is borrowed from Roth and Sotomayor (1990).

Consider a market (u) with 2 doctors, 2 hospitals and utility profile u given in Table 3. Hos-

pitals h1 and h2 have both quota 1.

Doctors Hospitals

ud1(h1) > ud1(h2) uh1(d2) > uh1(d1)

ud2(h2) > ud2(h1) uh2(d1) > uh2(d2)

Table 3. Utility profile u in Example 3.

In this market the set of deterministic stable matchings is S(u) = {µ, µ′}, where

µ =

(
h1 h2

d1 d2

)
and µ′ =

(
h1 h2

d2 d1

)
.

Suppose doctor d1 is randomly chosen in the first step of the Random Order mechanism,

this is, i1 = d1. This agent is invited to go inside the stable room. Notice that in the first

step, d1 stays unmatched since there not exists a partner to form a blocking pair for the

matching in the room. Then, d1 is excluded from the set of agents. Suppose that in step

2, hospital h2 is chosen and invited to enter the stable room. In this case h2 and d1 form a

blocking pair for the existing matching. Then, in step 2 doctor d1 is matched to hospital h2.

Hospital h2 is excluded from the set of agents.

Assume now that in the third step, doctor d2 is chosen. Since hospital h2 is matched

to her most preferred mate, when d2 enters the room there exists no blocking pair for the

matching in the stable room. Doctor d2 is excluded from the set of agents. In step 4, hospital

h1 is chose and invited to enter the room. Then, hospital h1 and doctor d2 form a blocking

pair for the existing matching in the room. Doctor d2 is matched to h1. Finally, the outcome

17
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generated by the sequence (i1, i2, i3, i4) = (d1, h2, d2, h1) is the deterministic stable matching

RO(u) = µ′.

For this market there exist 24 sequences of agents. For those sequences in which i1 and i2

are doctors, the outcome is RO(u) = µ′. This result is also obtained if i1 and i3 are doctors

and if i1 and i4 are hospitals. This way, there exists 12 sequences which lead to µ′. The

other 12 sequences lead to RO(u) = µ.

The lottery ᾱ, which characterizes the final outcome, is such that ᾱµ = 1
2
= ᾱµ′ . Finally,

ᾱ induces the random matching ϕᾱ(u) with

ϕᾱ(u) =

[
ϕᾱ(u)d1

ϕᾱ(u)d2

]
=

[
1
2

1
2

1
2

1
2

]
.

Doctor d’s random matching is ϕᾱ(u)d = (ϕᾱ(u)d,h1 , ϕ
ᾱ(u)d,h2) and ϕᾱ(u)d,h is the prob-

ability that d ∈ D is matched to hospital h ∈ H trough RO mechanism.

The next example shows that some deterministic stable matchings may not be generated

by Employment by Lotto and the Random Order mechanism.

Example 4 (Klaus and Klijn, 2006). Consider a market (u) with 3 doctors, 3 hospitals and

an utility profile u given in Table 4. Hospitals h1, h2 and h3 has quota 1.

Doctors Hospitals

ud1(h1) > ud1(h2) > ud1(h3) uh1(d3) > uh1(d2) > uh1(d1)

ud2(h3) > ud2(h1) > ud2(h2) uh2(d2) > uh2(d1) > uh2(d3)

ud3(h2) > ud3(h3) > ud3(h1) uh3(d1) > uh3(d3) > uh3(d2)

Table 4. utility profile u in Example 5.

In this market the set of deterministic stables matchings are S(u) = {µ, µ′, µ′′}, where

µ =

(
h1 h2 h3

d1 d3 d2

)
, µ′ =

(
h1 h2 h3

d2 d1 d3

)
y µ′′ =

(
h1 h2 h3

d3 d2 d1

)
.

Notice that at µ each doctor is matched to her most preferred hospital and at µ′′ each

hospital is matched to her most preferred doctor. Then, it is easy to see that using Em-

ployment by Lotto, whenever i1 is a doctor, then EL(u) = µ. Likewise, whenever i1 is a

hospital, then EL(u) = µ′′. Hence, Employment by Lotto produces a lottery α∗ ∈ ∆(M)

such that α∗
µ = 1

2
= α∗

µ′′ . Klaus and Klijn (2006) shows that for this market, the Random

Order mechanism produces a lottery ᾱ ∈ ∆(M) such that ᾱµ = 1
2
= ᾱµ′′ . Finally, for both

mechanisms the probability assigned to µ′ is zero.
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5.4. Doctor Serial Dictator (D-SD)

Roth (1982) presents a deterministic efficient and strategy-proof mechanism, that can be

generalized as a random serial dictatorship which considers only preferences for one side of

the market. If the preferences of doctors are taken into account, the following idea describes

the process of this mechanism. Agents are unmatched in the inicial step. A doctor is drawn

randomly and matched to her most preferred hospital. If this hospital fills her quota after

being matched, both agents are excluded. Otherwise, if the hospital does not fill her quota,

only the doctor is excluded. In the next step, another doctor is drawn randomly and matched

to her most preferred hospital among the remaining ones. This process continues and ends

when the set of doctors is empty.

Doctor Serial Dictator

For a market (u), set D0 := D, H0 := H, µ0 such that for each i ∈ D ∪H, µ0(i) = ∅, and t := 1.

Step t : Choose randomly a doctor dt from the set Dt−1.

Suppose dt = d ∈ D.

Match doctor d to her most preferred hospital h∗ among Ht−1. Define µt(d) := h∗, µt(h
∗) := µt−1(h

∗) ∪ d

and, for all i ∈ (Dt−1 ∪Ht−1)\{d, h∗}, µt(i) := µt−1(i). Set Dt := Dt−1\dt.
If |µt(h

∗))| = qh∗ , set Ht := Ht−1\h∗. Otherwise, set Ht := Ht−1.

If Dt = ∅, stop and define DSD(u) := µt. Otherwise, go to step t := t+ 1.

This mechanism ends in exactly |D| steps. The process generates a random sequence of

doctors (d1, ..., d|D|) whose final (or observable) result is a deterministic efficient matching

DSD(u) ∈ P (u). The set of sequences of doctors is equal to the set of permutations of all

doctors and is denoted by Σ̂. As a consequence, |D|! = |Σ̂|. In addition, for each µ ∈ M,

let Σ̂µ ⊆ Σ̂ be the set of sequences (possibly empty) which lead to µ. Denote σ̂µ = |Σ̂µ|.
The outcome of this mechanism is characterized by the lottery α̂ = (α̂µ)µ∈M such that

for each µ ∈ M, the probability DSD(u) = µ is equal to α̂µ = σ̂µ

|D|! . It is possible that there

exists a deterministic matching µ′ ∈ M such that Σµ′ is empty and then α̂µ′ = 0. The next

example shows the process followed by the Doctor Serial Dictator mechanism.

Example 5. Consider the market (u) presented in Example 2. Recall that in this market

there are 3 doctors, 2 hospitals and utility profile u given in Table 2.

Suppose doctor d3 is chosen in the first step of the Doctor Serial Dictator mechanism.

Then, d3 is matched to her most preferred hospital. In this case, d3 is matched to hospital

h1. Doctor d3 is excluded from the set of doctors. Since h1 did not fill her quota after being

matched to d3, this hospital remains among the available alternatives for doctors.
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Assume now that d1 is chosen in step 2. Doctor d1 is matched to her most preferred

hospital among the remaining ones, this is, d1 is matched to h1. Doctor d1 and hospital h1

are excluded from the set of agents. Observe that hospital h1 filled her quota after being

matched to d3 and d1. Finally, doctor d2 is matched to her most preferred hospital among

the reduced set of hospitals, this is, d2 is matched to hospital h2. The random sequence

(d3, d1, d2) generates the deterministic matching DSD(u) = µ (see Example 2). Is easy to

notice that in this market, all sequences of doctors lead to DSD(u) = µ. Then, the Doctor

Serial Dictator produce a lottery α̂ such that α̂µ = 1.

6. Results

Proposition 1. The Compulsory Social Service mechanism, ϕcss, is not ex-post stable.

Proof. The market used in this proof is borrowed from Roth (1985). Consider a market (u)

with 4 doctor, 3 hospitals and utility profile u given in Table 5. Hospital h1 has quota 2 and

hospitals h2 and h3 have both quota 1. Let r ∈ R be the unique region in this market, so

H = Hr and D = Dr.

Doctors Hospitals

ud1(h3) > ud1(h1) > ud1(h2) uh1(d1) > uh1(d2) > uh1(d3) > uh1(d4)

ud2(h2) > ud2(h1) > ud2(h3) uh2(d1) > uh2(d2) > uh2(d3) > uh2(d4)

ud3(h1) > ud3(h3) > ud3(h2) uh3(d3) > uh3(d1) > uh3(d2) > uh3(d4)

ud4(h1) > ud4(h2) > ud4(h3)

Table 5. Utility profile u in Prosition 1.

For this market, CSS mechanism generates a random matching ϕcss(u) such that for each

d ∈ D,

ϕcss(u)d = (ϕcss(u)d,h1 =
1
2
, ϕcss(u)d,h2 =

1
4
, ϕcss(u)d,h3 =

1
4
).

Notice that the set of all deterministic stable matchings is S(u) = µ, where

µ =

(
h1 h2 h3

d3, d4 d2 d1

)
.
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If the random matching ϕcss(u) is ex-post stable, it must be induced by a lottery α ∈ ∆(M)

such that Sop(α) ⊆ S(u). Suppose ϕcss(u) is induced by α, this is, for each d ∈ D and

h ∈ H, ϕα(u)d,h = ϕcss(u)d,h. However, note that for d4 ∈ D,

ϕα(u)d4,h1 = 1 > ϕcss(u)d4,h1 =
1
2

Finally, for this market there is no a lottery which induces the random matching ϕcss(u) and

whose support includes only deterministic stable matchings. Then, CSS mechanism is not

ex-post stable.

�

Proposition 2. ϕcss is not ex-post efficient.

Proof. The market used in this proof is borrowed from Pais (2008). Consider a market (u)

with 2 doctors, 2 hospitals and utility profile u given in Table 6. Hospitals h1 and h2 have

both quota 1. Let r ∈ R be the unique region in the market, so H = Hr and D = Dr.

Doctors Hospitals

ud1(h1) > ud1(h2) uh1(d1) > uh1(d2)

ud2(h2) > ud2(h1) uh2(d2) > uh2(d1)

Table 6. Utility profile u in Prosition 2.

For this market, CSS mechanism generates a random matching ϕcss(u) such that for each

d ∈ D,

ϕcss(u)d = (ϕcss(u)d,h1 =
1
2
, ϕcss(u)d,h2 =

1
2
).

Notice the set of deterministic efficient matchings is P (u) = µ, where

µ =

(
h1 h2

d1 d2

)
.

If the random matching ϕcss(u) is ex-post efficient, it must be induced by a lottery α ∈ ∆(M)

such that Sop(α) ⊆ P (u). Suppose ϕcss(u) is induced by α, this is, for each d ∈ D and h ∈ H,

ϕα(u)d,h = ϕcss(u)d,h. However, note that for d1 ∈ D,

ϕα(u)d1,h1 = 1 > ϕcss(u)d1,h1 =
1
2
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Finally, for this market there is no a lottery which induces the random matching ϕcss(u) and

whose support includes only deterministic efficient matchings. Then, CSS mechanism is not

ex-post efficient.

�

Proposition 3. ϕcss is not doctor-strategy-proof.

Proof. Consider the market in Example 1. Suppose the utility profile u, given in Table

1, represents all agents’ true preferences. Recall that CSS mechanism generates a random

matching ϕcss(u) such that for d1 ∈ D,

ϕcss(u)d1 = (ϕcss(u)d1,h1 =
2
3
, ϕcss(u)d1,h2 = 0, ϕcss(u)d1,h̄ = 1

3
).

Let ud1(h1) = 4, ud1(h2) = 3 and ud1(h̄) = 0. Then,

Ud1(ϕ
css(u)) = 8

3
.

Consider that doctor d1 reports u′
d1

:= u′
d1
(h2) > u′

d1
(h1) as her true preferences, with

u′
d1
(h2) = ud1(h2).

Under u′
d1
, hospital h2 is doctor d1’s most preferred hospital. If the rest of agents reveal

their true preferences, the reported utility profile is u′ = (u−d1 , u
′
d1
). Based on u′, doctors

d1 and d4 choose region r2 and doctors d2 and d3 choose region r1 to participate from CSS

mechanim. Note that for each region the number of doctors is equal to the total number of

hospitals positions, then it is no necessary to create virtual agents for any region.

For this set up, CSS mechanism generates a random matching ϕcss(u′) such that for d1,

ϕcss(u′)d1 = (ϕcss(u′)d1,h1 = 0, ϕcss(u′)d1,h2 = 1).

Then,

Ud1(ϕ
css(u′)) = 9

3
.

Finally, Ud1(ϕ
css(u′)) > Ud1(ϕ

css(u)). This shows that there are doctors with incentives

to misreport their true preferences when using the CSS mechanism; proving that it is not

strategy-proof.

�
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Theorem 2. There is no ex-post stable and strategy-proof random mechanism.

Proof. Consider the market used in Proposition 1 and suppose the utility profile u, given

in Table 5, represents all agents’ true preferences. Recall that in this market the set of

deterministic stable matching is a singleton, S(u) = µ. Let ϕ(u) be the random matching

generated by an ex-post stable mechanism ϕ.

Since ϕ is ex-post stable, the random matching ϕ(u) must be induced by a lottery α ∈ ∆(M)

such that Supp(α) ⊆ S(u). This is, for each d ∈ D and h ∈ H, ϕα(u)d,h = ϕ(u)d,h. Note

that the support of α includes only deterministic stable matchings. Because the set of

deterministic stable matchings is a singleton, it must be true that αµ = 1. That is, the

probability that the lottery α generates the deterministic matching µ is 1. Then, for h1 ∈ H,

ϕd3,h1(u) = 1, ϕd4,h1(u) = 1 and

Uh1(ϕh1(u)) = uh1(d3) + uh1(d4).

Suppose now that hospital h1 reports u′
h1

:= u′
h1
(d1) > u′

h1
(d4) > u′

h1
(d2) > u′

h1
(d3) as her

true preferences. Additionally, consider that u′
h1
(d1) = uh1(d1) and u′

h1
(d3) = uh1(d3).

Under u′
h1
, doctor d1 and doctor d4 are respectively hospital h1’s first and second preferred

mates. If the rest of agents reveal their true preferences, the reported utility profile is

u′ = (u−h1 , u
′
h1
). Based on u′, the set of deterministic stable matchings is S(u′) = {µ, µ′},

with

µ =

(
h1 h2 h3

d3, d4 d2 d1

)
and µ′ =

(
h1 h2 h3

d1, d4 d2 d3

)
.

Since ϕ is ex-post stable, the randommatching ϕ(u′) must be induced by a lottery α′ ∈ ∆(M)

such that Supp(α′) ⊆ S(u′). Using the following facts:

1. u′
h1
(d1) = uh1(d1) and u′

h1
(d3) = uh1(d3).

2. 0 ≤ α′
µ, α

′
µ′ ≤ 1, α′

µ + α′
µ′ = 1, then ϕd4,h1(u

′) = 1 and ϕd1,h1(u
′) + ϕd3,h1(u

′) = 1.

It straightforwardly follows that Uh1(ϕh1(u
′)) > Uh1(ϕh1(u)); proving that there is no ex-post

stable and strategy-proof random mechanism.

�

Theorem 3. The doctor-optimal mechanism, ϕD, is the unique ex-post stable and doctor-

strategy-proof mechanism.
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Proof. This demonstration is divided in two steps:

Step 1. Roth (1985) proves that the deterministic mechanism which yields the doctor-optimal

stable matching, ϕD, makes it a best response for each doctor to report her true preferences.

This is, there exists a deterministic ex-post stable and doctor-strategy-proof mechanism.

Step 2. This step proofs that no random mechanism, different to the doctor-optimal one, is

ex-post stable and doctor-strategy-proof:

Consider a market (u) with 3 doctors and 3 hospitals. Suppose that the utility profile u,

given in Table 7, represents all agents’ true preferences. Hospitals h1, h2 and h3 have quota 1.

Doctors Hospitals

ud1(h1) > ud1(h3) > ud1(h2) uh1(d2) > uh1(d1) > uh1(d3)

ud2(h3) > ud2(h1) > ud2(h2) uh2(d1) > uh2(d2) > uh2(d3)

ud3(h1) > ud3(h2) > ud3(h3) uh3(d1) > uh3(d2) > uh3(d3)

Table 7. Utility profile u in Theorem 3.

For this market, the set of deterministic stable matchings is S(u) = {µD, µ}, where

µD =

(
h1 h2 h3

d1 d3 d2

)
and µ =

(
h1 h2 h3

d2 d3 d1

)
.

Note that the deterministic stable matching µD is doctor-optimal. Hence, it must be gener-

ated with probability 1 by the doctor-optimal mechanism, ϕD, which is doctor-strategy-proof.

Let ϕ be an ex-post stable random mechanism such that ϕ(u) �= ϕD(u); this is, the random

matching ϕ(u) must be induced by a lottery α ∈ ∆(M) such that Supp(α) ⊆ S(u), with

0 ≤ αµD , αµ ≤ 1, αµD + αµ = 1 and αµD �= 1. Then, for d1 ∈ D,

ud1(h1) > Ud1(ϕd1(u)) ≥ ud1(h3).

Suppose doctor d1 reports u′
d1

:= u′
d1
(h1) > u′

d1
(h2) > u′

d1
(h3), with u′

d1
(h1) = ud1(h1).

Under u′
d1
, hospitals h2 and h3 are respectively doctor d1’s second and third preferred mates.

If the rest of agents reveal their true preferences, the reported utility profile is u′ = (u−d1 , u
′
d1
).

Based on u′, the set of deterministic stable matchings is S(u′) = {µD}. Finally,
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Ud1(ϕd1(u
′)) = ud1(h1) > Ud1(ϕd1(u)).

This proves that the unique ex-post stable and doctor-strategy-proof mechanism is the

doctor-optimal mechanism.

�

Theorem 4. There is an ex-post efficient and strategy-proof mechanism.

Proof. The next demonstration is similar to that given by Roth (1982). Consider the

Doctor Serial Dictator mechanism (see section 5.4). For all random sequences of doctors

(d1, d2, ...., d|D|), this mechanism matches doctor d1 to her most preferred hospital, doctor d2

to her most preferred hospital among the remaining ones, and so on until doctor d|D|. Truth-

ful preference revelation is clearly a best response for each doctor. Notice that truth telling is

also best response (although degenerately) for each hospital, since their preferences have no

influence in the process nor the outcome. Though the lottery α̂ ∈ ∆(M), which character-

izes the outcome of this mechanism, may give positive probability to deterministic unstable

matchings, its support includes only deterministic efficient matchings, Supp(α̂) ⊆ P (u).

�

Remark 2. The Doctor Serial Dictator mechanism is not ex-post stable.

Proof. Theorem 2 shows that there is no ex-post stable and strategy-proof mechanism and

Theorem 4 says that the Doctor Serial Dictator mechanism is strategy-proof, then it can not

be ex-post stable.

�

Table 8 summarizes the results in this paper.

CSS EL RO D-SD

Ex-post Stability — (P1) + + — (R2)

Ex-post Efficiency — (P2) + + + (T4)

Strategy-proofness — (P3) — (T2) — (T2) + (T4)

Doctor-strategy-proofness — (P3) — (T3) — (T3) + (T4)

Table 8. Summary of Results. In this table (Tk) refers to
Theorem k, (Pk) refers to Proposition k and (Rk) refers to Remark k.
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7. Concluding Remarks

A many-to-one two-sided matching market has been studied in this paper, the Compul-

sory Social Service market for physicians in Colombia. Due to coyuntural problems, the

CSS mechanism, which randomly matches doctors to hospitals, is used in this market. It

was shown that this mechanism is not ex-post stable (Proposition 1), not ex-post efficient

(Proposition 2) and is not doctor-strategy-proof (Proposition 3).

Mechanisms that generate random outcomes and preserve desirable properties were pre-

sented: Employment by Lotto, the Random Order mechanism and Doctor Serial Dictator.

The first two mechanisms are ex-post stable; a property that has been highlighted because of

its theoretical and practical importance. Another equally important property for matching

mechanisms is the strategy-proofness of results. For instance, in this paper evidence was

presented about the strategic behavior assumed by doctors in the Compulsory Social Service

market.

The two-sided matching literature has found that exists a trade-off between stability and

strategy-proofness of results for deterministic mechanisms. Here is shown that this trade-off

is also present if random mechanisms are considered. Specifically, it was demonstrated that

there is no mechanism which is both ex-post stable and strategy-proof (Theorem 2).

Although, there is not an ex-post stable and strategy-proof mechanism, the literature

has shown that the doctor-optimal mechanism is doctor-strategy-proof. This result was

confirmed in this paper, highlighting that, in fact, this is the unique ex-post stable and

doctor-strategy-proof mechanism (Theorem 3). The previous statement does not indicate

that a strategy-proof mechanism does not exist. The Doctor Serial Dictator mechanism is

both ex-post efficient and strategy proof (Theorem 4), though clearly is not ex-post stable

(Remark 2).

An open and interesting question for two-sided markets is the existence of an ex-ante

stable and strategy-proof mechanism. Ex-ante stability concepts have been considered in

one-sided markets, in which the use of mechanisms that generates random outcomes is more

common. Manjunath (2013) studies concepts of ex-ante stability in two-sided matching

problems, but do not consider if there is a trade-off between these concepts and strategy-

proofness.
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