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-¿Que importa como me sent́ı si ya lo presente?

-¡Ah pues....
...para saber si toca seguir orando!

Dedicated to my mother...

iv



Contents

List of figures viii

Acknowledgements ii

Abstract iii

1 Introduction 1

2 Genetic Circuits, History, State of The Art and Future Projections 4

2.1 Genetic Circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 The architecture of genetic circuits . . . . . . . . . . . . . . . . . . . . 8

2.3 The noise problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3 Statement of the Problem and Deterministic Approach 17

3.1 Statement of the Problem: A simple, Double Negative, Feedback Loop 17

3.2 The reaction-rate equations . . . . . . . . . . . . . . . . . . . . . . . . 20

3.3 An externally controlled circuit . . . . . . . . . . . . . . . . . . . . . . 23

4 Stochastic Nature: Intrinsic and Extrinsic Noise 30

v



4.1 Analytical Approaches . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.1.1 The Master Equation and Intrinsic Noise . . . . . . . . . . . . . 32

4.1.2 The Transition Probability Matrix . . . . . . . . . . . . . . . . 35

4.2 The Exact Stochastic Simulation (ESS) . . . . . . . . . . . . . . . . . . 39

4.2.1 Simulating a Realization of an Stochastic Process . . . . . . . . 39

4.3 Results of the ESS for an Externally Controlled Double Negative Feed-

back Network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.3.1 The Effect of Intrinsic Noise . . . . . . . . . . . . . . . . . . . . 44

4.3.2 Effect of Dimerization in the Propensity for Transitions between

ON and OFF States. . . . . . . . . . . . . . . . . . . . . . . . . 52

4.3.3 Effect of The Burst Nature of the Protein Production in the

Propensity for Transitions between ON and OFF States. . . . . 54

5 An Example System: The Galactose Uptake Network in Yeast 58

5.1 Galactose Circuit in Absence of Dimerization . . . . . . . . . . . . . . . 61

5.2 Galactose Circuit Dimerization Included . . . . . . . . . . . . . . . . . 76

6 Experimental Procedures 79

6.1 Strain Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

6.1.1 General protocol for knocking Gal2 on MA173 and MA099 . . . 81

6.2 Flow Cytometer Measurements . . . . . . . . . . . . . . . . . . . . . . 83

6.2.1 Characterization of the stabilization times . . . . . . . . . . . . 83

vi



6.3 Changes in growth rates and cooperativity . . . . . . . . . . . . . . . . 87

7 Discussion and Conclusions 92

8 Publications 96

A Monostability of the Closed Circuit 97

B Moment Generating Function Differential Equation 99

C Examples of the Exact Stochastic Simulation 104

C.1 Isomerization case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

C.2 The Lotka-Volterra reactions . . . . . . . . . . . . . . . . . . . . . . . . 105

C.3 The Brusselator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

D Simplification of the reaction-rate equations for the galactose circuit109

E Experimental Details 123

E.0.1 Gentotypes of the strains employed and obtained . . . . . . . . 123

E.0.2 Primers employed for the plasmid modification . . . . . . . . . . 124

Bibliography 125

vii



List of Figures

2.1 E. coli transcription interactions network . . . . . . . . . . . . . . . . . 8

2.2 The cancer apoptosis pathway. . . . . . . . . . . . . . . . . . . . . . . . 9

2.3 The lac operon . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.4 The lambda repressor in E. coli . . . . . . . . . . . . . . . . . . . . . . 12

3.1 Simple Sketch of a double negative feedback chemical system . . . . . . 19

3.2 Monostability of the closed, abstract circuit. . . . . . . . . . . . . . . . 23

3.3 Open Circuit simple cartoon . . . . . . . . . . . . . . . . . . . . . . . . 24

3.4 Steady state curves for the closed circuit . . . . . . . . . . . . . . . . . 26

3.5 Atractors for the open abstract circuit . . . . . . . . . . . . . . . . . . 28

3.6 Bistable phase space in the open abstract circuit . . . . . . . . . . . . . 29

4.1 Deterministic phase space for the open, abstract circuit . . . . . . . . . 44

4.2 Time evolution of the abstract circuit’s species X and Y . . . . . . . . . 46

4.3 Time evolution of the abstract circuit’s species X and Y (Part 2) . . . . 47

viii



4.4 Histograms for the abstract, open circuit Y protein . . . . . . . . . . . 48

4.5 Deterministic and stochastic phase spaces comparison for the open circuit. 49

4.6 Number of transitions in the bistable region produced by intrinsic noise 50

4.7 Number of transitions in the bistable region produced by intrinsic noise

(Zoom) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.8 Number of transitions in the bistability region produced by intrinsic

noise when dimerization is included. . . . . . . . . . . . . . . . . . . . . 53

4.9 Number of transitions in the bistability region produced by intrinsic

noise when dimerization is included. Part 2. . . . . . . . . . . . . . . . 55

4.10 Number of transitions in the bistability region when both, burst and

dimerization are included. . . . . . . . . . . . . . . . . . . . . . . . . . 57

5.1 Wild type galactose circuit. . . . . . . . . . . . . . . . . . . . . . . . . 59

5.2 Galactose circuit without dimers. . . . . . . . . . . . . . . . . . . . . . 61

5.3 Galactose circuit with Gal80p externally controlled and Gal2p knocked

out . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.4 Two attractors of our in-vivo system . . . . . . . . . . . . . . . . . . . 67

5.5 Gal3p and Gal80p time evolution from the ESS . . . . . . . . . . . . . 69

5.6 Gal3p histogram . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.7 Comparison of the galactose circuit phase spaces . . . . . . . . . . . . . 71

5.8 Events evolution at at transition . . . . . . . . . . . . . . . . . . . . . . 72

5.9 Family of potentials, from high monostable to bistable to low monostable. 73

ix



5.10 Fluctuating Potential analogy . . . . . . . . . . . . . . . . . . . . . . . 78

6.1 Architecture of the implemented circuit to externally control Gal80p

production . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

6.2 Plasmid pAG25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

6.3 Galactose circuit with Gal80p externally controlled and Gal2p knocked

out . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

6.4 MA188’s Bistability region by Acar . . . . . . . . . . . . . . . . . . . . 84

6.5 Points in the phase space for MSy008 obtained with Acar’s protocol . . 85

6.6 Comparison of stabilization periods of MSy008 and MA188 . . . . . . . 86

6.7 Experimental Phase Space 1 . . . . . . . . . . . . . . . . . . . . . . . . 89

6.8 Experimental Phase Space part two . . . . . . . . . . . . . . . . . . . . 90

6.9 Growth rates and cooperativity . . . . . . . . . . . . . . . . . . . . . . 91

C.1 First example of the ESS: Isomerization. . . . . . . . . . . . . . . . . . 105

C.2 Second example of the ESS: The Lotka-Volterra equations . . . . . . . 106

C.3 Third example of the ESS: The Brusselator. . . . . . . . . . . . . . . . 108

D.1 Schematic representation of the complete galactose circuit . . . . . . . 109

x



Contents

i



Acknowledgements

First of all to my advisors, Juan Manuel Pedraza for his infinite reservoir of patience,

his leadership and confidence. To Chad Leidy for his dynamism and endless motivation

and because he had courage enough to enter a new field. To Alejandro Valdivia for

his opportune commentaries and optimism. Not even a colon of this work would have

been possible without their help.

To Dr Alexander van Oudenaarden from MIT because he opened his lab’s doors for

us and allowed us to conduct the experimental part. To Murat Acar for providing us

with the initial strains from which we derived ours.

From the University of los Andes: To Maier for his help in the strains construction.

To the CEIBA group because of their partial support for our trip to MIT. To the

Facultad de Ciencias team, because the support they gave us with two Proyecto Semilla

Awards.

To Paola, because she waited for me.

To my family, Linda, Andres and my mother. Because I love them.
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Abstract

Background: Gene Regulatory Networks (GRN) are the ubiquitous control systems of

cells. Their architecture usually exhibits intricate both negative and positive feedback

mechanisms that allow the cell to tweak its phenotype to different environments. Their

proper functioning is crucial for cell’s fate, and has been related to memory, decisions

making, embryonic development and several areas of medicine. Multiple sources of

noise appear concomitantly to affect the operation of these circuits.

Outline: We investigate the dynamics of a general, abstract, double negative feed-

back loop network. This topology is characteristic of GRN presenting bi-stability. The

noise contributions are divided in three kinds as intrinsic, extrinsic, and global. For

each of these contributions, we have assayed its effect on a chosen observable of the

network: the transition rates between the stable states. We do this, by implementing

an algorithmic approach equivalent to solving the master equation. We compare the

algorithm results with the predictions of a deterministic model built for the same ab-

stract circuit. In order to check the in-vivo validity of our conclusions, a network that

maps exactly to our model architecture is engineered and examined both in−silico and

in−vivo. Finally, a useful analogy with an effective fluctuating potential is introduced

that should allow rapid intuition on the overall behavior of any GRN.

Conclusions: Our observations make evident that in the circuit at hand, intrinsic

noise alone can originate very different behaviors from those expected from a deter-

ministic, continuous perspective. The differences can include presenting multi-stability

in regions of the experimental phase space where a classical continuous analysis would

iii
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yield a mono-stable solution. For both the abstract model and the specific example

system, we deduce that dimerization plays an efficient role for intrinsic noise filtering.

Therefore, an additional source of noise has to be introduced in order to account for

the transitions between the stable states of an experimental realization of our GRN.

Surprisingly, in our model organism, this new source of noise is self induced. It appears

in the form of big bursts in the production of the involved proteins.



Chapter 1

Introduction

The study of living matter from a deterministic perspective has always been a per-

plexing challenge. In contrast to the lifeless universe, biological systems self-replicate,

adapt, evolve and organize. Embedded in chaotic, highly noisy environments, they

manage to copy their information. Ruled by a constant tendency to increase entropy

in the universe, they augment their complexity. Although this pattern seems to be a

little counter intuitive, they thrive and interact in smooth harmony with the inanimate

world.

Is there any fundamental difference between the laws that govern living and inert

systems? The answer is: not at all. Instead, every known organism is made of the

same set of particles that forms every solid, liquid, or colloid on earth. These particles

interact in living matter by the same array of laws that heretofore have proven to rule

all cosmos, the laws of physics. Thence, given that the fundamental ingredients and

interactions are the same, one must admit that life, with all its strange properties, is

only a phenomenon of conditions and organization.

1
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In the past years this last assertion has been corroborated extensively, both exper-

imentally and theoretically, at the cellular level. Numerous cellular processes in many

organisms have been linked to networks of interaction between proteins and Ribonucleic

Acids. These networks have in general a common pattern: They always have a flow of

energy that establishes a cycle[1]. The range of complexity is very broad. It can go from

a few proteins, no ribonucleic acid included, as is the case of some Kai proteins network

in cyanobacteria[2]; to networks that interact with other similar networks at a larger

scale, as occurs in most animals nervous systems. From the study of these networks,

a good deal of qualitative understanding of cellular regulatory processes has been ob-

tained. Important examples are the Programmed Cell Death Mechanism discovered by

Robert Horvitz and nowadays linked to cancer[3]; or the applications in bioengineering

in which E. Coli strains are modified to serve as multi-task robots[4],[5],[6]. In this

work, we shall concentrate our efforts in studying an example of an important type of

network: The Gene Regulatory Network, (GRN). These networks operate as circuits in

intracellular environments and are fundamental for cell survival and fate. They provide

robustness and adaptability and are responsible for regulation of gene expression. Their

architecture usually has a set of common traits. First, an external, triggering stimulus

is detected; second, a number of negative protein interactions occurs that ends with

the expression of a given region in DNA; third, after the gene is expressed the response

to the stimulus is tuned and it serves as feedback for tweaking more gene expression,

and so on.

Quantitative understanding of GRN remains elusive. Even in the most simple

systems with very few protein species involved, both the dynamics and the steady

state behavior can be very difficult to predict. This is due, generally speaking to the

following reasons: a) The number of agents present in a cell can range from a few

units to several thousands. And hence, it is usually not large enough to be treated as
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a continuous variable, nor small enough to allow discrete manipulation. b) The main

focus of classical statistical mechanics has been systems in equilibrium; and therefore,

there is an inconvenient lack of appropriate mathematical frameworks that describe

precisely and efficiently the fluxing situations found in biological systems. c) The field

of systems biology, which is involved in characterizing these networks is still in its

infancy. Useful experimental techniques are just beginning to emerge and most of the

networks have not yet been fully elucidated. d) Very frequently, for a given network,

it is necessary to examine its behavior in vivo, and this makes it difficult to work in a

modular way in which the role of a given interaction or set of interactions is separated

from the rest.

The last assertion brings another important player into stage: Noise. No single

set of interacting molecules in any biological system can be considered isolated from

the rest of the system. Instead, every network has to accomplish its task while being

altered by signals from other networks, extracellular surroundings, or even from the

same circuit. Most of those signals do not contribute to achieve the task and so we

call it noise. Its apparent lack of purpose does not imply that noise can be ignored.

On the contrary, it can affect significantly the behavior of the network. For example,

some deterministically monostable systems can exhibit multistability exclusively due

to the presence of noise [7]. Also, noise is known to trigger transitions between multiple

phenotypic states engendered by a given molecular network. Most of this work will be

focused on the effects of noise on Gene Regulatory Networks.



Chapter 2

Genetic Circuits, History, State of
The Art and Future Projections

1The discovery of the DNA molecule structure in 1953 by Watson and Crick, established

a turning-point in the way life was regarded; for it touched the central questions of its

nature and origin. The suggestion that such an origin may have certain divine character

was replied with a very concise answer that we shall put here in Watson’s words:

“The double helix answered with a definitive ‘No’, Its message is downright

prosaic: life is simply a matter of chemistry.”

Although this statement is very clear, it is by no means a complete answer. The

DNA structure, made apparent the way genetic information is stored. The base pairs

alphabet together with its organization in a given genome, replicated the hereditary

hard drive of an organism. The double helix had the architecture of a mould and thence

could explain the way genetic material duplicates. Due to its ubiquitousness, it set a

common origin for all living forms and supported Darwin´s theory from a molecular

1This is a very colloquial introduction to the field of synthetic biology that was put in order to
show the complete framework in which GRN arise. In you are already familiar with modern molecular
biology, you can jump directly to the section called “The noise problem”

4



5

perspective. However, it made very few statements on how this information is man-

aged and regulated. For example, how a liver and a hair cell, having the same DNA

do to behave so differently? And how do you take into account the non phenotypic

information that every living system has? For instance, does DNA also have the infor-

mation that tells a unicellular organism when to change from eating some sugar in its

surroundings to another completely different one? Or does the DNA store information

on when a bacteria should move to a more favorable environment?

The first insight into the mechanism by which the information contained in DNA is

managed and where the non phenotypic, regulatory information comes from, was given

by Jacques Monod and François Jacob. In an beautifully written paper [8], assuming

that DNA was also responsible for the storage of information regarding regulatory and

non phenotypic processes, they deduced the existence of the messenger RNA (mRNA).

They suggested that mRNA was a template molecule that traveled from DNA to a

kind of intra-cellular workshop. Once there, mRNA would wind as a magnetic tape on

a reel. Each lecture of the tape produced a new copy of the protein whose structure

was coded on the DNA gene that originated the tape. This messenger was not long

lasting, and degraded after a few copies were made. Thence, for continuous protein

activity to be maintained, new messengers had to be synthesized. In order to avoid

over population, some proteins would repress the production of messengers; presenting

in this manner a negative feedback nature. Monod and Jacob separated genes into two

types, regulatory and structural. The regulatory genes behave either as activators or

repressors for the expression of the structural genes. They could also regulate their

own expression, acquiring in this way a circuit character. Monod, Jacob and Lwoff,

a microbiologist who had worked in parallel in the same subject and joined them

later, were awarded the Nobel prize in Physiology or Medicine in 1965. In their model

system, Escherichia coli, the set of regulatory genes was called the Operator, and the
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operator plus its correspondent structural genes were called the Operon. Today it is

well established that the same basic principle applies to all living organisms.

2.1 Genetic Circuits

The work of Monod and Jacob exhibited an unimpeachable logic that lacked experimen-

tal framework. In their times, there was not enough practical experimental techniques.

This is obviously necessary when quantification of the expression of a gene is desired.

Besides, an efficient method for isolating one gene of an organism and inserting it into

another was nonexistent. This experimental tool is essential because very frequently

one needs to insert a modification in a region of DNA that changes the architecture of

a given GRN. Many experimental techniques had to be developed before GRN could

be assessed quantitatively.

Two important inventions are the PCR (Polymerase Chain Reaction) devised by

Kary Mullis during the eighties; and the realization that some Green Fluorescent Pro-

teins (GFPs) of the jellyfish Aequorea victoria can be used as markers for other proteins.

PCR is used to amplify a chosen DNA section and is necessary to cut and paste pieces

of nucleic acids from one organism to another. It earned Mullis the Nobel award in

chemistry in 1993. The jellyfish GFPs gave origin to a wide range of fluorescence tech-

niques employed today to tag proteins whose synthesis is somehow controlled. These

techniques are extremely useful in quantitative biology. They offer an invaluable tool

for experimentally estimating chemical intracellular populations. They also serve for

measuring the steepness of cellular response to different external stimuli or environ-

mental conditions. This fact, together with the availability of the complete genome

sequences of several organisms that emerged during the last decade, has created an

explosion in the research on the GRN whose existence was predicted by Monod and
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Jacob.

Today, GRN are known to be omnipresent. They are found to be involved in

the control and regulation of every physiological process in cells. That includes the

life’s self-replicating, adaptation and survival traits mentioned at the beginning of this

work. Several thousands of regulatory networks have been identified in many organism.

As an example, figure 2.1 shows part of the Escherichia coli’s transcription network.

Another example is the apoptotic (programmed cell death) signaling in response to

DNA damage, appearing in mice and humans, and depicted in figure 2.2.

Genetic circuits have also changed the way life is seen. Nowadays, cells are re-

garded as sophisticated processors of information, capable of answering to different

environments in a robust manner. The architecture of their control mechanisms is

very ingenious and variegated. It is of course the same architecture of genetic circuits,

and will be briefly explained in the next section. This new “mindset” for life has also

broadened our possibilities. Life is now a systems problem; a problem of scales, of

organization, and architecture, something that can, in principle, be modeled in a com-

puter. From that perspective, life can also be engineered, from its most fundamental

parts.

That means in fact, that we can engineer our own organisms. We can simply “cut”

and “paste” some connections in a given cell’s genetic circuit and therefore remodel the

dynamics of that circuit. This way we can change the phenotypic response pattern of

the cell and of all its future offspring. In this work for instance, several strains of the

yeast Saccharomyces cerevisiae have been modified; and then mated in order to obtain

a new strain with the exact design of our theoretical and numerical assumptions. And

that is a very modest example. Some circuits, generally in bacteria, can have outputs

identical to those of logical gates. Some of them exhibit memory. And some have



8

Figure 2.1: A network that represents about 20% of the transcription interactions in the
bacterium E. coli. Nodes are genes of groups of genes coded on the same mRNA called
operons. An edge directed from node X to node Y indicates that the transcription
factor encoded in X regulates operon Y. This network describes direct transcriptional
interactions compiled in many laboratories. (Figure taken from [9])

oscillatory behavior. By treating those circuits as modular parts, much more complex

networks can be devised. Two already famous examples are the bacterial toggle switch

designed by Collins [10], and the bacterial ring oscillator or repressilator by Elowitz[10].

2.2 The architecture of genetic circuits

Until now we have dealt with Gene Regulatory Networks (GRN) by introducing their

roles in cells and applications to technology. Here we shall attempt to give a more

formal definition. A gene regulatory network is the set of all the reactions and chemical
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Figure 2.2: DNA damage activates the caspase cascade resulting in cell suicide. Caspase
proteins convey the apoptotic signal in a proteolytic cascade in which other caspases
are activated and therefore other cellular targets are degraded leading to cell death.
Figure taken from http://www.biocarta.com

agents that are involved in the expression of a set of genes, and the production of their

associated proteins as a response to an external or internal stimulus. The involved

chemical agents usually belong to the following list: a) The genes, DNA sequences

that are translated into mRNAs. b) mRNAs, the form of RNA that conveys the

genetic information from the DNA to the ribosomes. c) Proteins, organic compounds

formed by aminoacids linked together through peptide bonds and resulting from mRNA

translation. d) Chemical complexes formed from the interaction of previous agents. Of

course, a Gene Regulatory Network is a network in which the nodes are the interacting

agents and the edges are the chemical reactions.

The simplest gene network would have a promoter, the gene expressed from that
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promoter, the regulatory proteins, and their corresponding DNA binding sites that usu-

ally affect the expression of that gene. The word ‘promoter’ refers to the region of the

DNA to which the RNA polymerase binds to activate the transcription of downstream

genes. It is to the promoter that transcription factors bind. Transcription factors are

proteins that can either increase (activators) or decrease (repressors) the probability

that the cognate gene is transcribed into mRNA. A regulatory protein whose pro-

duction increases the probability of its associated mRNA to be transcribed is said to

present a positive feedback on its production. Analogously a regulatory protein whose

production decreases the probability of its mRNA to be transcribed is said to present a

negative feedback on its own production. Nice examples of both, negative and positive

feedbacks are next introduced.

The first example is the so called lac operon in E. Coli. This circuit comprises

three genes: lacZ, lacY, lacA; one repressor, LacI ; and an operator site lacO within

the lac operon promoter Plac. In the absence of lactose, lacI binds to lacO inhibiting

the expression of Plac. The inhibition takes place because lacI impedes the binding of

the RNA polymerase to the promoter region. When Lactose is around, it reduces the

associativity of the repressor to the promoter, inducing the expression of lacY, lacZ and

lacA genes. The lacY gene code for a membrane protein whose function is to import

more lactose into the cytoplasm. This circuit is therefore auto-regulated and includes

a positive feedback on the expression through the lacY gene. See figure 2.3

A second example is the lambda repressor. It is part of a bigger genetic circuit

called the lysis/lysogeny decision pathway of the lambda bacteriophage. Here, we shall

only describe briefly its architecture. It comprises the PRM promoter, three operators

OR1, OR2 and OR3. The lambda repressor binds to the OR2 operator only after it has

achieved certain critical concentration. OR2 up-regulates lambda production until it
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Figure 2.3: The lac operon in E. coli. The RNA polymerase can not bind to the
promoter unless the repressor is sequestered by the lactose sugar or one of its chemical
analogous. Figure taken from http://www.biologycorner.com

reaches a second critical concentration after which it binds to the OR3 operator. OR3

operator expression down-regulates the synthesis of PRM promoter. See figure 2.4. This

circuit has therefore a positive feedback on the production of lambda repressor through

the OR2; and a negative feedback through the the OR3 promoter.

It’s been suggested that the problem of engineering complex GRN can be attacked

in a modular way[10]. A remarkable property of such approach is the possibility of

using components from simple organism in higher complexity ones. For instance, lots

of components from prokaryote cells can be located in eukaryotes without loss of func-

tionality or interference problems with the rest of the organism [11]. The simple GRN

presented here as examples, have been transplanted in a large number of organism

already [10].

In this new systems biological networks engineering, most has still to be done.

Experimentally, the majority of pathways in higher organism are still waiting to be
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Figure 2.4: The lambda repressor in E. coli both positively and negatively regulates
its production by conjugating different affinities to three different promoters. The OR1
promoter increases the associativity of the lambda repressor to OR2 promoter. OR2
promoter activates lambda production. The OR3 promoter transcribes only at high
concentrations and inhibits the production of lambda repressor. Figure taken from
http://www.callutheran.com

discovered. Questions of the kind: How does the human immune system memorize

previous virus, parasites or other invading agents? are still a challenge. In addition,

as the engineering of GRN succeeds to create much more complex designs, the lack of

theoretical and numerical models becomes more apparent. Furthermore, it would be

very convenient to develop efficient methods for analyzing, engineering and debugging

complicated GRN. Quantitative prediction of the dynamics of genetic networks is still

in its infancy. One of the main obstacles to overcome is the problem of noise. An

introduction to this problem is the purpose of the next section.
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2.3 The noise problem

An isogenic population is a set of individuals who are genetically indistinguishable.

Such is the case of identical twins that come from the same zygote. Of course, every-

body has wondered why two identical twins that come from the same zygote are never

identical at all. They always have subtle, but noticeable differences. The same occurs

with cells: two daughter cells from the same mother share identical DNA. Why then,

do they evolve so differently? Actually, they do evolve differently. Most of the times

for example, they will reproduce at different times[12].

The answer is that although they do have the same genetic information, such in-

formation is managed individually, in a different way. This is NOT because the set of

GRN responsible for that management is different. In fact, these are also identical in

both cells. But because each of the networks that belong to that set has an intrinsic

probabilistic nature [13]. The synthesis of proteins from nucleic acids is a stochastic

event. So, total protein populations at a given time are random variables. The inter-

actions between proteins themselves are also random variables that frequently depend

on protein concentration. Consequently, the behavior of any GRN is the result of the

coupled outcomes of several random variables. When a protein is produced from a

given gene, it usually regulates the activation of other genes. There is a time delay

between the moment the first gene is expressed, and the moment the protein level is

high enough to activate the second gene. And this happens for most of genetic circuits

in all cells. All these considerations portray cellular behavior as a competitive scenario

of probabilistic outcomes. A very clear consequence is that mother and daughter cells

tend to behave synchronously, but sisters or grandmother and granddaughter cells[12]

do not.
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The probabilistic character mentioned above is important because proteins are the

signal carriers of the cell. In general, they can either stay and diffuse in the cytoplasm,

or bind to cell membrane and serve as mediators between the cell and its environment;

or they can also go out and carry long range signals to other cells. Such events are

typical of multicellular organisms. Different outcomes of one of those random variables

can represent different signals transmitted, or different responses to a given input.

Molecular distributions fluctuate in time around a certain average value. Usually, the

outcomes in those distributions that fall far from the mean are responsible for cell’s

changing between alternative phenotypes. And, through nested interactions of the

genetic circuits, they change the cell’s history too[14].

The relative magnitude of these fluctuations around an average value is what we

call noise. And it is indeed a very important observable in modern biophysics. Long

after Monod’s work, Adam Arkin in 1997 emphasized the strong effects noise can have

for the differentiation of isogenic populations. He also stressed the fact that in living

systems noise is much more important than in, for example a gas, because the number

of molecules is usually too small to be treated by continuous approximations.

Probably the first to suggest a link between noise control, and stability through

negative feedbacks were Becksei and Serrano in 2000. By implementing small negative

circuits, composed of a regulator and a transcriptional repressor in E Coli, they showed

a decrease in of the range over which the average number of chemical agents fluctuated.

All GRN are noisy devices, both in input and output. A very fundamental question

one can ask is: Given a genetic circuit in which N molecules interact through M chemical

channels, what are the sources of noise (proteins, reactions) that most dramatically

affect the behavior of that circuit? In other words, what is the sensibility of the circuit

to each of the parameters in its architecture? That is a very general issue that depends
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on the circuit at hand. It was however addressed in 2001 by Thattai and Oudenaarden

[14]. They suggested that for a single autoregulatory gene, the translation rate is of

crucial significance. Also, they showed that for that system, negative feedbacks are

one of the mechanisms that cells use to reduce noise strength. Later, Johann Paulsson

reinterpreted their results showing that the key event was the production of individial

mRNA molecules.

The discreetness and low numbers of the involved agents make it pointless to try to

quantify GRN from a continuous approximation. They are simply out of the scope of

calculus. In 2001, when trying to find some theoretical models that could predict the

behavior of some simple circuits, Kepler and Elston [15] found very different predictions,

even in a qualitative extent, the from deterministic differential equations and numerical

simulations. This observation has been reported by many researchers thereafter.

One of the first that experimentally attempted to quantify noise was Michael

Elowitz. In 2002 he devised strains of E. coli that allowed him to measure extrin-

sic and intrinsic fluctuations. The terms intrinsic and extrinsic noise separate in a

given circuit the noise due to the parts of the circuit and the noise transmitted from

other circuits respectively. To measure these differences, Elowitz implanted two dif-

ferent fluorescent proteins CFP and YFP controlled by identical regulatory sequences.

Then he analyzed the correlations between the colors, assigning the uncorrelated part

to intrinsic noise and correlated to the extrinsic kind. The regulatory sequences were

identical because Elowitz himself designed the corresponding GRN.

The separation of noise in different kinds proved again to be useful in the work

of Pedraza and the van Oudenaarden. In 2005, they were the first to develop an

analytical method to account for noise propagation in GRN[16]. They developed a

model that predicted the time evolution of the correlations of different genes in single
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cells, as systematic perturbations were introduced. An important remark from this

work is that they mention that large reactant numbers do not constitute a sufficient

condition for fluctuations to be ignored. Typically, a protein may be present in large

numbers, and still have large fluctuations because its synthesis is controlled by a few

mRNAs molecules. Additionally, even if some of the chemical agents are present in

large numbers and receive propagated noise from other networks with low numbers.

Several theoretical efforts have been endeavored. Most of them have been attempts

to extend the classical deterministic treatment in order to incorporate fluctuations.

Linear approximations around the deterministic stable state have been undertaken[17].

Others have tried to find the time evolution of the second order moments from a

deterministic perspective[18]. However, most of the methods fail when the system

presents strong non linearities, as is the case of positive and negative feedbacks. As

the experimental data available increases, the need for effective, general and efficient

theoretical and computational models increases too. This tendency will remain as we

move from the most simple systems, as bacteria and yeast are, to more complex and

challenging ones as multicellular organism networks.



Chapter 3

Statement of the Problem and
Deterministic Approach

3.1 Statement of the Problem: A simple, Double

Negative, Feedback Loop

Consider two monomeric, chemical agents X and Y, contained in a given volume V with

a spatially uniform distribution and interacting through the following set of reactions:

Θ
kX(nX)−−−−→ bx X

Θ
kY (nX)−−−−→ by Y

X + Y
ka−→ S

S
kd−→ X + Y

X
1/τ−−→ Θ

Y
1/τ−−→ Θ

S
1/τ−−→ Θ (3.1.1)

in which S represents a dimer formed by the union of X with Y, Θ denotes a dummy

variable that does not affect the dynamics of the system, ni is the number of molecules

17
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of species i and the symbols above the arrows represent the propensities of the corre-

sponding reactions. The propensity of a reaction is the probability per unit time that

an individual realization of the reaction takes place in V. The total probability that a

given kind of reaction occurs per unit time is its propensity times the number of ways

the reaction can occur in V. The number of ways is usually a combinatory function

of the number of reactants required for the reaction. For example, for the reaction

Y
1/τ−−→ Θ, the propensity is 1/τ , and the total probability per unit time that this decay

occurs in V is (1/τ) Y . Both quantities are equal when Y = 1. The propensities depend

of the physical properties of the agents involved.

System 3.1.1 is equivalent to the following assertions:

• bx molecules of agent X are produced at a rate kX which is function of nX .

• by molecules of agent Y are produced at a rate kY which is function of nX too.

• X binds to Y to produce S with a rate ka.

• S dissociates to produce X and Y with a rate kd.

• X, Y and S can decay with a rate 1/τ .

The dependence of kX on nX endows the system with a feedback nature. That is,

the actual production of the agent X depends on the number of X molecules that were

produced before. This is why a set of reactions like 3.1.1 is of interest for biological

studies. As mentioned in the introduction, many GRN base their regulation on feed-

backs between the population of proteins and their production. Also, the dependence

of kY on nX plus the binding of X and Y gives the system a second feedback. This

one reads: the production of Y depends on previously produced molecules of Y. This is

because Y’s production depends on nX and Y sequesters X. In the biological language,
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Figure 3.1: Simple Sketch of a double negative feedback chemical system. The pro-
duction of Y is negatively controlled by X, and the amount of free X is negatively
controlled by Y. For the set of reactions 3.1.1 these two facts are due to the form of
the production functions and the existence of a sequester reaction, respectively

X and Y could be regulatory proteins. X clearly would be a repressor an Y could be

some metabolic agent.

The character of the introduced feedbacks can either be positive or negative de-

pending on the form of the functions kX(nX) and kY (nX). The usual and easiest form

of expressing a negative feedback is assuming the following form for those functions.

kX(nX) =
kxmax

1 + nX

δx

kY (nX) =
kymax

1 + nX

δy

(3.1.2)

Clearly, under this form, the productions kX(nX) and kY (nX) decrease as nX is in-

creased. And consequently, we are talking about a double negative feedback system of

reactions. A simple sketch of this double feedback architecture would be as depicted

in figure 3.1.

Systems of chemical reactions embedded in a finite volume and presenting negative

feedbacks are of special importance in cellular biology. The reason relies on the nature

of GRN, which is mainly based on repressors and inhibitors. Moreover they give to

the set of reactions the topology of a circuit. As mentioned before, these circuits co-

exist with noise. Therefore, a fundamental question to ask in order to understand the

behavior of cells is: What, within a noisy environment, is the time evolution, and steady
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state behavior of these circuits? In the present work, we shall address this question for

a system described by 3.1.1, with the production propensities given by 3.1.2, and some

variations of it.

3.2 The reaction-rate equations

The traditional way employed to study a system of reactions such as the one introduced

in the previous chapter, is to translate it to the language of differential equations. In

this context, it is assumed that the number of molecules of each reactant, can be

treated as continuous variable, whose time evolution satisfies a differential equation.

For a system with N chemical agents, there would be N differential equations. Such

equations are called the reaction-rate equations. The reaction-rate equations for our

problem are the following.

Ẋ = −X

τ
+ kd S − ka X Y +

kXmax

1 + X
δ

Ẏ = −Y

τ
+ kd S − ka X Y +

kY max

1 + X
δ

Ṡ = −S

τ
− kd S + ka X Y

Where we have used the names of the chemical agents to denote their concentrations.

In words, the first equation of system 3.2.1 says that the concentration of chemical agent

X decreases in time because it decays, and it associates to Y in order to form S; and it

increases because S dissociates forming X and Y and because X is produced depending

on its actual concentration. Similar reasoning applies for Y and S.

System 3.2.1 is more easily written when time is normalized to τ . In such case we
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obtain:

Ẋ = −X +
S

d
− α X Y +

Px

1 + X
δ

Ẏ = −Y +
S

d
− α X Y +

Py

1 + X
δ

Ṡ = −S − S

d
+ α X Y ; (3.2.1)

Where:

d =
1

kd τ

α = ka τ

Px = kXmax τ

Py = kY max τ. (3.2.2)

The first thing we do is to check the steady state behavior of equations 3.2.1. To

do this we assume Ṡ = 0 and solve for S in the third equation obtaining

S =
α X Y

1 + 1
d

.

Substituting last expression in system 3.2.1 and simplifying gives

Ẋ = −X − α dX Y

d + 1
+

Px

1 + X
δ

(3.2.3)

Ẏ = −Y − α dX Y

d + 1
+

Py

1 + X
δ

. (3.2.4)

Equations 3.2.3 and 3.2.4 represent the dynamics of the system when the sequester S

adjusts its concentration very quickly to changes in X and Y. The steady state of X

and Y are found by taking their time derivatives also equal to 0. For X we obtain

0 = −X

(
1 +

α dY

d + 1

)
+

Px

1 + X
δ

X =
Px

1 + X
δ

(
d + 1

1 + d + α dY

)
0 = X +

X2

δ
− Px

(
d + 1

1 + d + α dY

)
.
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The last equation is a second order polynomial expression whose solutions are

X =
δ

2

(
−1±

√
1 + 4

Px

δ

(
1 + d

1 + d + α dY

))
(3.2.5)

≡ Y = −(1 + d) (X2 + δ X − δ Px)

dX α (X + δ)
(3.2.6)

For the physical problem at hand, all the involved variables are non negative. Therefore

the previous equation has only one positive value of X for all values of Y. The equation

3.2.4 for Y has a similar development and the final solution is

Y =
Py

1 + X
δ

(
1 + d

1 + d + α dX

)
. (3.2.7)

Again, since X can only take positive values, 3.2.7 exhibits only one value of Y for each

value of X. These two curves intersect at a steady state point. In order to check for

the stability of this point, we make a simple plot in the plane Y vs X. We examine

the limit behaviors of the functions 3.2.5 and 3.2.7. Clearly, in 3.2.5, C ≡ limY→0 X =

δ
2

(
−1 +

√
1 + 4Px

δ

)
and limY→∞X = 0; and in 3.2.7, limX→0 Y = Py and limX→∞ Y =

0. The two plots have only one intersection that constitute an stable point as the arrows

of figure 3.2 show. The direction of the arrows is obtained by considering small changes

from the steady state values in equations 3.2.5 and 3.2.7. This stable point is unique

because on the interval [0, δ
2

(
−1 +

√
1 + 4Px

δ

)
] the derivative of the red curve is steeper

than the one of the black curve, independently of what the values of the parameters

are (See Appendix A for demonstration).

The uniqueness of the stable point, implies that no matter what are the initial

conditions of X and Y, the network 3.1.1 will always converge to the same stable

concentrations of these chemical agents.
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Figure 3.2: Monostability of the closed, abstract circuit. Steady state curves for the
equations 3.2.5 and 3.2.7 are shown. The intersection constitutes a stable point. The
uniqueness of the crossing of the two curves implies mono-stability for the circuit de-
scribed by reactions 3.1.1.

3.3 An externally controlled circuit

Experimentally, a more interesting circuit is one in which one could have certain level

of control on the production of one of the chemical agents. The set of reactions 3.1.1

can be transformed in such a circuit by “opening” the production of X. In this case,

the system diagram looks as shown in picture 3.3.

The set of reactions that induce this circuit is identical to set 3.1.1 except for the

propensity of the reaction that produces X. The new propensity is a function of time,
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Figure 3.3: Open Circuit simple cartoon. New circuit in which the production of X is
externally controlled. As indicated, Y still sequesters X and X represses the production
of Y. This circuit will prove later to be useful in noise studies.

independent of the circuit and consequently, the new reactions are:

Θ
Prod−−−→ bx X

Θ
kY (nX)−−−−→ by Y

X + Y
α−→ S

S
1/d−−→ X + Y

X
1−→ Θ

Y
1−→ Θ

S
1−→ Θ. (3.3.1)

Where now, kX(nX) = Prod. For this work’s purposes, the form of Prod is assumed to

be constant. This choice is appropriate both for analytical simplicity and for easy ex-

perimental implementation. Correspondingly, the new system of differential equations

is also identical to 3.2.1 except for a change in the production term for X. The new

equations read:

Ẋ = −X +
S

d
− α X Y + Prod

Ẏ = −Y +
S

d
− α X Y +

Py

1 + X
δ

Ṡ = −S − S

d
+ α X Y. (3.3.2)

From now on, the circuit characterized by equations 3.3.2 will be referred as “open
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circuit” and the one described by equations 3.2.1 will be called “closed circuit”. The

steady state expressions for the open circuit are found in identical fashion as before.

They are:

X =
(1 + d) Prod

1 + d + d α Y
(3.3.3)

≡ Y =
d + 1

dα

(
Prod

x
− 1

)
(3.3.4)

and

Y =
Py

1 + x
δ

(
d + 1

1 + d + α dX

)
(3.3.5)

In this case, the limits are: For X, limY→0 X = Prod and limY→∞X = 0 and for Y,

limX→0 Y = Py and limX→∞ Y = 0. For some values of the parameters, system of

equations 3.3.2 can present exhibit up to three positive solutions for both X and Y.

This is because the denominator of 3.3.3 is linear instead of quadratic. The immediate

consequence is a change on the slope of both black and red curves. The red curve

becomes less steeper and black curve more. As a result, the curves intersect more than

once. See figure 3.4.

In order to verify that the unstable point is the one in the middle and the other

two intersections are stable, it is sufficient to look at a plot Ẏ vs Y . In such graphic,

the stable points should cross the horizontal axis with negative slope. To do this,

substitution is made of 3.3.3 in 3.3.5 obtaining

Ẏ = −Y

(
1 +

dProdα

1 + d + dα Y

)
+

Py

1 + (1+d) Prod
(1+d+d α Y ) δ

(3.3.6)

3.3.6 is plotted in figure 3.5. For some values of the parameters only one crossing

with negative slope is exhibited, having thus only one stable point. At some other

values two such crossings appear, separated by a crossing with a positive slope. This

behavior is typical of systems with two stable states separated by a potential barrier.

The region of bistability in the phase space of the parameters α and Prod is presented
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Figure 3.4: Logarithmic and linear (inset) plots for the steady state curves of X and
Y in the open system. The green marks serve as reference points for the localization
of the intersections. The three intersections represent critical points of which only the
the leftmost and rightmost are stable. A notorious separation of at least two orders
of magnitude in the concentrations for the two stable states is observed. The mutual
repression of the agents is evidenced because in the stable points either X is large and
Y small, or viceversa. For this plot the chosen values of the parameters are: d = 0.001,
δ = 0.5, Py = 300,α = 1000 and Prod = 25.

in figure 3.6. There, high concentration of Y chemical agent is called ON state and

low concentration of it is called OFF state. The reason to separate α and Prod from

the rest of the parameters is that in certain cases they can be tuned experimentally.

Figure 3.6 says that the open circuit presents a region of bistability in the phase

space α vs Prod. This region is obtained from the differential equations approach.

Some things must be noticed here:

• The actual number of molecules of each species does not change by infinitesimal

amounts but by discrete quantities of at least one, depending on the reaction that

takes place.
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• Inside the volume V, the particles follow random walks and thence, their inter-

actions are better described by random variables that have certain mean and

standard deviation rather than completely deterministic functions.

• Due to the negative feedback nature of this circuit, depending of the parameters

and initial conditions, the stable state concentration for one of agents can be

really low. Such is the case of the leftmost stable point in figure 3.5. In that

scenario, the last two observation acquire significant importance and the ODE

approach may be inadequate.

A comparison between the qualitative insight just obtained for our model system

and its real behavior is the purpose of the next chapter.
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Figure 3.5: Ẏ vs Y for three different values of the parameters α and Prod. The X axis
is in logarithmic scale due to the large separation between the attractors. For all three
graphics, the values of the other parameters are: d = 0.001, δ = 0.5 and Py = 300.
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Figure 3.6: Region of bistability in the phase space of the parameters α and Prod
3.5. The ON and OFF regions, represent high and low concentrations of Y reactant
respectively. The values used for the other parameters are: d = 0.001, δ = 0.5 and Py

= 1000.



Chapter 4

Stochastic Nature: Intrinsic and
Extrinsic Noise

In last section we obtained a qualitative understanding, from a deterministic perspec-

tive of a chemical circuit described by the following set of reactions:

Θ
kX(nX)−−−−→ bx X

Θ
kY (nX)−−−−→ by Y

X + Y
ka−→ S

S
kd−→ X + Y

X
1/τ−−→ Θ

Y
1/τ−−→ Θ

S
1/τ−−→ Θ (4.0.1)

In the case where the production propensities both describe negative feedbacks 3.1.2;

as well as in the case where one of them is externally controlled and kX(nX) = Prod.

From now on, we shall mainly concentrate in this last open circuit.

We have already mentioned some of the reasons why the deterministic ODE ap-

proximation may not work well in our system. Also, we have referred that protein

30
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populations inside a given cell are random variables. The Noise strength for a random

variable, also called coefficient of variation is defined as

νX ≡ σX

< X >
Noise strength definition (4.0.2)

In a given cell, the protein and nucleic acid populations will have a noise strength

associated because they are random variables. This noise strength is a consequence of

their discreteness and its magnitude depends on the design of the GRN they make part

of. Since it is intrinsic to the chemical agents and to the circuit, this kind of noise is

named intrinsic noise.

In order to compare how different the deterministic approximation employed in

the last chapter is from the situation when intrinsic noise is taken into account, it is

necessary to figure out a way to find the time evolution of the function

P (nX , nY , nS, t) ≡ Probability that the system has nX , nY and

nS molecules of the species X , Y , and S respectively at time t. (4.0.3)

Where of course ni is an integer for all i. In this chapter, we attack this problem

from analytical, numerical and computational views. Initially, we introduce a method

to derive directly from the master equation a differential equation satisfied by the

moment generating function. For the very specific problem at hand, the approach is

not close in the sense that it expresses every moment in terms of higher order ones. In

our system the moments of higher order can not be ignored because it is bistable, and

we need more information than the simple mean and standard deviation. However, the

method is general enough and can be applied to any stochastic process, in particular

it should be useful for cases in which information of only the first few moments is

required.

Next, we outline a method that uses the discreteness of the system to attempt to
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find its time evolution by building a transition probability matrix. In principle, the

method can be as precise as required, Although the method is outlined for the specific

case in which X = constant, and even in that case requires excessive computational

power, it has the advantage of returning the probability distribution of the system at

any desired time, given that the initial distribution is known. Given the ever increasing

computational power, in encourage further discussion in that direction.

Finally, we give a detailed explanation of a numerical algorithm capable of finding

a realization of any stochastic process of interacting agents. The algorithm is in prin-

ciple equivalent to the master equation because it is based on the same fundamental

assumptions. We use this algorithm to study our general abstract model. We present

our results and conclusions at the end of the chapter.

4.1 Analytical Approaches

4.1.1 The Master Equation and Intrinsic Noise

Finding an expression for 4.0.3 is the usual goal in the framework of the master equa-

tion. The master equation is an equation for the time flow of probability in and out

of each accessible state of an stochastic process. Its solution, is a time dependent joint

probability distribution that for any initial system distribution, should represent the
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its evolution[19]. The master equation for system 4.0.1 of reactions is:

∂P (nX , nY , nS)

∂t
= k(Prod)P (nX − bX , nY , nS)− k(Prod)P (nX , nY , nS)

+
Py

1 + nX

δ

P (nX , nY − bY , nS)− Py

1 + nX

δ

P (nX , nY , nS)

+ ka (nX + 1)(nY + 1)P (nX + 1, nY + 1, nS − 1)− ka nX nY P (nX , nY , nS)

+ kd (nS + 1) P (nX − 1, nY − 1, nS + 1)− kd nS P (nX , nY , nS)

+ γ (nX + 1)P (nX + 1, nY , nS)− γ nX P (nX , nY , nS)

+ γ (nY + 1)P (nX , nY + 1, nS)− γ nY P (nX , nY , nS)

+ γ (nS + 1)P (nX , nY , nS + 1)− γ nSP (nX , nY , nS)

(4.1.1)

Where we have used τ = 1/γ and ~n = {nX , nY , nS} is the vector of the number of pro-

teins in the system and we call it state vector. The time dependence has been omitted

since it appears everywhere. Solving this equation for P is equivalent to knowing all

the possible information that can be obtained from the system under feasible experi-

mental conditions. Unfortunately, this equation is hard to solve analytically. Usually

it is easier to try to extract some information about the moments. A straightforward

treatment that allows to obtain differential equations for the moments of the distrib-

ution, was presented by Thattai in 2005 for a very specific system[20]. We apply it

here for our reactions 4.0.1. Such a treatment is adequate because moments of the

probability distribution are the most easily experimentally obtainable observables. For

the case at hand, the moment generating function is defined in the following way:

F (ZX , ZY , ZS) =
∑

nX ,nY ,nS

ZX
nXZY

nY ZS
nSP (nX , nY , nS) (4.1.2)

Evidently,
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F

∣∣∣∣
~Z=1

= 1,
∂F

∂ZX

∣∣∣∣
~Z=1

=< nX >,

∂2F

∂ZX

∣∣∣∣
~Z=1

=< nX(nX − 1) >
∂2F

∂ZX∂ZY

∣∣∣∣
~Z=1

=< nX nY > (4.1.3)

and so on. Where ~Z = (ZX , ZY , ZS). System 4.1.3 is the reason why 4.1.2 is

called moment generating function. Multiplying both sides of our master equation by

ZX
nXZY

nY ZS
nS and summing over all values of ~n ≡ (nX , nY , nS) an expression for Ḟ

is obtained.

Ḟ =
∑

nX ,nY ,nS

ZX
nXZY

nY ZS
nS
[
k(Prod)P (nX − bX , nY , nS)− k(Prod)P (nX , nY , nS)

+
Py

1 + nX

δ

P (nX , nY − bY , nS)− Py

1 + nX

δ

P (nX , nY , nS)

+ ka (nX + 1)(nY + 1)P (nX + 1, nY + 1, nS − 1)− ka nX nY P (nX , nY , nS)

+ kd (nS + 1) P (nX − 1, nY − 1, nS + 1)−Kd nS P (nX , nY , nS)

+ γ (nX + 1)P (nX + 1, nY , nS)− γ nX P (nX , nY , nS)

+ γ (nY + 1)P (nX , nY + 1, nS)− γ nY P (nX , nY , nS)

+ γ (nS + 1)P (nX , nY , nS + 1)− γ nSP (nX , nY , nS)
]

(4.1.4)

It can be shown (See Appendix B) that this moment generating function satisfies the

following differential equation:

Ḟ =
∑

nX ,nY ,nS

ZX
nXZY

nY ZS
nS
[ Py

1 + nX

δ

P (nX − bX , nY , nS)− Py

1 + nX

δ

P (nX , nY , nS)
]

+ kProd (ZY
bY − 1) F + ka (ZS − ZX ZY )

∂2 F

∂ZX ∂ZY

+ kd( ZY ZX − ZS)
∂F

∂ZS

− γ (ZX − 1)
∂F

∂ZX

− γ (ZY − 1)
∂F

∂ZY

− γ (ZS − 1)
∂F

∂ZS

(4.1.5)
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Equation 4.1.5 would be a great tool for finding the moments of the probability distri-

bution if it were an easy to solve closed expression. Unfortunately, the non linear term

in the sum makes it difficult to solve, and the presence of the mixed second derivatives

guarantees that any moment obtained by deriving this equation will be expressed in

terms of higher order moments. Despite common intention, moments of order higher

than two can not be ignored. This is because the system we are studying is bistable,

and those moments give information about the amplitudes, and separations of those

stable states. It is thereupon necessary, either to solve the master equation, or to solve

4.1.5 or to find a different approach that allows to check for the effect of intrinsic noise

on the network in question.

4.1.2 The Transition Probability Matrix

Let us define the state of the system at a given time t as the state vector ~n =

{nX , nY , nZ}. A very important feature of the set of reactions 4.0.1 and of most GRN,

is that they satisfy the Markov property. That is, the probability that the system is

in any state vector at time t depends exclusively on the state vector the system was

at time t− 1; and not, on any prior history. For chemical processes, the discretization

of time is ensured if we take intervals short enough to guarantee, with certain level

of probability, that there will be at most one reaction among them. Under these two

assumptions, system of reactions 4.0.1 becomes a Markov chain1.

Consider the following definition:

pij ≡ P{Yt+1 = j|Yt = i} = Probability that the system has j molecules of species Y

at time t + 1 given that it had i at time t (4.1.6)

1In this section we use the same notation presented in [21].
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Since the systems satisfies the Markov property, whatever happens during two disjoint

time intervals constitutes independent events. As a result,

pij pjk = Probability that the systems has k molecules of species Y at time t + 2,

given that it had j at time t + 1 and i at time t. (4.1.7)

The probability that the system goes from having i molecules of Y species at time t to

having k at time t + 2 is the sum of probabilities over all intermediate js.

∑
j

pij pjk = Probability that the system goes from having i molecules of species Y

at time t to have k at time t + 2 (4.1.8)

Additionally, let us define the following quantity:

p
(n)
ij ≡ Probability that the system goes from having i molecules of species Y

at time t, to have j molecules at time t + n. (4.1.9)

Subject to the condition

p0
ij = δij (4.1.10)

where δij is the Kronecker delta. Clearly,

p
(n)
ik =

∑
j

pij p
(n−1)
jk =

∑
j

p
(n−1)
ij pjk (4.1.11)

and consequently

p
(n+m)
ik =

∑
j

p
(m)
ij p

(n)
jk (4.1.12)

Equation 4.1.12 is called the Chapman-Kolmogorov equation and is reminiscent of

matrix multiplication.

Πn+m = Πn × Πm (4.1.13)

where Π = [pij] is the transition probability matrix of the system. This is a square

matrix whose number of rows equals the maximum possible number of Y molecules



37

present in the system. In our abstract model, this number goes to infinity. In a real

cell, it would depend on many factors, but usually does not go further than several tens

of thousands. In principle choosing a sufficiently short time step, should allow us to

take any initial discrete distribution of the Y molecules population, and multiply it by

Π as many times as necessary; in order to find the final distribution after a long time

interval. This information should be equivalent to a solution of the master equation.

The problem of course, is that our system has three dimensions instead of one. And

that we still have to fill the elements in the matrix.

One plausible solution comes from a reinterpretation of the reaction-rate equations.

In last chapter we saw that from a deterministic approach our system is described by

the equations

Ẋ = −X +
S

d
− α X Y + P

Ẏ = −Y +
S

d
− α X Y +

Py

1 + X
δ

Ṡ = −S − S

d
+ α X Y. (4.1.14)

Where we have made the changes of variables 3.2.2. In steady state, under the assump-

tion that Ṡ = 0, after substituting, and without making any further simplifica-

tion, these equations become

Ẋ = −X +
α X Y

d + 1
− α X Y + P

Ẏ = −Y +
α X Y

d + 1
− α X Y +

Py

1 + X
δ

.

(4.1.15)

Although this assumption could be too strong in some systems, it usually is not in

biological ones. This is because the range of the rate at which molecules bind and

unbind is below the miliseconds, which is several orders of magnitude faster than the

rate at which they are produced (minutes). Despite, the two terms in the middle of
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both equations 4.1.15 can be simplified, they should not. The reason is that equations

4.1.14 have in each term the nature of an event, that is, X population changes either

because it is produced, or because it decays, or binds to Y in order to produce S, or

because S decays. The same nature is required in order to fill the positions in Π.

Written in this manner, the structure of equations 4.1.15, and the fact that all

reactions occur independent one of another, invites to interpret the norm of each term

in 4.1.15 as a probability per unit time. Under that perspective, we can fill the values of

Π with the terms in 4.1.15, divided by a normalization constant. The sum of the terms

in in each row should add to one. The time step can be made as short as necessary by

dividing those terms by a greater number N and increasing the value of the diagonal

term. This term represents the probability that nothing happens in the given time

step. Shortening the time step will increase the number of times the matrix Π has

to be multiplied in order to span a given time interval. Doing this will increase the

precision of the process. The obtained Π is

Π =



1− E0 0 0 · · · 1
N

Py

1+X
δ

0 · · · · · · · · ·
1
N

(1 + α X) 1− E1
1
N

α X
d+1

0 · · · 1
N

Py

1+X
δ

· · · · · · · · ·

0 2
N

(1 + α X) 1− E2
2
N

α X
d+1

0 · · · 1
N

Py

1+X
δ

· · · · · ·

· · · 0 3
N

(1 + α X) 1− E3
3
N

α X
d+1

0 · · · 1
N

Py

1+X
δ

· · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · ·


(4.1.16)

Where

Ei =
1

N

(
X +

α X i

d + 1
+ α X i + P + i +

α X i

d + 1
+ α X i +

Py

1 + X
δ

)
. (4.1.17)

Ei is the probability that at least one reaction will occur during the next time step for

the value of Y, of the corresponding row. The value of N is chosen so that in the last

row, Elast has a selected value. Elast should be a positive number in [0, 1). The higher
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Elast, the better precision.

The multiplication of matrix 4.1.16 gives the evolution of the probability distribu-

tion of Y for as long as X remains constant. However this is not the case in our system.

In fact, every time an association or dissociation occurs, both X and Y change. On

the other hand, even if X were to remain constant, the size of the matrix would be

too big, even for a computer. A ten thousand rows matrix for example, would occupy

several dozen of gigs of memory. This two problems would find solution by using a gen-

eralization to more dimensions of matrix product, in an analytic form; or in a nearby

future by using the same generalized matrix product in a more capable computer. The

advantage of this method, is that unlike the master equation, it provides at least an

algorithmic solution to the problem at hand.

4.2 The Exact Stochastic Simulation (ESS)

4.2.1 Simulating a Realization of an Stochastic Process

For a given set of reactants interacting through certain chemical channels, the master

equation deals with the time evolution of the joint probability distribution of the popu-

lations of the reactants. That is a big question that is hard to solve. An easier approach

is to set the system at certain initial conditions and try to follow its trajectory as time

passes by. This will return a realization of the stochastic process. Doing this many

times, will render the desired time evolution of the joint probability distribution, for the

chosen initial conditions. Such approximation can be implemented computationally. It

was clearly expounded by Daniel Gillespie in 1977 [22]; and has become nowadays the

work horse for the study of chemical networks. It is known today as the Exact Sto-

chastic Simulation or Gillespie algorithm. The main reason this algorithm is so widely
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used is that although it is very demanding on the velocity of the processor employed,

the results it provides are equivalent to those obtained by solving the master equation.

Here we introduce its general principles. Some examples of the application of our im-

plementation of the algorithm are found in Appendix A very detailed explanation can

be found in [22].

Consider a system of N chemical species, embedded in a volume V and capable of

interacting through M chemical channels. We shall denote both the name of the ith

species and its concentration by ni. Similarly, the ith chemical channel will be denoted

by mi. Assume that at time t = 0 the system is at a state vector

~n|t=0 = (n1, n2, · · · , nN). (4.2.1)

In order to be capable of reproduce the time evolution of this system, all one needs to

do is answer the following two questions:

• When will the next reaction occur?

• What kind of reaction is it going to be?

After answering these two questions, one has to update both time and the state vector

~n. And then, the problem would be the same as the initial one. This way we can

advance our system in time for as long as desired. Of course, these two question can

not be answered deterministically. After all, we are trying to follow the time path of an

stochastic process. Instead, we can construct the following joint probability distribution

P (τ,m) ≡ Probability that the next reaction to occur will be of kind m,

and will occur in the time interval (t + τ, t + τ + dτ), given

that the system is in the state ~n = (n1, n2, · · · , nN) at time t. (4.2.2)
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Clearly, this is exactly the distribution we want to find in order to solve the questions

above presented. One can reformulate 4.2.2 in the following way:

P (τ,m) ≡ Probability that an m reaction will occur in the time interval

(t + τ, t + τ + dτ) and no reaction will occur in (t, t + τ); given that at time t,

the system is in the state. ~n = (n1, n2, · · · , nN) (4.2.3)

According to chapter 3, By definition, the propensity of a reaction is its probability per

unit time that that specific reaction occurs if only the minimum amount of reactants

is present in the volume. Propensities are usually functions of the reactants physical

properties and of external factors such as temperature. The total probability density

that a given reaction happens in a small time interval dt is the propensity of that

reaction, times the number of ways that reaction could possibly occur inside V. For

example, in our system of reactions 4.0.1, the sequester

X + Y
ka−→ S (4.2.4)

has a propensity ka, and total probability per unit of time of happening of p = ka Y X;

because Y X is the total number of times the reaction can fire. Let us call ki, the

propensity of reaction mi; and ωi, the number of ways this reaction can occur at

a given time. Assuming a time interval short enough so that at most one reaction

occurs, the total probability that at least one reaction fires in that interval dt is

dP =
M∑
i

pi dt =
M∑
i

ki ωi dt (4.2.5)

Consequently, the total probability that no reaction occurs at all during dt is

Pn|dt = 1−
M∑
i

ki ωi dt (4.2.6)

The probability that no reaction occurs during a time period t+dt equals the probability

that no reaction occurs during t times the probability that no reaction occurs during
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in dt. That is,

Pn(t + dt) = Pn(t)

(
1−

M∑
i

ki ωi dt

)

⇒ Pn(t) = Exp[−
M∑
i

ki ωi t]

Pn(t) is the probability that no reaction occurs during any time interval of length t,

under the assumptions that the system is in the state ~n at the beginning of that interval.

Returning to 4.2.3, we see that the final desired probability distribution is

P (τ, m) =

km ωmExp[−
∑M

i ki ωi τ ] τ ∈ (0,∞); i ∈ (1, M)

0 otherwise
(4.2.7)

In other words, in order to follow the time evolution of our system, starting at t = 0. We

must chose a reaction and a time m and τ respectively, that follow the joint distribution

4.2.7. This two numbers will allow us to update the vector state of our system and

our time. By doing this many times, we shall obtain one realization of the stochastic

process at hand.

Fortunately, generating numbers that follow distribution 4.2.7 is an easy matter.

From an elementary probability text [23], it is clear that given two random numbers

that follow a uniform distribution, it is always possible to obtain other two random

numbers that follow any desired distribution. The initial two uniform random numbers

can be obtained from any of those available nowadays in computer science. Supposing

that we already have two uniform random numbers a and b, a value of τ that follows

distribution 4.2.7 is obtained from the following expression

τ =
1∑M

i ki ωi

ln(
1

a
) (4.2.8)

and m is such integer that satisfies[23]

m−1∑
i=1

ki ωi < b
M∑
i

ki ωi ≤
m∑
i

ki ωi. (4.2.9)
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In summary, the final algorithm for the exact stochastic simulation is

1. Initialize the propensities and the state vector ~n to the desired values and popu-

lations respectively.

2. Initialize time counter to 0.

3. Generate two random numbers a and b with a uniform distribution from any

random number generator.

4. Choose τ and m according to criteria 4.2.8 and 4.2.9.

5. Depending on the chosen reaction m, adjust the state vector ~n.

6. Increment the time counter by τ

7. Go back to step 3.

Some examples of the implementation of the Exact Stochastic Simulation are shown

in Appendix C. Those examples were conducted both to illustrate the results of the

algorithm in some well known chemical systems; and to ensure that our program is

free of errors. This is important in order to guarantee that the observations obtained

for our set of reactions 4.0.1, actually reflect the behavior of the system and not some

software construction mistake.
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4.3 Results of the ESS for an Externally Controlled

Double Negative Feedback Network

4.3.1 The Effect of Intrinsic Noise

Having shown the reliance of the ESS, we proceed to present the results obtained after

implementing it for network 4.0.1.

Figure 4.1: Deterministic bistability region for the open circuit
.

In order to run the simulation and expect that it will reproduce the behavior of

any real network, it is necessary to to adjust the parameters so that they represent

biological viable phenomena. On the other hand, we expect to gain with the evolution

of reactions 4.0.1, some insight for the general description of a wide range of networks

that exhibit a double negative feedback architecture. This implies that we want to deal

with parameters that are in the range of biological interest, but that not necessarily

are restricted to any specific network. Fortunately, this is easily done because of the
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nature of the reactions involved. In system 4.0.1, there are three kind of reactions:

productions, sequesters and decays. Usually, they all take place in different time scales

that are well separated. First, sequesters include binding and unbinding of Y and X,

they are extremely fast events whose reaction time is below the order of the miliseconds.

Second, productions of chemical agents in biological systems come primarily from gene

expresion, which appears in the order of minutes. Finally, decays usually take times

longer than hours. Hence, we expect that the specific values of the parameters α, δ, d

and Py are not critical as long as they fall within the correct ranges, and still be in the

scope of biological interest.

We begin therefore by simulating the idealized GRN that presents two negative

feedback loops as presented in section 3.3. This system is representative of a large

family of regulatory circuits in both eukaryotic and prokaryotic cells. Thence, it serves

as a good model for understanding general features in GRN at the cellular level. As

shown in section 3.3, the main trait of this type of GRN is the emergence of bistability

within certain regions of the parameters phase space. This bistability, as discussed in

the introduction, provides a mechanism for cell adaptability and memory. We run our

simulation for this network by using the set of differential equations 4.1.15:

Ẋ = −X +
α X Y

d + 1
− α X Y + P

Ẏ = −Y +
α X Y

d + 1
− α X Y +

Py

1 + X
δ

.

and interpreting each term as an event according to what was explained above.

In Chapter 3 we obtained from this system’s reaction-rate equations, the phase

space shown in figure 4.1. A first interesting thing to do, is investigate how does the
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Figure 4.2: Time evolution of the species X and Y from the ESS. The negative feedback
nature of the system is manifested: whenever X is high, Y is low and viceversa. The
noise in Y is increased as we move from the ON state, to approach the bistability
region.

simulation evolve in the three areas represented as ON, BISTABLE and OFF. Such

evolution is displayed in figures 4.2 and 4.3. There, the repressing character of X on

Y is clearly manifested. Whenever the concentration of Y is high, the concentration

of X is low and viceversa. In addition, as we go from the upper left region of the

phase space to the lower right region, the systems moves from high concentration of

Y molecule to low. Following the convention assumed in section 3.3, we shall refer to

the high concentration of Y region as ON region, and to low concentration as OFF

region. Midway these two regions, there is a gap in which the system is permanently

switching between On and OFF states. One thing to notice is that the high state for

X is not as high as the high state for Y . This is important because X is the repressor,
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Figure 4.3: Time evolution of the species X and Y from the ESS

and since its concentration reduces to only a few molecules even in its high state, it is

a highly noisy variable of the circuit. Furthermore, it can propagate this noise to Y .

Actually, from observation of figure 4.2, is easy to suspect that X fluctuations account

for the most important contributions of noise to the system.

An insightful representation of the steady state of the network is gained when we

make histograms for long time runs of our program. See figure 4.4. In such represen-

tation, the dynamics of the transitions becomes apparent, as we approach the OFF

region, the high peak moves towards the low peak. From a biological perspective, this

implies that all the cells switch from ON to OFF at the same time. Such synchrony,

should be a key factor to check in any theoretical model that attempts to describe the

GRN at hand.
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Figure 4.4: Histograms for the number of Y proteins as obtained from the ESS. The
system goes from one region of monostability to the other passing through a region in
which two peaks are observed. Histograms obtained for the same time evolutions as in
figure 4.2 and 4.3. Each histogram represents a 1000 τ period of evolution of a single
cell.

Another obligatory point to check, is how well the deterministic phase space actually

describes the stochastic bistable phase space. See figure 4.5. The stochastic phase space

was obtained by running our ESS for a period of 2000τ and recording those points that

conducted at least one transition. All the simulations started in the OFF state. Those

points that switched to ON and the back to OFF were considered bistable; those

points that only switched once, were considered monostable high, or intrinsically ON

points. Finally, those points that never switched were considered monostable low, or

intrinsically OFF. In figure 4.5 the right palette exhibits the number of transitions

obtained during the run. A very important point to note here is that the stochastic
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Figure 4.5: Comparison of the deterministic and stochastic bistable regions in phase
space. The differences in the two regions can be explained the architecture of the
circuit, which is very succeptible to small fluctuations in X. The stochastic phase
space was obtained after a 2000 τ run of our ESS

phase space is completely shifted to the right of the deterministic one. Therefore we

have regions that deterministically were monostable and become bistable after including

the stochasticity and viceversa. It is not strange that the two phase spaces do not

match exactly. It is a general result that including stochasticity can give origin to

much reacher behaviors than predicted by ODEs (see Appendix C). What is really

surprising here is that even the averages do not match. That is a typical trait of non-

linear systems in which the average of the function differs from the function of the

average. The non linearity in our circuit comes from both negative feedback terms in

the production and the sequester. Which is equivalent to say that the architecture of

the circuit, that allows it to be self regulated, is direct responsible of the shifting of the

bistability region. It is interesting that this region shifts to the right, indicating that

the circuit allows itself to switch back and forth between the stable states at higher

values of Prod than the deterministic ones. Since the smaller the values of Prod, the

noisier the variable will become, this shifting suggest an architecture that filters the
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intrinsic noise in the production terms.

Figure 4.6: Number of transitions between the stable states when only intrinsic noise is
taken into account. In Each point of the phase space, the number of transitions during
a 1000 τ run is plot. All Simulations started from the OFF state. Consequently, the
points in the phase space that have only one transition constitute the ON state region.
That is, those points at which the simulation went from OFF to ON and never came
back

The ESS is equivalent to the master equation; and the master equation is associated

to the intrinsic noise of the network. After examining the time evolution of the system,

a third question to ask is about the strength of this noise. It is interesting to inquiry if

intrinsic noise alone is enough to provide a high spectrum of transition in a wide range

of the phase space.

With this purpose, the regions where transitions between the two stable states occur

are mapped within the parameter phase space. The number of transitions observed

within a period of 1000τ are plotted for every point in the phase space. These graphs

not only provide information on the regions where bistability is observed, but also
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Figure 4.7: Zoom of figure 4.6 in the lower left corner where the transitions should be
fastest. Even in this region, the frequencies fall out of the scope of biological feasibility.
Suggesting that additional sources of noise must be taken into account

indicate the frequency of jumps between the two states. See figure 4.6. This jump

frequency is ultimately the limiting factor in determining if a cell can access the two

stable states within a reasonable period of time (In yeast for example the maximum

number of divisions is around 20) independently of whether bistablity is theoretically

possible. In figure 4.6, the frequency of the jumps is plotted in two different scales

of the phase space. A big scale in which the orders of magnitude for P are within

the range of physiological interest (upper graphic); and a zoom in scale to the region

around the origin (lower scale).

Figures 4.6 and 4.7 is very clear in one respect: although intrinsic noise is capable

of generating transitions between the two stable states, its effect disappears relatively

fast as we move away from the origin. Additionally, through all the phase space the
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transitions occur at a prohibitively slow frequency. In the fastest point point for ex-

ample, the number of transitions is 16, and this is for a 1000τ run. This implies that

the cell would divide about 62 times before conducting a transition. This is by far, out

of the range of biological interest. A typical yeast cell would not divide more than 20

times. Therefore, for cases in which the chemical constant α is high, and, or, the cell

needs to switch readily, some additional source of noise must be included.

In the following subsections we explore two cellular mechanisms that regulate the

level of noise in the model GRN and thus, may serve as a means for controlling the

regions of high transition rates in a real cellular GRN. The two factors explored are:

a) Dimerization of one of the agents, and b) Burst level in the production event.

4.3.2 Effect of Dimerization in the Propensity for Transitions
between ON and OFF States.

It is well known in that repressors tend to dimerize in order to provide a more effective

repression. This is because in many cases, the way reppression is achieved is by the

repressor physically blocking the site of activation. Therefore, the bigger the molecule,

the better repression is gained[24], [25]. Consequently, many repressors dimerize and

bind to the DNA as dimers. Besides, the production of proteins always occur in their

monomer form. As a result, this propensity to dimerize has the tendency to absorb

fluctuations in the productions. This is because if, let us say, a 10% fluctuation in the

production of X occurs and X effectively dimerizes, then part of this 10% would become

a dimer, and part of it would remain as monomer. This clearly should have an effect on

the behavior of the system in particular in its propensity to fluctuate. Depending on

the chemical dimerization constant, we propose that the tendency to dimerize acts as a

buffer that reduces the intrinsic fluctuations in the system by maintaining the number
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of active repressors constant. A clear consequence of this should be a shrinkage of the

area in the phase space where high levels of transitions are observed.

Figure 4.8: Number of transitions in the bistability region produced by intrinsic noise
when dimerization is included. A shrinkage in the region is observed and a reduction
in transitions is displayed except for a small sector very close to the origin. Results of
a 1000 τ run of our ESS.

It is important to note that many of the models for gene expression presented in

recent years, bypass the capacity of the active agents to dimerize[26], [27], [12]. There-

fore, if dimerization plays an important role in regulating the area of high transition

rates, these previous models may not be fully representative of the behavior in their

cellular GRN. Thence, it is also interesting at the level of model building to explore the

consequences of dimerization in a simplified model to predict what the effects would

be in the more complex cellular GRN.

Dimerization can be seen as an effect of cooperativity of the repressor monomers.
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It is well known from chemical kinetics that the easiest way to account for this co-

operativity is by increasing the exponent in the production term of our reaction-rate

equations, as follows

Ẋ = −X +
α X Y

d + 1
− α X Y + P

Ẏ = −Y +
α X Y

d + 1
− α X Y +

Py

1 + X2

2 δ

.

(4.3.1)

After running our simulations we obtain the phase space map shown in figure 4.8. It

is clear from the comparison between this figure and figure 4.6 that the region where

a high degree of transitions is observed shrinks in both scales of phase space whenever

dimerization is taken into account.

These results suggest that dimerization may be a mechanism by which cellular

systems filter the effects of intrinsic chemical noise. Hence we have two factors summing

up. On one hand, intrinsic noise does not provide quick response and switching between

the two stable states. On the other hand, dimerization may serve as a sieve that help

stabilize the network in a given steady state expression state against intrinsic noise.

Consequently, an additional source of noise is imperative in order for the architecture

of our model abstract circuit to be valid in any biological feasible case.

4.3.3 Effect of The Burst Nature of the Protein Production
in the Propensity for Transitions between ON and OFF
States.

At the gene expression level it is observed that each transcriptional event can produce

multiple copies of a protein. This is referred to as a protein production burst. Although
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Figure 4.9: Zoom of figure 4.8 in the lower left corner. The shrinkage in the region
is maintained. Also the number of transitions per τ is still very low. The biological
numbers are around one transition every 5 τ . Which implies 200 transitions in a 1000τ
period. This is a strong indication that intrinsic noise does not reflect by itself the
phenotypic behaviour of a typical bi-stable GRN. Results of a 1000 τ run of our ESS.

the typical values used in the model building literature are around 10 proteins produced

per transcription event, a more careful evaluation of the literature shows that the burst

event can reach up to 1200 proteins per transcriptional event [12]. The high levels of

protein production per transcriptional event are a result of the coupling of the two

stages gene expression, transcription and translation. During a single binding event

of the transcription factors, several mRNAs can be produced. Each of the mRNAs

produced is then read by multiple ribosomal complexes to produce several proteins per

mRNA. The coupling of these two stages allows the system to reach the high levels of

protein production per transcriptional event observed.

A protein production burst can generate a large fluctuation in the total number

of proteins for a given species. Large bursts are then expected to induce an increase
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in the fluctuations of a given GRN agent and therefore increase the transition rates.

In figure 4.10, we observe that the number of transitions in phase space is drastically

increased when a 10 molecules burst in the production of X is introduced. The bistable

region in phase space also expands. In this case, it is important to mention that our

simulations ensured that the average number of X molecules produced per unit time

remained identical in both cases, with and without burst. Implied is then, that the

increase in the transitions is only a consequence of the burst effect and not of a change

in the concentration of X agent. It is equally important to point out the increase in the

transition areas is only observed when the burst is applied to X. When the high burst

number is applied to Y, no transitions were observed at all. This can be a consequence

of several previous assessments: First, the role of Y in the circuit is oppossite to the

role of X. Then, it is not surprising that their bursting phenomena also produce

opposite effects. Second, the average number Y molecules is higher than the number

of X molecules and a burst in the production of Y would simply lock the system on its

expression state until more X molecules are produced. Finally, the negative feedback

of Y on X, would, in the presence of a production burts, sequester all the available

free X molecules before the system has time to react. Therefore locking the system in

its initial state.



57

Figure 4.10: Effect of the burst on the production of X on the bistability region, a
drastic increase in both, the frequency of transitions and the area of the region is
observed. This increase is observed in both the large region (upper) and small region
(lower) close to the origin. Results of a 1000 τ run of our ESS.



Chapter 5

An Example System: The
Galactose Uptake Network in Yeast

Now that we have studied the effect of different sources of noise on a general, abstract,

double negative feedback circuit, we shall proceed to demonstrate the applicability of

the model to an example in vivo network: The galactose uptake circuit of the yeast

Saccharomyces cerevisiae.

Galactose is a carbohydrate member of the group of simple sugars (monosaccha-

rides). It is usually found in nature combined with other sugars as lactose (milk

sugar). Galactose is also found on complex carbohydrates (polysaccharides) and in

carbohydrate-containing lipids called glycolipids that are present in the brain and other

nervous tissues of most animals [28]. In yeast, the galactose uptake is as follows: Extra-

cellular galactose is imported through the cellular membrane by Gal2p protein. Once

inside, galactose is sequestered by and activates Gal3p protein [29]. Then, the complex

Gal3p+galactose binds to the cytoplasmic Gal80p protein[29]. Gal80p easily dimerizes

an the two bindings: Gal3p+galactose+Gal80 and Gal80p+Gal80p compete because

they share part of the binding region of the protein [25]. In its monomeric form Gal80p

shuttles to and from the nucleus. Consequently, the binding Gal3p+galactose+Gal80p

58
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Figure 5.1: Wild type galactose circuit. Schematic representation of the wild type
galactose circuit. The signalling cascade is represented by red arrows while the blue
arrows represent feedback loops.

depletes the nucleus from Gal80p. Inside the nucleus, in its dimer form, Gal80p se-

questers the activator Gal4p[24], which is responsible for the expression of all galactose

related genes Gal2, Gal3 and Gal80, and hence for the synthesis of Gal2p, Gal3p and

Gal80p proteins. See figure 5.1.

From the expounded above and figure 5.1, it can be seen that the galactose circuit

contains multiple nested negative feedback loops: A positive feedback on the import

of galactose by Gal2p, a negative feedback in the sequester of cytoplasmic Gal80p

by Gal3p which empties the nucleus from Gal80p, and another negative feedback in

the deactivation of Gal4p by Gal80p that abates gene expression and protein produc-

tion. Previous studies have systematically knocked out each of the feedbacks in the

circuit[26]. Several important observations are introduced: a) The wild type strain

presents bistability. That is, on a homogenous media culture, some cells can present
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high expression of the involved agents on the circuit and some low expression. Besides,

the separation in the proteins distributions is of several orders of magnitude in a fluo-

rescence histogram. b) From all the feedbacks present, the only one that seems to be

indispensable for bistability is the loop on Gal3p. The other loops apparently either

strengthen or weaken the separation between the two stable peaks. c) The cells switch

back and forth the two expression states, the trigger event of this transitions is not yet

fully elucidated. d) There is an asymmetry in the transitions from high to low and low

to high expression. This means that when the bistable distributions have heights A

and B the transition times between the two states differ to those when the heights are

B and A.

In this chapter we use the galactose circuit in yeast as a tool to study the effects

of noise on GRN presenting multiple choices of phenotypic expression in an identical

shared media. Our approach is similar to the one we used in our abstract network

in last chapter. Initially, we examine what should the behavior of the system be if

it did not included dimerizing agents. For this simplified circuit the reaction-rate

equations are built. Afterwards, the production of the repressor Gal80p is open from

the circuit in a way that its mean can be externally controlled. In addition, Gal2p

is cut off the circuit. The controlled agent therefore becomes a parameter and Gal3p

concentration an observable. The adoption of these two agents as our couple parameter-

observable is done in consistency with Acar observation that only Ga3p is required for

the system to exhibit bistability, and because Gal80p is the repressor. Subsequently, an

implementation of the ESS is made for the modified network. Noise propagation from

the controlled to the observable agents is tested by following their time evolution in a

short time interval around a transition. Finally, the time evolution of the two agents and

corresponding histograms are plotted to be compared in next section with experimental

results. Dimerization is introduced at the end of this chapter as a particular case of
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what was presented in section 4.3.

5.1 Galactose Circuit in Absence of Dimerization

For this case, the circuit’s diagram, looks like this:

Figure 5.2: Galactose circuit without dimers. Schematic representation of a simplified
version of the circuit. Here, the effect of dimerization is ignored in order to focus on
the nested feedbacks comprised by Gal3p and Gal80p.

And the corresponding reaction-rate equations are:

˙Gin = αGin,Gal2pGout Gal2p(t)− αGin,Gal3p Gal3p(t)Gin(t)− Gin(t)

τGin

+
Gal3pb(t)

DGal3pb

+αGin,GoutGout− αGin,GinGin(t)

˙Gal2p = αGal2p,Gal2Gal2(t)− Gal2p(t)

τGal2p
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˙Gal3p = αGal3p,Gal3Gal3(t)− αGin,Gal3pGal3p(t)Gin(t)− Gal3p(t)

τGal3p

+
Gal3pb(t)

DGal3pb

˙Gal3pb = −αGal3pb,Gal80pGal3pb(t)Gal80p(t) + αGin,Gal3pGal3p(t)Gin(t)− Gal3pb(t)

τGal3pb

+
Gal3pbb(t)

DGal3pbb

− Gal3pb(t)

DGal3pb

˙Gal80p = αGal80,Gal80pGal80(t)− αGal3pb,Gal80pGal3pb(t)Gal80p(t)− Gal80p(t)

τGal80p

+
Gal3pbb(t)

DGal3pbb

−αActiveInGal80p(t) + αActiveOutGal80pn(t)

˙Gal3pbb = αGal3pb,Gal80pGal3pb(t)Gal80p(t)− Gal3pbb(t)

τGal3pbb

− Gal3pbb(t)

DGal3pbb

˙Gal80pn = +αActiveInGal80p(t)− αActiveOutGal80pn(t)− Gal80pn(t)

τGal80p

−αGal80pn,Gal4pGal80pn(t)Gal4p(t) +
Gal80pnb(t)

DGal80pnb

˙Gal80pnb = αGal80pn,Gal4pGal80pn(t)Gal4p(t)− Gal80pnb(t)

DGal80pnb

˙Gal4p = −αGal4p,Gal80pnGal4p(t)Gal80pn(t) +
Gal80pnb(t)

DGal80pnb

˙Gal2 = αGal2,Gal4pGal4p(t)− Gal2

τGal2

˙Gal3t = αGal3,Gal4pGal4p(t)− Gal3

τGal3

˙Gal80 = αGal80,Gal4pGal4p(t)− Gal80

τGal80

(5.1.1)
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Where:

• Gin represents the total number of Galactose molecules inside the cell volume.

• Gal3pb represents the number of dimers Gal3p + Galactose.

• Gal3pbb represents the number of trimers Gal80p + Gal3p + Galactose.

• G80pn represents the number of Gal80p molecules inside the nucleus

• G80pnb represents the number of Gal80p molecules bound to the Upstream Ac-

tivation Sequence in the DNA. 0 ≤ G80pnb ≤ UAS.

• αi,j Represents the propensity of interaction of agents i and j.

• Di represents the dissociation time for the complex agent i.

• τi represents the decay time for the species i

It can be shown that under the assumptions that a) All the sequesters are fast reac-

tions, so they concentrations adjust quickly to the concentrations of the free agents, b)

The transport through the cell membrane is efficient enough so that the concentrations

of Gal80p in and out the nucleus are highly correlated and in average, the same; c)

The cell divides fast enough so that the decay rates in the number of proteins is mainly

due to cell division and is the same for all proteins; d) The network has been geneti-

cally modified in order to knock out the Gal2p positive feedback; system of differential

equations 5.1.1 can be well approximated by the following two equations (See details
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Appendix D):

∂Gal3p

∂T
= −Gin Gal3p(t)

αAcarDd

+
Gin Gal3p(t)

αAcarDd

(
Gal80p(t)Dd

βAcar
+ 1
) −Gal3p(t) +

K UAST

Gal80p(t)
δAcar

+ 1

∂Gal80p

∂T
= −Gin Gal3p(t) (Ddd + 1) Gal80p(t)

αAcar βAcar

(
Gal80p(t)Dd

βAcar
+ 1
)

Ddd

+
Gin Gal3p(t)Gal80p(t)

αAcarβAcar

(
Gal80p(t)Dd

βAcar
+ 1
)

Ddd

− Gal80p(t) +
UAST α1310

Gal80p(t)
δAcar

+ 1
(5.1.2)

Where: T = t/τ and τ is the cellular doubling time, αAcar, βAcar and δAcar are the chem-

ical equilibrium constants of the sequesters Gal3Pb, Gal3pbb and Gal80pnb respec-

tively; Dd and Ddd are the dissociation times for the sequesters Gal3pb and Gal3pbb

respectively too; K UAST is the maximum rate at which Gal3p can be produced and

UAST α1310 is the corresponding rate for Gal80p.

Knocking out Gal2p (See details in next chapter) implies that the import of galac-

tose would occur only by osmotic pressures. This would slow down cellular metabolism

because less galactose would entry the cytoplasm and consequently less energy would

be available. At its turn, this could have certain repercussions on growth rates that

would have to be verified. Nevertheless, this would also leave the circuit with only one

positive feedback on the production, that of Gal3p.

The set of equations 5.1.2 constitutes the effective reaction-rate equations for the

wild type galactose circuit. A simpler expression can be achieved by simplifying the first

two terms in both equations. Although, analytically the new set would be equivalent

to 5.1.2. It would not be a reaction-rate set of the equations in the sense that that in-

dividual terms could not be interpreted as independent events anymore. Consequently,

we leave it as it is.

A useful modifications of this circuit can be done in order to make it identical to
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those studied in last chapter. It is to externally control the production of Gal80p. This

is achieved by introducing the pTET promoter in the cell’s DNA. The pTET promoter

will activate the production of Gal80p in the presence of doxycycline (See next chapter

for experimental details). Therefore, by changing doxycycline concentration, one can

tune the production of Gal80p. In such case the circuit would look as as shown in

figure 5.3

Figure 5.3: Galactose circuit with Gal80p externally controlled and Gal2p knocked
out. These modifications transform the galactose pathway in a circuit with the same
architecture as the abstract open circuit studied in section 4.3 and therefore, they are
useful for studying noise effects.

After these changes are made the effective-reaction rate equations are identical

except for a change in the production of Gal80p term. The term acquires the form

one chooses to regulate the presence of doxycycline in the culture. Since the average

concentration of doxycycline is easily controlled, for this work we assume the term to

be a constant that we call Prod. However, a very interesting experiment would be

to change the doxycycline concentration in time according to different functions and

examine the dynamics of the cell as it responds. Such an experiment should not be
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hard to implement, probably using a turbidostat or some microfluidits device. For our

simpler case the new system of equations reads:

∂Gal3p

∂T
= −Gin Gal3p(t)

αAcarDd

+
Gin Gal3p(t)

αAcarDd

(
Gal80p(t)Dd

βAcar
+ 1
) −Gal3p(t) +

K UAST

Gal80p(t)
δAcar

+ 1

∂Gal80p

∂T
= −Gin Gal3p(t) (Ddd + 1) Gal80p(t)

αAcar βAcar

(
Gal80p(t)Dd

βAcar
+ 1
)

Ddd

+
Gin Gal3p(t)Gal80p(t)

αAcarβAcar

(
Gal80p(t)Dd

βAcar
+ 1
)

Ddd

− Gal80p(t) + Prod (5.1.3)

.

Within a certain range of parameters, the steady state of this circuit exhibits two

attractors, and implicitly bistability. The range of mathematical parameters for bista-

bility to appear is quite broad as long as the differences in the order of magnitude are

respected. As in the simple open circuit of chapter 3, bistability is manifested when

equation for Gal80p is assumed to be in steady state and we solve for Gal80p and then

substitute it in the equation for Gal3p. The expression for Gal80p is:

∂Gal80p

∂T
=

−
GG4(t) + βαAcar − ProdD5αAcar +

√
4ProdβD5α2

Acar + (−GG4(t)− βαAcar + ProdD5αAcar)
2

2D5αAcar

Which substituted in the equation for Gal3p gives an expression for ˙Gal3p vs Gal3p.

Such an expression is too large and does not offer major insight to be written here.

However it is plotted in figure 5.4 where two clear attractors are observed. Again, this

is far from being the whole story. It just indicates that the system of equations 5.1.3

displays bistability from an analytic approach, but it says nothing about the stochastic

behavior.
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Figure 5.4: Two attractors of our in-vivo system. Bistability in Gal3p and Gal80p
levels in the galactose circuit. ˙Gal3p vs Gal3p As it is well known from elementary
differential equations, an attractor appears whenever this plot has an intersection with
the horizontal axis with a negative slope. This solution presents two attractors which
indicate the presence of two stable states on Gal3p expression

Examining the stochastic behavior implies implementing an ESS for reaction-rate

equations 5.1.3. A big issue here is the numerical values of the parameters involved.

Most of them are difficult to measure and absent in the literature. This was quite

an obstacle but became an advantage. For it obliged us to run our simulation for

several random values of the unknown parameters. That is why we know that our

results are quite general and not only for the galactose circuit, because the precision

of our parameters is only within the expected order of magnitude. The values of the

parameters are chosen as follows.
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• Gin: Cytoplasmic galactose, it is assumed to be proportional to external galactose

which can be controlled experimentally. It is one of the axis in the phase space.

• UAST Total number of sites for the binding of Gal4p in the DNA for the involved

proteins in both, the regulatory and metabolic pathways of galactose. Measured

to be around 17 [24].

• βacar: Equilibrium constant for the trimer reaction. Measured to be 0.06nm in

reference [30].

• Kdimer: Equilibrium constant for the dimerization of Gal80p. Its value, 0.2 nm

is obtained from previous experimental studies[24]. Although right now we are

working on the non dimerized case, we shall use it later.

• δ: Equilibrium constant for the binding of Gal80p dimer to the Gal4p dimer.

Found to be 0.3 nm from the same experimental studies [24].

• Bursts in the productions of both Gal80p and Gal3p. Measured to be around

1200 for Gal80p [12].

The estimated parameters are

• Dd dissociation time for Gal3pb. We toke a wide range of values in the order of

miliseconds. miliseconds

• αacar: Equilibrium constant for the binding Galactose+Gal3p. Acar [26] used

it as a fitting parameter for a non dimerized model. However, he commited a

mistake because he interpreted δ as a parameter for interacion between monomers.

Consequently, his fitting parameters could be wrong too.

• K: Rate of production of Gal3p per each active site in the DNA per unit of time.
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• Ddd: Dissociation time for the trimer. Values chosen with the same criteria as

Dd

With these values for the parameters we simulate the galactose circuit. Time evo-

lution for both Gal3p and Gal80p obtained from our ESS are plotted in figure 5.5.

No bursts were assumed for this run. Consequently, it becomes apparent that intrin-

sic noise is enough to provide transitions between the two stable states. Consistently

to the experimental observations of Acar et al in 2005 [26], these two states separate

rapidly as the level of galactose is increased and is necessary to use logarithmic scales.

The interesting point here is that this is clearly beneficial to the cell because it gets

locked in the high state when the level of galactose is high.

Figure 5.5: Gal3p and Gal80p time evolution from the ESS. Simulations show the
time-evolution of Gal3p and Gal80p respectively. It is evident from the simulations
that the transitions for Gal3p and Gal80p are coupled. Also, the logarithmic scales,
reflect the high separation between both states

Histograms for those time evolutions at different points of the phase space were

obtained from our simulation. Comparison between those histograms and experimen-

tally obtained distributions are presented in next chapter. For pedagogical purposes,

in figure 5.6 we show the equivalence between the experimental observations and the
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Figure 5.6: Gal3p histogram. Time averaged distribution of Gal3p shows two cell pop-
ulations presenting clearly distinguishable on and off states. Experimental results of S.
Cerevisiae expressing GFP-Gal1p show two clear expression states within a parameter
range where bistability would be expected.

simulated histograms. In the experimental picture, some cells display a high expres-

sion activity while some others, in the same culture do not. An interesting observation

is that most of the times the low peak is much narrower than the high one. This is

interesting because it allows the cell to be off at only one level, or to be ON at different

levels depending on how much galactose is around. Such behavior is also a consequence

of the architecture of the circuit and can be qualitatively seen in figure 5.4. Evidently,

on that figure the lower attractor is very close to the origin and crosses the horizontal

axis with a highly negative slope. This slope is the cause of the narrowness in the OFF

state distributions.
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Figure 5.7: Comparison of the two phase spaces, deterministic and simulated with the
ESS. In this in-vivo circuit a similar shift to the right of the stochastic phase space is
observed.

The phase space for the galactose circuit as obtained from our ESS is shown in

picture 5.7. In our example organism, the stochastic bistable region mimics the predic-

tions of our abstract model. It shifts to the right of the deterministic region. Naturally,

this effect is most strongly seen in regions where the numbers of molecules are low. A

trait which is typical of highly noisy systems. However the shifting is more marked

in the galactose circuit than in the abstract one. Two reasons account for this obser-

vation. First, the reaction rate equations on the galactose circuit have Gal80p, the
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Figure 5.8: Events evolution at at transition. Each red point in each row represents
a realization of the event associated to that row. Clearly, a long gap in the decay of
Gal80p precedes the transition. This is an apparent suggestion of noise propagation
from the noisy agent Gal80p to the observable Gal3p

most noisy agent appearing in four terms, while the abstract circuit only in one. Sec-

ond, in the abstract circuit simulation were made of the three agents, X, Y, and S.

simultaneously, while in the galactose case, all the sequester were assumed in steady

state. Although it would be very interesting to simulate the sequesters of the galactose

circuit, as explained before, this computationally unaffordable.

The noise propagation of the circuit can be investigated from our simulations by

looking at the events that occur exactly before a transition. See figure 5.8. A long gap

in the decay of Gal80p precedes a transition from high to low expression. In the simple
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system without dimers and bursts this gap could be explained in the following way:

A fluctuation in the sequesters occurs so that at a given instant, most of Gal80p is

sequestered and therefore does not decay for a while. When this sequesters dissociate,

an over population of free Gal80p appears, turning the circuit OFF immediately. In the

real system in which burst and dimers must be taken into account, a few consecutive

events of production of Gal80p should be enough to activate the transition. This should

give a good insight of why the introduction of bursts generates such a drastic increase

in the number of transitions per unit time in figure 4.10

Figure 5.9: Family of potentials for different values of Gal80p. The change in the
potentials evidently draws the system from monostable low to bistable to monostable
high



74

Although simulations satisfactorily display the behavior of GRN. Both qualitatively

and quantitatively, at the present moment they are still computationally troublesome.

They can become extremely time consuming. Not even the most sophisticated com-

putational clusters can simulate efficiently big, general circuits. The lack of general

analytical treatments for GRN is increasingly evident. The master equation approach

is obsolete both because its difficulty and because even if one gets to solve it, it would

describe the behavior of only one circuit, and a million more will be left out. The circuit

we have dealt with however, exhibits some characteristics familiar to the well known

systems of particles embedded in potential wells, under certain temperature conditions.

Indeed, we can imagine the behavior of Gal3p as the same of a particle trapped in a

double well potential, and jumping from one well to the other. Such representation,

would describe satisfactorily many observations recently made in many GRN, such as

epigenetics memory and decorrelation[12]. Given that we have a deterministic expres-

sion for ˙Gal3pvsGal3p, building a deterministic potential well is an easy task using a

known relation from classical mechanics:

V =
1

2
˙Gal3p

2
(5.1.4)

Such representation qualitatively capture the behavior of the system in many cases.

For example, in figure 5.9 we plot the forms of the potentials for different values of the

production of Gal80p. Evidently, the potentials go from monostable low: case Prod =

150k/τ , to monostable high: case Prod = 0, passing through a set of bistable cases.

Unfortunately, this is not a satisfactory well. Indeed, it is as far of describing the circuit

as the reaction rate-equations. Two factors have to be included additionally. First, the

nature of Gal3p is intrinsically discrete. The discreteness implies that the intrinsic noise
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depends on Gal3p concentration. That is, the higher number of molecules of Gal3p,

the closer its behavior approaches the deterministic case, and the less noises the system

becomes. This would require that in the mentioned potential the temperature had a

dependency on position. Which at its turn would imply a flow of energy through the

well. Second, the form of the potential depends on Gal80p, and Gal80p is a very noise

agent because it appears in low numbers. This requires a fluctuating nature on the

potential. Actually, since the nature of Gal80p is discrete too, the potential would not

be fluctuating but having small jumps.

In the general case, the particle would be any of the agents of teh system, and the

potential would be a multidimentional function of all other involved chemical agents.

Such is an open mathematical problem to which everybody is welcome to attack. For

now, we can only present an abstraction of what would be the form of the fluctuating

potential for our galactose system. See figure 5.10
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5.2 Galactose Circuit Dimerization Included

For the dimerization case, it can be shown (See Appendix D) that the simplified set of

equations is:

˙G3p = −τ G80p(t) αG80p, G3p G3p(t) +
τ G80p(t)DS αG80p, G3p G3p(t)

D5

− Gout G3p(t)

αacarD5

+
Gout G3p(t)

αacarD5

(
G80p(t)D5

βacar
+ 1
) − G3p(t) +

KUAST

G80pn(t)2

2δ kdimer
+ 1

˙G80p = −τ G3p(t) αG80p, G3p G80p(t) +
τ G3p(t)DS αG80p, G3p G80p(t)

D5

− Gout G3p(t) G80p(t)

αacarβacar

(
G80p(t)D5

βacar
+ 1
)

Ddd
+

Gout G3p(t) G80p(t)

αacarβacar

(
G80p(t)D5

βacar
+ D5 + 1

)
Ddd

− G80p(t) +
UAST α1310

G80pn(t)2

2δ kdimer
+ 1

(5.2.1)

Where the notation of Appendix D has been employed. This set of equations in very

realistic in the sense that both dimerization and basal sequester of Gal3p to Gal80p are

included. However is does not provide much more further insight on the the general

nature of GRN than the simple circuit we have used until now. However, a remarkable

observation of this circuit is that when the level of galactose is zero, its reaction rate

equations match exactly those of our abtract model to our abstract model, with the

appropriate naming of the constants. In such case, the system of equations is:
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˙G3p = −τ G80p(t) αG80p, G3p G3p(t) +
τ G80p(t)DS αG80p, G3p G3p(t)

D5

− G3p(t) +
KUAST

G80pn(t)2

2δ kdimer
+ 1

(5.2.2)

˙G80p = −τ G3p(t) αG80p, G3p G80p(t) +
τ G3p(t)DS αG80p, G3p G80p(t)

D5

− G80p(t) +
UAST α1310

G80pn(t)2

2δ kdimer
+ 1

(5.2.3)

The identical form of the reaction rate equations between this system and our

abstract one, guarantees that all our observations and conclusions in the later case

can be extrapolated to the former. The most important thing left to do, is verify our

analysis experimentally, such is the purpose of next chapter
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Figure 5.10: Fluctuating Potential analogy. Gal80p levels regulate the barrier height
of a potential barrier between adjacent potential wells. For different values within the
expected Gal80p distribution the potential barrier height can be reduced by a factor of
10. The reduction in the barrier height allows for a redistribution of the cell population
This FLUCTUATING POTENTIAL DESCRIPTION appears to be a key factor for
explaining the transition rates between stable states



Chapter 6

Experimental Procedures

In order to reproduce the behavior of the simplified abstract model expounded in sec-

tion 4.3. We constructed a strain that under certain conditions matches exactly its

architecture. In this chapter we present the experimental setup, protocol’s standard-

ization and data acquisition that we followed in that purpose.

6.1 Strain Construction

As explained in last chapter, the galactose circuit mimics our abstract open circuit in

the case where Gal80p is externally controlled and Gal2p is knocked out. With the

purpose of obtaining an strain with such characteristics we toke haploid strains MA0173

and MA099 which have Gal80p externally controlled by doxycycline 1. The architecture

of the synthetic circuit that allows to have such external control is shown in figure

6.1. The promoter PMY 02 constitutively expresses rtTA. In prescence of doxycycline,

rtTA binds to the PTET02 promoter that starts the activation of the Gal80 gene. This

way, the production of Gal80p can be tuned by changin the external concentration of

1Courtesy of Murat Acar

79
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Figure 6.1: Architecture of the implemented circuit to externally control Gal80p pro-
duction. The promoter PMYO2 expresses constantly rtTA transcriptional activator.
In presence of Doxycycline rtTA binds to the PTET starting Gal80 gene activation.

doxycycline.

Subsequently, we knocked Gal2p in both MA173 and MA099 strains. In this order,

we insert analogous sequences of Gal2 gene in a plasmid called pAG25. See figure 6.2.

Next, this plasmid is broken and the regions that contain the analogous sequences are

amplified by PCR techniques. Finally, the pieces of DNA amplified after the PCR

are inserted in cultures of MA173 and MA099. The DNA pieces pervade the culture

cells. The cells that insert the plasmid will acquire resistence to Kanamycin. This

antibiotic will serve later as a selector by killing the cells that were not modified. The

resultant strains are called MSy006 and MSy007. Those are haploid strains that have

Gal2p knocked out and Gal80p controlled by doxycycline. Finally, these two strains

are mated. The result is a new diploid strain with the desired characteristics. This final

diploid strain was called MSy008. Genotype specifications of all the strains involved are
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Figure 6.2: Plasmid pAG25. The homologous sequences of gene Gal2p are inserted in
the regions at both sides of the nat1 arrow. Those sequences are called primers and
their structure is shown in Appendix E

provided in Appendix E. The following is the detailed protocolMSy008 from MA0173

and MA099.

6.1.1 General protocol for knocking Gal2 on MA173 and MA099

• Make a PCR of nat1 gene from the plasmid pAG25. Plasmid pAG25 contains

the nat1 from Streptomyces noursei encoding nourseothricin N-acetyl-transferase

and confering resistance to the antibiotic nourseothricin of transformed yeast. For

this step, the primers used should have homologous sequences with Gal2 gene.

• Isolate DNA from PCR product according to protocol QIAquick Gel Extraction

Kit Protocol [31].

• Transform with the isolated product in the haploid strains MA173 and MA099.
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According to protocol Lithium acetate (LiAc) mediated method [32]

• Mate haploid strains according to mating protocol in order to obtain the diploid

strain [32]

• Check that the cells have actually been modified by following the protocol of

selection through absence of aminoacids [32].

• The final circuit, should look as the one of figure 6.3.

Figure 6.3: Galactose circuit with Gal80p externally controlled and Gal2p knocked
out. These modifications transform the galactose pathway in a circuit with the same
architecture as the abstract open circuit studied in section 4.3 and therefore, they are
useful for studying noise effects.
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6.2 Flow Cytometer Measurements

6.2.1 Characterization of the stabilization times

In 2005 Murat Acar published in Nature a study in which the steady state phase

space of the galactose network was experimentally mapped [26]. Such steady state

was characterized for MA188 strain. Which has only Gal80p externally controlled by

doxycycline. We used Acar’s protocols as a guide to find the phase space of our new

strain MSy008. Acar’s protocol was:

• Take cells from plate to two tubes, one with 2% raffinosse and 0% galactose; and

another tube with 2% raffinose and 2% galactose. we shall refer to these tubes,

as the OFF and ON tubes respectively.

• Incubate during 12h at 30C

• After the 12h period, the cells grown in the ON tube should have already stabi-

lized in a state of high expression of the reporter fluorescent protein YFP. This

reporter is expressed from the Gal1 promoter which is highly correlated to the

Gal3 gene. Analogously, the cells grown in the OFF plate should have stabilized

in a low expression state.

• Take both cells from ON and cells from OFF to tubes with 2% raffinose and

whose concentration of doxycycline and galactose varies according to previously

selected points in the phase space.

• Wait for 27h period until the cells stabilize in the different points of the phase

space and then conduct flow cytometer (FACS) measurements to map the region

of bistability in the phase space.
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With this protocol Acar could map the phase space shown in figure 6.4

Figure 6.4: MA188’s Bistability region by Acar. a. Galactose and doxycycline concen-
trations are indicated for each experiment shown in b. b.Fluorescence histograms for
MA188 after 27 hours. The blue lines represent cell initially grown in the OFF state,
and the blue lines cells initially grown in the ON state. Picture taken from [26]

In order to characterize our strain’s bistability region we chose points in the same

phase space and followed identical protocol. The points chosen and the histograms

obtained are shown in figure 6.5. For illustrative purposes, in that figure, only points

coming from the OFF tube are shown.
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Figure 6.5: Points in the phase space for MSy008 obtained with Acar’s protocol. The
blue graphics are histograms of number of cells vs fluorescence. Points as 1 and 2 that
should be monostable low, but display strange behavior indicate the need of more time
from the system in order to stabilize.

Clearly after 12h of adaptation and then 27h of stabilization the points that should

be monostable OFF such as 1 and 2, are not monostable at all. They instead show

several peaks. This is an indication that after the 12h period the points have turned

completely OFF yet. In order to probe for the need of the system of a longer adaptation

time when coming from the OFF tube, we followed in parallel both MA188 and MSy008

for longer periods and different Dox concentrations. Results shown in figure 6.6.

Evidently, our strain MSy008 is achieving the low monostable state much more

slowly than MA188. This observation could imply one of two things. First, the knock-

ing out of Gal2p has altered some additional mechanism of the cellular membrane that
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Figure 6.6: Comparison of stabilization periods of MSy008 and MA188. Fluorescence
histograms for the time evolution at different doxycycline concentrations. Evolution
after 14h of both MA188 and MSy008. Evidently, MA188 reaches steady state much
faster than MS008. Which only becomes monostable low after 22 hours at the highest
concentration of Doxycycline

is slowing down the entrance of doxycycline. Or, second, due to the lack of Gal2p,

the new cells are dividing much more slowly and therefore they keep the fluorescent

proteins they brought from the plate. In any case, what we have to do is duplicate

Acar’s time for both stabilization and adaptation periods. By proceeding this way,

obtained the phase space depicted in figures 6.7 and 6.8.

Although qualitatively, the experimental phase space seems to behave as expected.

The persistent appearance of two peaks in the upper left corner, invites to consider

a difference in the growth rate as we move along the phase space. Such difference

would be manifested in the fact that both, tubes from ON and tubes from OFF achieve
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monostability when passed to the rightmost part of the phase space; and do not achieve

it in region close to the vertical axis.

6.3 Changes in growth rates and cooperativity

To probe for changes in the growth rates as we move through the phase space, we

measured the growth rates for different points on it, at different average ODs, simul-

taneously. The results for the doubling times are shown in figure 6.9.

In the figure, HOD means the doubling time of the cells at the corresponding point of

the phase space when their initial OD is 0.07. Analogously, LOD means the doubling

time when the initial OD is 0.03. The exposed difference in the doubling times at

different ODs is a typical trait of systems presenting certain degree of cooperativity.

Cooperativity in this context means that the larger the number of cells in a culture,

the faster they grow. The reason for this behavior relies apparently in the raffinose’s

biochemistry. Different from galactose, raffinosse is a polysaccharide. This means

that it is a complex of more simpler sugars. Due to this complex nature, it can not

be imported directly into the cytoplasm. Instead, after detecting it, the cells have

to send cutting enzymes outside to the media. This enzymes are the responsible for

cooperativity appearance. When a cell is alone in a culture, it has to produce itself a

huge amount of cutting enzyme in order to cut a significant amount of raffinose. This

will render a big energetic investment and consequently, a lengthening of the doubling

times. On the contrary, when the OD is large and many cells are present, each off them

has to produce a small amount of enzyme in order to acquire enough sugars. This will

allow the group to reproduce much faster.

The interesting point here is that raffinose is a polysaccharide whose components
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are the simpler sugars galactose, glucose and fructose. This implies that when we

make measurements on the galactose phase space in the presence of raffinose, The raf-

finose is becoming galactose because the cells are cutting it outside the cell membrane.

Consequently our phase space appears shifted in the vertical direction.

Acar’s experiments did not show this cooperativity because he did not know that

sugar could not be autoclaved. He therefore sterilized his sugars at high temperatures

and unconsciously broke the raffinose for the cells in advance; and the cooperativity

behavior did not manifest.

In conclusion, even though the steady state behavior of our phase space seems to

be consistent except for a few points, in order to measure the dynamics, it is necessary

to change from raffinose to another source of carbon. This apply for our experiments

and Acar’s
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Figure 6.7: Experimental Phase Space. The red histograms represent cultures that
come from the ON state, the blue ones, cultures that come from the OFF state. The
ON history cultures behave properly for both lines. They initiate at a high stable state,
passing through a region of bistability and finally come to a low monostable state. The
OFF history points, keep presenting strange bistability peaks in regions where they
should be monostable low.
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Figure 6.8: Experimental Phase Space part two. The same strange behavior is observed
in points as V01.
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Figure 6.9: Growth rates and cooperativity. In the blue boxes HOD represents the dou-
bling time of the strain at the corresponding point in the phase space when the initial
OD is 0.07. Similarly LOD represents the measured doubling times when the initial
OD is 0.03. The dependency in the OD of the doubling time is a clear manifestation
of cooperativity.



Chapter 7

Discussion and Conclusions

Adequate regulation of gene expression is essential both for adapting to changing en-

vironments and preserving the cell’s state, be it a choice of enzymatic pathway or

a permanent cell fate. Gene Regulatory networks must therefore balance robustness

against intrinsic and environmental fluctuations with the ability to respond efficiently

to external signals.

The chemical nature of these circuits makes noise unavoidable: whether from the

timing of the molecular events involved in gene expression (”intrinsic”), from the fluc-

tuations in other parts of the network (”extrinsic”) or fluctuations in the cellular

components outside the network, or from growth rates or polymerase concentrations

(”global”). This means that cells must have evolved mechanisms for filtering out or

profiting from such noise. In a circuit that encodes cell fate it is imperative to filter

out noise [33], but in circuits that encode possible responses to environmental condi-

tions (for example, which sugar to metabolize) the variability in phenotypes among the

population is actually advantageous [26].
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In this work we have introduced an abstract, widely general, double negative feed-

back circuit that exhibits bistability in its deterministic description. Initially, by com-

paring the analytical solution for the bistable region with that obtained from stochastic

simulations, we found that the qualitative behavior of the system can differ greatly from

the deterministic perspective only by introducing intrinsic noise. Also we encounter

that the bistable region is shifted due to stochastic effects. This implies that areas in

the phase space that are deterministically monostable can become bistable due to noise

contributions and viceversa. This is sufficient to show that stochasticity plays an es-

sential role in the description of GRN. We emphasize the fact that intrinsic noise alone

both shifts the bistable region and its average. This result implies that some attempts

to describe the effects of noise on GRN by expanding around the average predicted by

the deterministic equations [17], should not provide an accurate description in cases

where non-linearities introduced by sequesters and feedbacks are important.

For both the abstract general circuit and the example galactose one, it is shown that

noise can be both filtered and used. We demonstrate from a computational perspective

that the system can filter intrinsic noise by a dimerization mechanism and introduces

noise in the form of bursts in the protein’s production. Afterwards, we have made

explicit the applicability of our model by experimentally evaluating an example organ-

ism network. The galactose pathway of the yeast Saccharomyces cerevisiae is chosen

for this purpose. This system is selected because this pathway exemplifies the most

general traits of a self-regulated genetic circuit, such as its propensity to transition be-

tween two possible phenotypic states. In this case, those possible states are represented

by two different levels of proteins expression. Our observations point out that in the

galactose system, our model predictions about filtering and self-production of noise are

in agreement with previous experimental observations. The dimerization equilibrium
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constant for Gal80p has been measured to be around 0.02nm [24],[25], which is equiva-

lent to a number of around 500 dimers for each monomer. A direct consequence is that

small fluctuations in Gal80p are insignificant because they are absorbed by the dimers.

The experimentally measured values of the burst are around 1200 proteins total[12].

This value falls well within the range where dimerization buffering of noise is overcome

and fluctuation can induce transitions. All these observations convey a novel level of

control in the cell’s chemical functioning. Interestingly, the self induced noise in the

form of bursting has its origin in the well regulated DNA expression. This suggests

an evolutive mechanism by which intrinsic noise which is more easily regulated and

selected has provided advantages over extrinsic noise.

As for the extrinsic noise, we have designed both our abstract and experimental

networks in a way that noise propagation from the highly noisy agent Gal80p, to the

more abundant Gal3p (X and Y in the abstract model) can be observed. We have

identified in two ways the main factors that generate transitions between stable states.

The identified factors are: First, bursting in the production of the chemical agents that

regulate the expression of other agents and second, bursts in the dissociation of the

sequesters that contain the same chemical agent. Particularly, in figure 5.8 we have

connected, small microscopic fluctuations with large macroscopic changes in phenotypic

expression.

The systems studied in this work could in principle be described in the framework

of classical mechanics. In order to provide qualitative understanding of our network, we

propose a model involving a double-well potential that describes the two-state system.

The barrier height between the two wells is directly related to Gal80p, and therefore

fluctuations in Gal80p can induce transitions by resulting in the lowering of the barrier

height above which Gal3p has to jump. The main difference between this new potential
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and the classical mechanics potential well is that in biological systems, intrinsic noise

could be analogous to temperature, and since intrinsic noise depends on concentra-

tion, the new potential would have a temperature depending on position; which would

immediately introduce a flow of energy. However, if this potential approach could be

mathematically structured, it would probably constitute a general basis for analyzing

GRN from an analytical perspective.

In our experimental work, we constructed a strain that matches exactly the archi-

tecture of our theoretical models. We mapped the experimental phase space for the

strain and compared it to our model, obtaining a good qualitative agreement. When

attempting to quantify the comparisons, and investigate the long term dynamics of our

strain, we found a mistake in the experimental protocol employed by previous studies

on the same organism[26]. This prevented us from examining our strain’s dynamic

behavior. However, the correction of this mistake led us to find some very interesting

phenomena of cooperativity in their growth rates. The cooperativity implied that a

group of cells grew faster than a lonely cell under identical media conditions. One

interesting point here is that once all the cells are cooperating by producing enzymes

and cutting the sugars in the external medium, if one given cell turns off its enzymatic

production, then it would gain a definitive advantage over the group. This is because

it will profit from the sugars that other cells are cutting and save the metabolic energy

that enzymatic production requires. Another possible mechanism is that the group

slows down its enzymatic as a whole. Further research is encouraged in this direction.



Chapter 8
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Appendix A

Monostability of the Closed Circuit

Consider the following equations:

Ẋ = −X − α dX Y +
Px

1 + X
δ

(A.0.1)

Ẏ = −Y − α dX Y +
Py

1 + X
δ

. (A.0.2)

We shall show here that this system presents only one stable solution. In steady state,

solving for Y in A.0.2 we obtain:

y =
pyδ

(xα + 1)(x + δ)
.

Which substituted in equation A.0.1 gives

y = x

(
− pyαδ

(xα + 1)(x + δ)
− 1

)
+

δPx

x + δ
.

Which in steady state is equivalent to the following polynomial equation

0 = x
(
−(xα + 1)(x + δ)2 − pyαδ(x + δ)

)
+ (xα + 1)δ(x + δ)Px.

Which is equivalent to

0 = a x4 + b x3 + c x2 + d x + e ≡ f(x)
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Where

a = −α

b = −2αδ − 1

c = −αδ2 − pyαδ + αPxδ − 2δ − pyαδ2 + αPxδ
2 − δ2 + Pxδ

d = −pyαδ2 + αPxδ
2 − δ2 + Pxδδ

2Px

e = δ2Px

That clearly, in the limit x → ∞ = −∞. Further, f(x)|x=0 = δ2Px. We have to find

how many roots does this polynomial has in X > 0.

First, note that the polinomy has to have at least one stable solution because it

f(0) = δ2Px and it must go to −∞ when X →∞. Second, the polynomial can neither

have exactly two or four roots for the same reason. Therefore, in order to show that

the polynomial has only one root. We have to show that it can not have three. For

this purpose consider a polynomial of fourth degree that has three roots in the positive

horizontal axis and has similar limit behavior as our’s. Such polynomial should be

factorized as follows.

−(x− a1)(x− a2)(x− a3)(x− a4)α = 0

And should be possible to write in the following form:

0 = c1 x4 + c2 x3 + c3 x2 + c4 x + c5

Which implies that:

c2 = (a1 + a2 + a3 + a4)α

which is strictly positive because all our parameters are non negative. This is not

the case of b, therefore, by contradiction, our polynomial has only one root. And

furthermore this root is stable.



Appendix B

Moment Generating Function
Differential Equation

The master equation is a flow of probability equation. Given a state vector ~n =

{nX , nY , nZ}, it accounts for the change in this state vector due to each of the involved

reactions. Since this reactions are assumed to occur independently. This implies that

we can, at least for the moments and moment generating functions work separately for

each reaction.

Initially, we shall find the differential equation satisfied by the moment generating

function associated to a sequester reaction:

X + Y
ka−→ S. (B.0.1)

We begin by writing the associated master equation:

∂P (nX , nY , nS)

∂t
= ka (nX+1)(nY +1)P (nX+1, nY +1, nS−1)−ka nX nY P (nX , nY , nS).

(B.0.2)

Then, multiplying both sides of this equation by ZX
nXZY

nY ZS
nS and summing over
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all values of (nX , nY , nS) we obtain:

Ḟ =
∑

nX ,nY ,nS

ZX
nXZY

nY ZS
nS
[
ka (nX + 1)(nY + 1)P (nX + 1, nY + 1, nS − 1)

−ka nX nY P (nX , nY , nS)
]

= ka

∑
nX ,nY ,nS

ZX
nXZY

nY ZS
nS (nX + 1)(nY + 1)P (nX + 1, nY + 1, nS − 1)

−ka

∑
nX ,nY ,nS

ZX
nXZY

nY ZS
nS nX nY P (nX , nY , nS)

Defining the new variables nX ′ = nX+1, nY ′ = nY +1 and nS′ = nS−1 and substituting

we have:

= ka

∑
nX ′=1,nY ′=1,nS

ZX
nX ′−1ZY

nY ′−1ZS
nS nX ′nY ′P (nX ′, nX ′, nS − 1)

−ka

∑
nX ,nY ,nS

ZX
nXZY

nY ZS
nS nX nY P (nX , nY , nS)

= ka

∑
nX ′=1,nY ′=1,nS ′=−1

ZX
nX ′−1ZY

nY ′−1ZS
nS ′+1 nX ′nY ′P (nX ′, nY ′, nS′)

−ka ZX ZY

∑
nX ,nY ,nS

ZX
nX−1ZY

nY −1ZS
nS nX nY P (nX , nY , nS)

= ka ZS

∑
nX ′=1,nY ′=1,nS ′=−1

ZX
nX ′−1ZY

nY ′−1ZS
nS ′ nX ′nY ′P (nX ′, nY ′, nS′)

−ka ZX ZY

∑
nX ,nY ,nS

ZX
nX−1ZY

nY −1ZS
nS nX nY P (nX , nY , nS)

= ka ZS
∂2 F

∂ZX ∂ZY

− kaZX ZY
∂2 F

∂ZX ∂ZY

.

The final expression is obtained after factorization is made:

Ḟ = ka (ZS − ZX ZY )
∂2 F

∂ZX ∂ZY

. (B.0.3)

Where we have used the fact that P (nX , nY ,−1) = 0. Equation B.0.3 is a partial

differential equation, satisfied by the moment generating function, of the probability

distribution of a reaction of the form B.0.1. Solving it, would give the analytic values of

all the moments of the distribution that satisfies the master equation for such reaction.
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A similar procedure can be followed for all the reactions involved in 4.1.1. The next

reaction considered is the dissociation reaction:

S
kd−→ X + Y (B.0.4)

The associated master equation is:

∂P (nX , nY , nS, t)

∂t
= kd(nS + 1)P (nX − 1, nY − 1, nS + 1)− kd nSP (nX , nY , nS)

Doing a similar procedure as before we obtain:

Ḟ =
∑

nX ,nY ,nS

ZX
nXZY

nY ZS
nS
[
kd(nS + 1)P (nX − 1, nY − 1, nS + 1)− kd nSP (nX , nY , nS)

]
= kd

∑
nX ,nY ,nS

ZX
nXZY

nY ZS
nS(nS + 1)P (nX − 1, nY − 1, nS + 1)

−kd

∑
nX ,nY ,nS

ZX
nXZY

nY ZS
nS nSP (nX , nY , nS) (B.0.5)

Using once again the dumb variables nX ′, nY ′, nS′; now defined as nS′ = nS + 1,

nX ′ = nX − 1 and nY ′ = nY − 1 and substituting we have:

Ḟ = kd

∑
nX ′=−1,nY ′=−1,nS ′=1

ZX
nX ′+1ZY

nY ′+1ZS
nS ′−1nS′P (nX ′, nY ′, nS′)

−kd

∑
nX ,nY ,nS

ZX
nXZY

nY ZS
nS nSP (nX , nY , nS)

= kd ZY ZX

∑
nX ′=0,nY ′=0,nS ′=0

ZX
nX ′ZY

nY ′ZS
nS ′−1nS′P (nX ′, nY ′, nS′)

−kd ZS

∑
nX ,nY ,nS

ZX
nXZY

nY ZS
nS−1 nSP (nX , nY , nS)

= kd ZY ZX
∂F

∂ZS

− kd ZS
∂F

∂ZS

.

And after factorizing the final expression is obtained:

Ḟ = kd( ZY ZX − ZS)
∂F

∂ZS

(B.0.6)

Let us now consider the following production reaction:

Θ
k(Prod)−−−−→ bX X (B.0.7)
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Which is a reaction in which some external agent produces bX molecules of agent X.

For this reaction, the corresponding master equation is:

∂P (nX , nY , nS, t)

∂t
= k(Prod) P (nX − bX , nY , nS)− k(Prod) P (nX , nY , nS) (B.0.8)

Doing a similar procedure as before we obtain:

Ḟ =
∑

nX ,nY ,nS

ZX
nXZY

nY ZS
nS
[
k(Prod) P (nX − bX , nY , nS)− k(Prod) P (nX , nY , nS)

]
=

∑
nX ,nY ,nS

ZX
nXZY

nY ZS
nSk(Prod) P (nX − bX , nY , nS)

−
∑

nX ,nY ,nS

ZX
nXZY

nY ZS
nSk(Prod) P (nX , nY , nS) (B.0.9)

Given that the reaction rate k(Prod) is a constant that does not depend of the in-

dexes of the sum, the previous equation is easily transformed in terms of the moment

generating function as before:

Ḟ = k(Prod) ZX
bX

∑
nX ,nY ,nS

ZX
nX−bXZY

nY ZS
nSP (nX − bX , nY , nS)

−k(Prod)
∑

nX ,nY ,nS

ZX
nXZY

nY ZS
nSP (nX , nY , nS)

= k(Prod) ZX
bX

∑
nX ′=−bX ,nY ,nS

ZX
nX ′ZY

nY ZS
nSP (nX ′, nY , nS)

−k(Prod)
∑

nX ,nY ,nS

ZX
nXZY

nY ZS
nSP (nX , nY , nS)

= k(Prod) ZX
bX F − k(Prod) F

That after factorization becomes

Ḟ = k(Prod) (ZX
bX − 1) F (B.0.10)

Finally, we consider a reaction of the form

X
γ−→ Θ

we can follow an identical procedure with this last reaction as with the others. The

final equation for the moment generating function will be:

Ḟ (ZX , t) = −γ (ZX − 1)
∂F

∂ZX

(B.0.11)
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Putting together equations B.0.3, B.0.6 and B.0.10 and B.0.11 with the appropriate

translation in order to cover the decay of X,Y and S, we can obtain the expression for

the moment generating function associated to the set of reactions 4.0.1:

Ḟ =
∑

nX ,nY ,nS

ZX
nXZY

nY ZS
nS
[ Py

1 + nX

δ

P (nX − bX , nY , nS)− Py

1 + nX

δ

P (nX , nY , nS)
]

+ kProd (ZY
bY − 1) F + ka (ZS − ZX ZY )

∂2 F

∂ZX ∂ZY

+ kd( ZY ZX − ZS)
∂F

∂ZS

− γ (ZX − 1)
∂F

∂ZX

− γ (ZY − 1)
∂F

∂ZY

− γ (ZS − 1)
∂F

∂ZS

(B.0.12)



Appendix C

Examples of the Exact Stochastic
Simulation

In this Appendix we present examples of the output of our implementation of the ESS

for some very well known systems in statistical mechanics.

C.1 Isomerization case

The first example we consider is a simple exponential decay. In this case there is only

one reaction. Both the number of chemical channels and species is one

X
c−→ Θ (C.1.0)

For this case, the deterministic reaction-rate equation is

Ẋ = −c X (C.1.0)

Whose solution is an exponential decreasing curve X = X0 e−c t. Figure C.1 shows the

time evolution of this system as obtained from our simulation. As expected, the dots

density diminishes as time increases. Such level of detail can not be extrapolated from

the purely deterministic analysis.
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Figure C.1: Execution of the algorithm for a simple isomerization case. The continuous
line represents the integration of the deterministic solution. The dotted figure, repre-
sents the ESS output. The value used for the parameters are c = 0.5 and X0 = 5000

C.2 The Lotka-Volterra reactions

Next, we consider a set of interactions that became famous in the first half of twenty

century as a model for predator-prey studies in population dynamics. This is the

Lotka-Volterra system governed by the reactions:

X̄ + Y1
c1−→ 2 Y1

Y1 + Y2
c2−→ 2 Y2

Y2
c3−→ Z

(C.2.-2)

Usually, X̄ represents a reservoir of food, such as grass, Y1, a prey species that feeds

from X̄ and Y2 a predator species that feeds from Y1. The reaction-rate equations for

the Lotka-Volterra System are

Ẏ1 = c1 X̄ Y1 − c2 Y1 Y2

Ẏ2 = c2 Y1 Y2 − c3 Y2

Which clearly reaches a steady state when Y1 = c3/c2 and Y2 = c1 X/c2. The output

in steady state for both the ESS and the the reaction-rate equations is shown in figure
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Figure C.2: The Lotka Volterra equations for t = 30. Evidently, the stochasticity can
take the behavior of the system far away from its deterministic prediction; even at
steady state. The red line represents the deterministic steady state value for Y1. The
blue line, its steady state, stochastic, time evolution from ESS.

C.2.
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C.3 The Brusselator

Finally, lets consider another famous example from statistical mechanics, the Brusse-

lator. It consist of the following set of reacions

X̄1
c1−→ Y1

X̄2 + Y1
c2−→ Y2 + Z1

2 Y1 + Y2
c3−→ 3 Y1

Y1
c3−→ Z1 (C.3.-2)

The Brusselator is a simple model created to qualitatively reproduce the behavior of

another system called the Oregonator. The Oregonator is a non-linear autocatalytic

chemical system that when is well stirred behaves as a chemical clock. [19]. The

reaction-rate equations of the Brusselator are:

Ẏ1 = c1 X1 − c2 X2 Y1 +
c3

2
Y 2

1 Y2 − c4 Y1

Ẏ2 = c2 X2 Y1 −
c3

2
Y 2

1 Y2

The deterministic steady state values can be found to be Y1 = c1 X1/c4 and Y2 =

2 c2 X2 c4/c1 X1 c3. In figure C.3, the steady state behavior for both Y1 and Y2 is pre-

sented. Again, significant fluctuations from the deterministic prediction are observed.

See figure C.3.
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Figure C.3: Time Evolution for Y1 and Y2 in the Brusselator. The red, dotted line
represents the expected deterministic steady state. The blue line, the behavior obtained
from a run of the ESS. a) Y1 evolution. b) Y2 evolution.



Appendix D

Simplification of the reaction-rate
equations for the galactose circuit

Consider the complete galactose circuit in yeast:

Figure D.1: Schematic representation of the galactose circuit. The signalling cascade
is represented by red arrows while the blue arrows represent feedback loops.

In this Appendix, we shall present the simplification of the reaction-rate equations

109
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of the circuit for the case in which dimers are included. The simpler case without

dimers is solved identically but the algebra is easier.

The reaction-rate equations are as follows:

˙Gin = −αGin, Gin Gin(t)− G3p(t) αGin, G3p Gin(t)− Gin(t)

τGin

+ Gout αGin, Gout

+ Gout G2p(t) αGin, G2p +
G3pb(t)

DG3pb

˙G2p = G2(t) αG2p, G2 −
G2p(t)

τG2p

˙G3p = −Gin(t) αGin, G3p G3p(t)− G80p(t) αG80p, G3p G3p(t)− G3p(t)

τG3p

+ G3(t) αG3p, G3 +
G3ps(t)

DG3pb

+
G3pb(t)

DG3pb

˙G3ps = − G3ps(t)

DG3ps

− G3ps(t)

τG3ps

+ G3p(t) G80p(t) αG80p, G3p

˙G3pb = −G80p(t) αG3pb, G80p G3pb(t)− G3pb(t)

DG3pb

− G3pb(t)

τG3pb

+ Gin(t) G3p(t) αGin, G3p +
G3pbb(t)

DG3pbb

˙G80p = −αG80p, G80p G80p(t)2 − αActiveIn G80p(t)− G3pb(t) αG3pb, G80p G80p(t)

−G3p(t) αG80p, G3p G80p(t)− G80p(t)

τG80p

+ G80pn(t) αActiveOut

+ G80(t) αG80, G80p +
G3ps(t)

DG3pb

+
2 G80pdc(t)

DG80pdc

+
G3pbb(t)

DG3pbb
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˙G80pdc =
1

2
αG80p, G80p G80p(t)2 − G80pdc(t)

DG80pdc

− G80pdc(t)

τG80pdc

˙G3pbb = − G3pbb(t)

DG3pbb

− G3pbb(t)

τG3pbb

+ G3pb(t) G80p(t) αG3pb, G80p

˙G80pn = −αG80p, G80p G80pn(t)2 − αActiveOut G80pn(t)− G80pn(t)

τG80p

+ G80p(t) αActiveIn +
2 G80pnd(t)

DG80pdc

˙G80pnd =
1

2
αG80p, G80p G80pn(t)2 − UASf (t) G80pnd(t) αG80D,UAS −

G80pnd(t)

DG80pdc

+
G80pnb(t)

DG80pnb

− G80pnd(t)

τG80pdc

˙G80pnb = UASf (t) G80pnd(t) αG80D,UAS −
G80pnb(t)

DG80pnb

˙UASf =
G80pnb(t)

DG80pnb

− UASf (t) G80pnd(t) αG80D,UAS

Ġ2 = UASf (t) αG2, UASf
− G2(t)

τG2

Ġ3 = UASf (t) αG3, UASf
− G3(t)

τG3

˙G80 = UASf (t) αG80, UASf
− G80(t)

τG80

Where in all chemical agent’s names, for simplicity, we have omitted the two letters

‘al’. For example, instead of writing Gal80p, we wrote G80p. Furthermore:
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• G3ps represents the sequester Gal3p+Gal80p, which occurs basally in the absence

of galactose.

• G3pb represents the sequester Gal3p+Galactose.

• G80pdc represents the dimer Ga80p in the cytoplasm.

• G3pbb represents the trimer Galactose+Gal3p+Gal80p.

• G80pn represents the free nuclear Gal80p

• G80pnd represents the free dimer form of Gal80p inside the nucleus.

• G80pnb represents the number of Gal80p dimers bound to the Upstream sequence

in the DNA.

• UASf represents the number of binding sites to which no dimers of Gal80p are

bound at a given instant.

Today, there is literally no point in trying to simulate the whole set of reaction-rate

equations. This is because of the differences in the time scales of the reactions involved.

As was mentioned in section 4.2 sequesters tend to occur in time scales below the order

of miliseconds. The ample number of sequesters appearing in the yeast circuit, would

cause the program to spend most of its time producing such fast reactions and prevent

it to move to the more interesting production events. Instead, we take advantage of

this fact and simplify our reaction-rate equations a little before simulating them. On

this basis, we shall assume that the transcription mechanism are fast in relation to the

response times of the circuit and therefore, we shall assume the DNA equations to be
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in steady state, obtaining:

˙Gin = −αGin, Gin Gin(t)− G3p(t) αGin, G3p Gin(t)− Gin(t)

τGin

+ Gout αGin, Gout

+ Gout G2p(t) αGin, G2p +
G3pb(t)

DG3pb

˙G2p = UASf (t)τG2 αG2, UASf
αG2p, G2 −

G2p(t)

τG2p

˙G3p = −Gin(t) αGin, G3p G3p(t)− G80p(t) αG80p, G3p G3p(t)− G3p(t)

τG3p

+ UASf (t)τG3 αG3, UASf
αG3p, G3 +

G3ps(t)

DG3pb

+
G3pb(t)

DG3pb

˙G3ps = − G3ps(t)

DG3ps

− G3ps(t)

τG3ps

+ G3p(t) G80p(t) αG80p, G3p

˙G3pb = −G80p(t) αG3pb, G80p G3pb(t)− G3pb(t)

DG3pb

− G3pb(t)

τG3pb

+ Gin(t) G3p(t) αGin, G3p +
G3pbb(t)

DG3pbb

˙G80p = −αG80p, G80p G80p(t)2 − αActiveIn G80p(t)

−G3pb(t) αG3pb, G80p G80p(t)− G3p(t) αG80p, G3p G80p(t)

− G80p(t)

τG80p

+ G80pn(t) αActiveOut + UASf (t)τG80 αG80, UASf
αG80, G80p

+
G3ps(t)

DG3pb

+
2 G80pdc(t)

DG80pdc

+
G3pbb(t)

DG3pbb

˙G80pdc =
1

2
αG80p, G80p G80p(t)2 − G80pdc(t)

DG80pdc

− G80pdc(t)

τG80pdc
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˙G3pbb = − G3pbb(t)

DG3pbb

− G3pbb(t)

τG3pbb

+ G3pb(t) G80p(t) αG3pb, G80p

˙G80pn = −αG80p, G80p G80pn(t)2 − αActiveOut G80pn(t)− G80pn(t)

τG80p

+ G80p(t) αActiveIn +
2 G80pnd(t)

DG80pdc

˙G80pnd =
1

2
αG80p, G80p G80pn(t)2 − UASf (t) G80pnd(t) αG80D,UAS −

G80pnd(t)

DG80pdc

+
G80pnb(t)

DG80pnb

− G80pnd(t)

τG80pdc

˙G80pnb = UASf (t) G80pnd(t) αG80D,UAS −
G80pnb(t)

DG80pnb

˙UASf =
G80pnb(t)

DG80pnb

− UASf (t) G80pnd(t) αG80D,UAS

As is easily seen, the equations for G80pnb and UASf are linearly dependent. So, we

must ignore one of them and find a relation between G80pnb and UASf . We chose

to ignore the equation for UASf and note that the mentioned quantities satisfy the

relation:

G80pnb + UASf = UAST

Where UAST is the total number of sites in the upstream sequence to which the dimer

G80pnb can bind.

Now, the next approximation is quite natural, the rates at which proteins associate

and dissociate is several orders of magnitude faster than the other reacions. Due to this

fastness of the sequesters, we assume they are all in steady state. That is, we assume

the time derivatives of equations for G3ps, G3pb, G80pdc, G3pbb, G80pnd and G80pnb

to be zero. After making these two changes our system of equations becomes:
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˙Gin = −αGin, Gin Gin(t)− G3p(t) αGin, G3p Gin(t)− Gin(t)

τGin

+
G3p(t)τG3pb (DG3pbb + τG3pbb) αGin, G3p Gin(t)

τG3pbDG3pbb + G80p(t)DG3pbτG3pb αG3pb, G80pDG3pbb + DG3pbτG3pbb + τG3pbτG3pbb

+ Gout αGin, Gout + Gout G2p(t) αGin, G2p

˙G2p = τG2 αG2, UASf
αG2p, G2

(
UAST −

G80pn(t)2DG80pdcDG80pnbUASTτG80pdc αG80p, G80p αG80D,UAS

2 (DG80pdc + τG80pdc)

(
D G80pdcD G80pnbτ G80pdc α G80p, G80p αG80D,UAS G80pn(t)2

2(D G80pdc+τ G80pdc)
+ 1

)


− G2p(t)

τG2p

˙G3p = −Gin(t) αGin, G3p G3p(t)− G80p(t) αG80p, G3p G3p(t)

+
G80p(t)DG3psτG3ps αG80p, G3p G3p(t)

DG3pb (DG3ps + τG3ps)
− G3p(t)

τG3p

+
Gin(t)τG3pb (DG3pbb + τG3pbb) αGin, G3p G3p(t)

τG3pbDG3pbb + G80p(t)DG3pbτG3pb αG3pb, G80pDG3pbb + DG3pbτG3pbb + τG3pbτG3pbb

+ τG3 αG3, UASf
αG3p, G3

(
UAST −

G80pn(t)2DG80pdcDG80pnbUASTτG80pdc αG80p, G80p αG80D,UAS

2 (DG80pdc + τG80pdc)

(
D G80pdcD G80pnbτ G80pdc α G80p, G80p αG80D,UAS G80pn(t)2

2(D G80pdc+τ G80pdc)
+ 1

)
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˙G80p =
τG80pdc αG80p, G80p G80p(t)2

DG80pdc + τG80pdc

− αG80p, G80p G80p(t)2 − αActiveIn G80p(t)

− G3p(t) αG80p, G3p G80p(t) +
G3p(t)DG3psτG3ps αG80p, G3p G80p(t)

DG3pb (DG3ps + τG3ps)
− G80p(t)

τG80p

+
Gin(t) G3p(t)DG3pbτG3pbτG3pbb αGin, G3p αG3pb, G80p G80p(t)

τG3pbDG3pbb + G80p(t)DG3pbτG3pb αG3pb, G80pDG3pbb + DG3pbτG3pbb + τG3pbτG3pbb

− Gin(t) G3p(t)DG3pbτG3pb (DG3pbb + τG3pbb) αGin, G3p αG3pb, G80p G80p(t)

τG3pbDG3pbb + G80p(t)DG3pbτG3pb αG3pb, G80pDG3pbb + DG3pbτG3pbb + τG3pbτG3pbb

+ G80pn(t) αActiveOut + τG80 αG80, UASf
αG80, G80p

(
UAST −

G80pn(t)2DG80pdcDG80pnbUASTτG80pdc αG80p, G80p αG80D,UAS

2 (DG80pdc + τG80pdc)

(
D G80pdcD G80pnbτ G80pdc α G80p, G80p αG80D,UAS G80pn(t)2

2(D G80pdc+τ G80pdc)
+ 1

)


˙G80pn =
τG80pdc αG80p, G80p G80pn(t)2

DG80pdc + τG80pdc

− αG80p, G80p G80pn(t)2 − αActiveOut G80pn(t)

− G80pn(t)

τG80p

+ G80p(t) αActiveIn

In 2005, Acar [26], observed experimentally that the bi-stability and memory storage of

the galactose circuit is not dramatically affected by the absence of Gal2p. Since Gal2p

is the importer of galactose, deleting gal2p has immediate impact on the intracellular

galactose concentration. This no-Gal2p circuit is interesting because it allow us to

study an organism with a GRN with exactly two negative feedbacks. The way we

include this into our equations is taking G2p = 0 and assuming the internal galactose

concentration to be proportional to the external one. Gin ≈ Gout. The system of
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equations, so obtained is:

˙G3p = −Gout αGin, G3p G3p(t)− G80p(t) αG80p, G3p G3p(t)

+
G80p(t)DG3psτG3ps αG80p, G3p G3p(t)

DG3pb (DG3ps + τG3ps)
− G3p(t)

τG3p

+
GoutτG3pb (DG3pbb + τG3pbb) αGin, G3p G3p(t)

τG3pbDG3pbb + G80p(t)DG3pbτG3pb αG3pb, G80pDG3pbb + DG3pbτG3pbb + τG3pbτG3pbb

− τG3 αG3, UASf
αG3p, G3

(
UAST −

G80pn(t)2DG80pdcDG80pnbUASTτG80pdc αG80p, G80p αG80D,UAS

2 (DG80pdc + τG80pdc)

(
D G80pdcD G80pnbτ G80pdc α G80p, G80p αG80D,UAS G80pn(t)2

2(D G80pdc+τ G80pdc)
+ 1

)


˙G80p =
τG80pdc αG80p, G80p G80p(t)2

DG80pdc + τG80pdc

− αG80p, G80p G80p(t)2 − αActiveIn G80p(t)

− G3p(t) αG80p, G3p G80p(t) +
G3p(t)DG3psτG3ps αG80p, G3p G80p(t)

DG3pb (DG3ps + τG3ps)
− G80p(t)

τG80p

+
Gout G3p(t)DG3pbτG3pbτG3pbb αGin, G3p αG3pb, G80p G80p(t)

τG3pbDG3pbb + G80p(t)DG3pbτG3pb αG3pb, G80pDG3pbb + DG3pbτG3pbb + τG3pbτG3pbb

− Gout G3p(t)DG3pbτG3pb (DG3pbb + τG3pbb) αGin, G3p αG3pb, G80p G80p(t)

τG3pbDG3pbb + G80p(t)DG3pbτG3pb αG3pb, G80pDG3pbb + DG3pbτG3pbb + τG3pbτG3pbb

+ G80pn(t) αActiveOut + τG80 αG80, UASf
αG80, G80p

(
UAST −

G80pn(t)2DG80pdcDG80pnbUASTτG80pdc αG80p, G80p αG80D,UAS

2 (DG80pdc + τG80pdc)

(
D G80pdcD G80pnbτ G80pdc α G80p, G80p αG80D,UAS G80pn(t)2

2(D G80pdc+τ G80pdc)
+ 1

)


˙G80pn =
τG80pdc αG80p, G80p G80pn(t)2

DG80pdc + τG80pdc

− αG80p, G80p G80pn(t)2 − αActiveOut G80pn(t)

− G80pn(t)

τG80p

+ G80p(t) αActiveIn

Another good approximation is that all the protein related τs have the same value: τ ;

and all the mRNA associated τ ’s have the value τmRNA This is a good approximation

since in these systems one can differentiate two different ranges for the decaying times;

those associated to the proteins, and those associated to the mRNA’s. In general, this
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is true because the average decaying rate of a protein can be of several hours while

that of an mRNA is of only a few minutes. Furthermore, in a typical cell, the mean life

time of a protein is more than three fold longer than the doubling time of the cell. So,

most of the diminishing of the protein numbers is due to cell division, which is uniform

for all the involved proteins. This approximation renders:

˙G3p = −Gout αGin, G3p G3p(t)− G80p(t) αG80p, G3p G3p(t)

+
τ G80p(t)DG3ps αG80p, G3p G3p(t)

(τ + DG3ps) DG3pb

− G3p(t)

τ

+
Goutτ (τ + DG3pbb) αGin, G3p G3p(t)

τ 2 + DG3pbτ + DG3pbbτ + G80p(t)DG3pbDG3pbb αG3pb, G80pτ + DG3pbDG3pbb

+ τmRNA αG3, UASf
αG3p, G3

(
UAST

− τ G80pn(t)2DG80pdcDG80pnbUAST αG80p, G80p αG80D,UAS

2 (τ + DG80pdc)

(
τD G80pdcD G80pnb α G80p, G80p αG80D,UAS G80pn(t)2

2(τ+D G80pdc)
+ 1

)


˙G80p =
Gout G3p(t) G80p(t)DG3pb αGin, G3p αG3pb, G80pτ

2

τ 2 + DG3pbτ + DG3pbbτ + G80p(t)DG3pbDG3pbb αG3pb, G80pτ + DG3pbDG3pbb

+
G3p(t) G80p(t)DG3ps αG80p, G3pτ

(τ + DG3ps) DG3pb

+
G80p(t)2 αG80p, G80pτ

τ + DG80pdc

− Gout G3p(t) G80p(t)DG3pb (τ + DG3pbb) αGin, G3p αG3pb, G80pτ

τ 2 + DG3pbτ + DG3pbbτ + G80p(t)DG3pbDG3pbb αG3pb, G80pτ + DG3pbDG3pbb

− G80p(t) αActiveIn + G80pn(t) αActiveOut − G3p(t) G80p(t) αG80p, G3p

− G80p(t)2 αG80p, G80p + τmRNA αG80, UASf
αG80, G80p

(
UAST −

τ G80pn(t)2DG80pdcDG80pnbUAST αG80p, G80p αG80D,UAS

2 (τ + DG80pdc)

(
τD G80pdcD G80pnb α G80p, G80p αG80D,UAS G80pn(t)2

2(τ+D G80pdc)
+ 1

)
− G80p(t)

τ

˙G80pn =
τ αG80p, G80p G80pn(t)2

τ + DG80pdc

− αG80p, G80p G80pn(t)2 − αActiveOut G80pn(t)− G80pn(t)

τ

+ G80p(t) αActiveIn



119

In order to reduce the number of parameters, we make dimensionless our system

of equations by measuring time in τ units. With the same objective, we make the

following substitutions.

αGin,G3p → 1

DG3pb αacar

αG3pb,G80p → 1

DG3pbb βacar

αG80D,UAS → 1

τ D9 δ

αG3p,G3 → K

τ τnRNA αG3,UASf

αG80p,G80p → 1

kdimer D6Dτ

αG80,UASf
→ α1310

αG80,G80p Dτ τnRNA

DG3ps → Ds τ

DG3pb → D5 τ

DG3pbb → D7 τ

αActiveIn → αin

τ

αActiveOut → αout

τ
(D.0.-144)

The obtained system of equations reads.

˙G3p =
G3p(t) G80p(t)DS αG80p, G3pτ

2

D5 (DSτ + τ)
− G3p(t) G80p(t) αG80p, G3pτ

+
Gout G3p(t) (D7τ + τ) τ

αacarD5

(
G80p(t)D5τ2

βacar
+ D5τ 2 + D5D7τ 2 + D7τ 2 + τ 2

) − G3p(t) + K

(
UAST −

τ G80pn(t)2UAST

2δ kdimer (D6Dτ + τ)
(

τ G80pn(t)2

2δ kdimer(D6Dτ+τ)
+ 1
)
− Gout G3p(t)

αacarD5
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˙G80p =
G3p(t) G80p(t)DS αG80p, G3pτ

2

D5 (DSτ + τ)

+
Gout G3p(t) G80p(t)τ 2

αacarβacarD7

(
G80p(t)D5τ2

βacar
+ D5τ 2 + D5D7τ 2 + D7τ 2 + τ 2

)
− G3p(t) G80p(t) αG80p, G3pτ

− Gout G3p(t) G80p(t) (D7τ + τ) τ

αacarβacarD7

(
G80p(t)D5τ2

βacar
+ D5τ 2 + D5D7τ 2 + D7τ 2 + τ 2

) +
G80p(t)2τ

kdimerD6D (D6Dτ + τ)

− G80p(t) +

UAST −
τ G80pn(t)2UAST

2δ kdimer (D6Dτ + τ)
(

τ G80pn(t)2

2δ kdimer(D6Dτ+τ)
+ 1
)
 α1310

− G80p(t) αIn + G80pn(t) αOut −
G80p(t)2

kdimerD6D

˙G80pn = − G80pn(t)2

kdimerD6D

+
τ G80pn(t)2

kdimerD6D (D6Dτ + τ)
− αOut G80pn(t)− G80pn(t)

+ G80p(t) αIn

An additional good approximation is to notice that τ >> Di for all i. This is because

the decay rate of the protein falls in the order of hours and the dissociation time of

a binding below miliseconds. This implies that wherever we have a term of the form

τ + Di, we can drop the Di and keep the τ . Our system of equations becomes:

˙G3p = −τ G80p(t) αG80p, G3p G3p(t) +
τ G80p(t)DS αG80p, G3p G3p(t)

D5

− Gout G3p(t)

αacarD5

+
Gout G3p(t)

αacarD5

(
G80p(t)D5

βacar
+ 1
) − G3p(t) + K

UAST −
G80pn(t)2UAST

2δ kdimer

(
G80pn(t)2

2δ kdimer
+ 1
)
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˙G80p = −αIn G80p(t)− τ G3p(t) αG80p, G3p G80p(t) +
τ G3p(t)DS αG80p, G3p G80p(t)

D5

− Gout G3p(t) G80p(t)

αacarβacar

(
G80p(t)D5

βacar
+ 1
)

D7

+
Gout G3p(t) G80p(t)

αacarβacar

(
G80p(t)D5

βacar
+ D5 + 1

)
D7

− G80p(t)

+

UAST −
G80pn(t)2UAST

2δ kdimer

(
G80pn(t)2

2δ kdimer
+ 1
)
 α1310 + G80pn(t) αOut

˙G80pn = −αOut G80pn(t)− G80pn(t) + G80p(t) αIn

The last system of equations is the result of applying a set of reasonable approxima-

tions to the reaction-rate equations of the galactose uptake network in yeast. Dimeriza-

tion of Gal80p, and basal sequester of Gal80p with Gal3p are included. To the date of

the writing of this document, there is no conclusive information on the role the nuclear

membrane plays in the shuttling of Gal80p back and forth the nucleus. However, since

Gal80p is a repressor of metabolic importance, presumably, its concentrations in and

outside the nucleus are highly correlated. Under this assumption, we can approximate

Gal80p ≈ Gal80pn and our equations simplify even further:

˙G3p = −τ G80p(t) αG80p, G3p G3p(t) +
τ G80p(t)DS αG80p, G3p G3p(t)

D5

− Gout G3p(t)

αacarD5

+
Gout G3p(t)

αacarD5

(
G80p(t)D5

βacar
+ 1
) − G3p(t) +

KUAST

G80pn(t)2

2δ kdimer
+ 1

˙G80p = −τ G3p(t) αG80p, G3p G80p(t) +
τ G3p(t)DS αG80p, G3p G80p(t)

D5

− Gout G3p(t) G80p(t)

αacarβacar

(
G80p(t)D5

βacar
+ 1
)

D7

+
Gout G3p(t) G80p(t)

αacarβacar

(
G80p(t)D5

βacar
+ D5 + 1

)
D7

− G80p(t) +
UAST α1310

G80pn(t)2

2δ kdimer
+ 1

(D.0.-174)

Set of equations D.0.-174 represents the core of the regulatory galactose circuit in
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yeast. They clearly exhibit a negative feedback due to Gal80p in the denominators.

And a positive feedback from Gal3p in the numerators. In general terms, we do not

expect that system D.0.-174 describes accurately the behavior of any in vivo cell. This

is because as expounded in previous chapters, noise has to be seriously taken into

consideration. An stochastic simulation of 5.1.2 should do a better job in this sense.



Appendix E

Experimental Details

E.0.1 Gentotypes of the strains employed and obtained

Genotype of the Final diploid strain obtained (MSy008)

MSy008: MATa/a, ura3/ura3::URA3-PTETO2-GAL80, his3::HIS3/his3, ade2::ADE2-

PMY O2-rtTA/ade2::ADE2-PGAL1-YFP, gal80∆::KanMX/gal80∆::KanMX, gal2∆:: Nat1/

gal2∆::Nat1

Genotypes of the other employed strains

Strains employed:

• MA099: W303, MAT a, ura3, his3:: HIS3, ade2::ADE2-PMY O2-rtTA/Gal80

∆::KanMx.

• MA173: W303, MAT 8, ura3::URA3-PTETO2-Gal80, his3, ade2::ADE2- PGAL1-

YFP,Gal80::KanMx.

• MSy006: W303, MAT a, ura3, his3:: HIS3, ade2::ADE2-PMY O2-rtTA/Gal80
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∆::KanMx, gal2∆:: Nat1.

• MSy007: W303, MAT 8, ura3::URA3-PTETO2-Gal80, his3, ade2::ADE2- PGAL1-

YFP,Gal80∆::KanMx,gal2∆:: Nat1.

E.0.2 Primers employed for the plasmid modification

The following primers were inserted in the plasmid pAG25 in order to follow the general

protocol presented in section 6.1.1.

G2DpAG25 3’

’5’ AAAATTAAGAGAGATGATGGAGCGTCTCACTT CAAACGCAGCATAG-

GCCACTAGTGGTACTG 3’

G2DpAG25 5’

5’AACACAAGATTAACATAATAAAAAAAATAA TTCTTTCATACAGCTGAAGCTTCG-

TACGC 3’

gal2D check 5’

5’ CAATTCGGAAAGCTTCCTTC3’

gal2D Ncheck 3’

5’TGTGCCTCTCAAGTGCTTTG3’

g2DpAG25 pchk 3’

5’GGTGAAGGACCCATCCAGT3’
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