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1. Introduction 
 
Congenital heart defects (CHDs) occur in 1% of 
newborn children and are due to abnormalities of the 
heart or the large arteries [1]. It has been reported 
than 10% of these patients do not survive the first 
year of life [1]. Single ventricle (SV) cardiopathies 
represent the 10% of CHDs [2] and refer to cases in 
which only one ventricle has an adequate size and 
functionality. In a SV cardiopathy oxygenated and 
deoxygenated blood get mixed in a one-chamber 
anatomy, delivering oxygen-poor blood to the 
tissues.  

The Total Cavopulmonary Connection (TCPC) is 
a palliative surgical procedure derived from the one 
proposed by Fontan in 1971 [1], developed for SV 
CHDs [4],[5]. The principle of the TCPC is to 
unplug from the heart the superior and inferior vena 
cavae (SVC and IVC, respectively), and connect 
them to the pulmonary arteries (PAs) that carry 
blood to the lungs. The blood goes from the lungs to 
the heart where it is pumped by the SV to the 
systemic circulation through the aorta. By means of 
the TCPC a mixing of blood in the heart is avoided 
and therefore the amount of oxygen delivered to the 
tissues increases.  

Since TCPC patients have only one ventricle 
pumping to both systemic and pulmonary 
circulations, efforts have been directed to designing 

a configuration of the TCPC that minimizes energy 
losses to ensure adequate blood flow. Several 
variations of the TCPC have been developed using 
in vitro models in which the efficiency of different  
configurations of the connection in terms of the 
power loss is evaluated [4]-[8]. These variations 
include a horizontal offset between the axes of the 
SVC and IVC and an inclination of the IVC towards 
the right pulmonary artery (RPA).  

It has been noticed by our group that no there are 
no reported clinical studies of TCPC patients living 
in cities located at a high altitude: the main works on 
this surgical procedure have been realized in London 
[4], Rome [5],[6] Buenos Aires[9], Tokio [10], 
Boston [8],[11] and Pittsburgh [8]. This has led to an 
underestimating of the influence of atmospheric 
changes in the probability of success of the TCPC in 
patients living at high altitudes. In the case of the 
city of Bogota, Colombia, located at an altitude of 
2640 m a.s.l. [13], it has been seen that the 
pulmonary vascular resistance (PVR) rises due to 
the effects of the amount of oxygen present in the 
air. According to recommendations [2],[9], the PVR 
of an SV patient for having a procedure of TCPC 
must be low to have a higher probability of success. 

We have observed that the problem has been 
generally studied using experimental and 
computational approaches, but not so much 

Abstract: The Total Cavopulmonary Connection (TCPC) is a surgical procedure developed to treat single ventricle 
cardiopathies. In this study three mathematical models of the TCPC were proposed using fluid mechanics with the 
purpose of improving the understanding of the hemodynamics of the circulation with TCPC. Models included 
conditions of ideal and viscous fluid, control volume and closed loop, and a variable pulmonary vascular resistance 
(PVR) to take into account the altitude of the patient’s location. It  was found that changes in the velocities of the 
pulmonary arteries may cause pressure changes in these vessels between 101 and 10-1 mmHg. The models indicate that a 
rise of the PVR causes a rise of the pressures throughout the circuit . This implies a higher requirement of power from 
the ventricle in order to keep a physiological cardiac output, which can be explained as a downward shift  of the Frank-
Starling curve. The analysis also indicated that the contribution of the blood velocity to the overall energy losses is 
minimal, being the maximum a 0.05 mmHg loss. 

Mathematical Modeling of the Total Cavopulmonary Connection 

Diana M. Sánchez Palencia, MSc 
Juan Carlos Briceño Triana, PhD 

University of Los Andes, Bogota D.C., Colombia 
July, 2007 

 
 



 
2 

mathematical approaches. This is why the objective 
of this study was to use fluid mechanics to propose 
and validate a mathematical model of the circulation 
with TCPC that contributes to the improvement of 
the understanding of the hemodynamics of the 
connection, taking into account the variations in the 
pulmonary vascular resistance due to the altitude.  

2. Methods 

2.1. Mathematical Model No. 1: Ideal fluid, 
altitude=0 m a.s.l., control volume 
Approach. For the control volume shown in Figure 
1, the law of conservation of energy was applied to 
an ideal particle of fluid located on the streamlines  
named as a, b, c and d: 
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Where Pi and Vi are the pressures and velocities at  
point i, and rho is the blood density. In these, the 
terms corresponding to potential gravitational 
energy were assumed zero. In addition, the law of 
conservation of mass was applied to find a 
relationship between the cardiac output (CO), the 
inlet flows of the SVC and IVC and the outlet flows 
of the PAs:  

21 QQCO +=  (6) 

4321 QQQQ +=+  (7) 

Where Qi is the flow rate at point i. The mass 
conservation equations were included in all of the 
models. 
 
Solving method. A system of six equations and eight  
variables was solved by assigning constant values to 
two variables, assigning a range of values to one 
independent variable, and calculating the remaining 
five dependent variables. 
 

 
Figure 1. Control volume of the CTCP. 1: Superior Vena Cava 
(SVC); 2: Inferior Vena Cava (IVC); 3: Left Pulmonary Artery 
(LPA); 4: Right Pulmonary Artery (RPA). 

 
For all of the models proposed in this study, 

conditions of steady flow and rigid vessel wall were 
supposed. Constants for all of the models were 
assigned as well; a vessel diameter of 13 mm (the 
same for veins and arteries), a blood density of 1060 
kg/m3 and a CO of 2 L/min. The values for the 
diameter and the CO were determined based on the 
study done by Sharma et.al. [7] and the density of 
the blood was taken from Dinnar [13]. P1 was 
assumed 13 mmHg (from [10]) and V1 was 
calculated by means of assuming a 50% fraction of 
the CO coming in through the SVC 
(Velocity=CO/vessel area). V3 was taken as the 
independent variable with a range of values 
determined by the fraction of CO coming out of the 
LPA, from 0 to 100% with 20% increases. V2, V4, 
P2, P3 and P4 were taken as the independent 
variables. 

2.2. Mathematical model No. 2: Viscous fluid, 
altitude=0 m a.s.l., control volume  

Approach. The energy dissipation due to the 
viscosity of blood was considered by including 
energy losses in the energy equations of Model No. 
1 for the control volume of Figure 1: 

1331 hHH +=   (8) 

1441 hHH +=  (9) 

2332 hHH +=  (10) 

2442 hHH +=  (11) 
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In Equations (8) through (11), Hi is the total head 
at point i and hij is the energy loss between points i 
and j, where the subindex i is used for the inlets and 
j is used for the outlets. Starting from equations (6) 
to (11), a general equation for the energy loss hij was 
proposed:  

2
iijijij VKPh +∆=  (12) 

In (12), ∆Pij is the pressure difference between 
points i and j, Vi is the inlet velocity at point i and 
Kij [mmHg/(m/s)2] is the loss coefficient of each 
streamline that includes points i and j:  
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In (13), fx is the fraction of the CO going through 
points i and j. This model was used for calculating 
the contribution of the velocity terms to the energy 
losses within the TCPC control volume. 
 
Solving method. A system of six equations and eight  
variables was solved by assigning a range of values 
to four independent variables, and calculating the 
remaining dependent variables. Since the aim of this  
model was to assess a calculation of the velocity 
contributions to the energy losses, fi and fj were 
selected as the independent variables with values of 
40, 50 and 60%. The dependent variables were Kij 
and hij. A CO of 2 L/min was used for calculating 
hij. 

2.3. Mathematical model No. 3: Viscous fluid, 
variable altitude, closed loop 
Approach. The law of conservation of energy was 
applied to a closed loop of the circulation with 
TCPC to model the influence of the altitude in the 
pressures and velocities of the system (Fig. 2). The 
change in altitude was modeled as a rise in the PVR, 
following the principle that the PVR increases as a 
consequence of the smaller percentage of oxygen 
present in the atmosphere. 

Resistances were used to model the energy losses 
in the streamlines. Equations based on energy 
conservation were stated for the streamlines 
established for the four possible paths that a fluid 
particle can follow in the circulation with TCPC:  

LLSESV hhhh ++= 13  (14)  

RLSESV hhhh ++= 14   (15) 

LLIESV hhhh ++= 23  (16) 

RLIESV hhhh ++= 24  (17) 

where hSV is the energy that the SV has to provide, 
and hSE, hIE, hij, hLL (for left lung) and hRL (for right  
lung) are the energy losses of the fluid when it goes 
through the different components of the circulation 
with TCPC.  

 
 
Figure 2. Circuit of the circul ation with TCPC with resistances  
causing power losses. LPV, left pulmonary vein; RPV, right 
pulmonary vein; SV, single ventricle; Ao, aorta; R, resistance;  
SE, superior extremities; IE, inferior extremities.  

 
Solving method. Pressures in the aorta, SVC, IVC 
and pulmonary veins were assigned to physiological 
conditions obtained from cardiac catheterizations 
made to TCPC patients treated in the Fundación 
Cardio-Infantil. Pressures in the PAs were assigned 
assuming a 1 mmHg pressure fall relative to 
pressures in SVC and IVC, with the intention of 
studying the critical case found by our group for 
TCPC connections. All the velocities were 
calculated as described in Model No. 1 with the 
conservation mass equations and the fractions of CO 
assigned for superior extremities and left lung. 
Pressures in the extremities (before energy losses) 
were calculated using Bernoulli equation. Total head 
was found for every point in the circulation and 
localized energy losses were found by calculating 
the difference between total heads before and after 
each point. hsv was found using one of the Equations 
(14) through (17).  

The inlet and outlet velocities of the TCPC were 
fixed as recommended by Sharma et.al. [7]; 40% CO 
towards the superior extremities and 50% to each 
pulmonary artery. After finding values for all of the 
variables in the circuit, the energy loss in the lungs 
was raised to model a rise of the PVR, keeping the 
resistances in the extremities and in the lungs 
constant. A second run of the model was made, 
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using this the equations (14) through (17) to 
determine hsv and hij. Pressures according to the new 
total heads were calculates using the Bernoulli 
equation. 

3. Results 

3.1. Mathematical model No.1 
The model allowed establishing a relationship 
between the pressures and the velocities in the inlets 
and outlets of the control volume. As expected, it 
was observed that a rise in pressure in one point 
implies a diminishment of the velocity in this same 
point. Figure 3 shows that changes in the velocity in 
the pulmonary arteries from 0 to 25 cm/s only make 
differences in pressure between the pulmonary 
arteries in the range of 0 to ±0.25 mmHg. This could 
also mean that a higher difference between PAs 
pressures could be an indicator of a difference in the 
CO fraction going to the each of the lungs.  

 
 

 
Figure 3. Results of Mathematical model No. 1. 

3.2. Mathematical model No. 2 
The model allowed analyzing the contribution of the 
velocity terms to the energy losses within the TCPC 
control volume. The losses didn’t exceed the 0.05 
mmHg in any of the solved cases (Fig. 4). 

3.3. Mathematical model No. 3 
The hemodynamics of the TCPC were studied in 
two different cases. In the first case, a 2 mmHg loss 
in the lungs was found (Fig. 5.a). For the second 
case, which was related to the PVR rise due to 

altitude, the loss in the lungs was raised to 12 mmHg 
(Fig. 5.b). 

It was observed that when the PVR was raised, 
the energy provided by the single ventricle should 
rise to maintain a pressure in the pulmonary veins of 
10 mmHg, necessary to assure an entrance of the 
blood into the atrium. In consequence, the pressures 
in the extremities and in the inlets and outlets of the 
TCPC also rise.  

The results of this model indicated that the SV in 
the circulation with TCPC, when studied at the 
conditions stated in section 2.3, must work at a 15% 
higher power when compared to baseline in order to 
keep physiological conditions of CO. This rise in the 
energy provided by the ventricle can be related to 
the rise in afterload and its effects in the Frank-
Starling curve (Fig. 6). A rise in the afterload moves 
the curve downwards, which is why a higher end 
diastole pressure is required to eject a physiological 
stroke volume. In the case of TCPC, the afterload 
rises due to the increase of the resistance when 
making a single circuit with both systemic and 
pulmonary resistances. This reflects in the rise of the 
hvu seen for the circuit in Fig.5.b. Furthermore, the 
afterload also increases as an effect of the rise of the 
PVR due to high altitude, which is a feasible 
explanation for the low success of the TCPC surgery 
when done on patients living at a high altitude.  

Between the mechanisms used by the body to rise 
the CO are the venous vasoconstriction and the 
increase of the heart rate, inotropy and contractility 
of the SV. About the last three, it must be noted that 
these mechanisms may lead the heart to operating 
close to the limit for cardiac failure and cause 
problems as those observed by Gatzoulis et.al. [14].  

 
Kij(Vi)

2
VCs

Pas %CO 40% 50% 60% 40% 50% 60%

40% 0,000 0,023 0,050 0,000 0,023 0,050

50% -0,023 0,000 0,028 -0,023 0,000 0,028

60% -0,050 -0,028 0,000 -0,050 -0,028 0,000

40% 0,000 0,023 0,050 0,000 0,023 0,050

50% -0,023 0,000 0,028 -0,023 0,000 0,028

60% -0,050 -0,028 0,000 -0,050 -0,028 0,000

4

1 2

3

 
 
Figure 4. Contribution of the velocity terms to the losses hij  
[mmHg] according to the fraction of CO coming in through the 
point i and coming out through the point j (CO=2 L/min). The 
table shows the losses of each of the nine studied combinations 
of inlet and outlet flow split. 
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b) 

 
 
Figure 5. Diagram of the circulation with CTCP. a) hLL=hRL=2 mmHg; b) hLL=hRL =12 mmHg. 
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Figure 6. Effects of TCPC and TCPC at high altitude on the 
Frank-Starling curve. StrVol: Stroke volume. Normal HR=80 
bpm for a 5-year-old child taken from [15], normal stroke 
volume calculated with normal HR and CO=2 L/min. 

4. Conclusions 

The ideal fluid, control volume model (Model 
No.1) indicated that for the CO studied, changes of 
the fraction of CO flowing through the PAs from 0 
to 100% may cause pressure differences between the 
PAs of ±0.25 mmHg. This result was corroborated 
with the viscous fluid, control volume model (Model 
No.2), in which the analysis of the energy losses 
using the Law of conservation of energy indicated 
that the contribution of the velocity of the blood to 
the losses in the control volume of the TCPC is 
minimal.  

Additionally, the viscous fluid, closed loop, 
variable PVR model (Model No. 3), was found 
useful to facilitate the understanding of the 
hemodynamics of the TCPC by means of the 
interaction of the variables involved in the TCPC 
circulation. It was illustrated the change of the 
hemodynamics of the TCPC circulation when rising 
the PVR due to a high altitude location of the 
patient. Results were explained in terms of a 
downward shift of the Frank-Starling curve. The 
results matched with those obtained by other 
researchers using experimental models and clinical 
studies, like the rise of the work done by the SV in 
the TCPC circulation [16],[17], the difficulty on its 

performance in more energy demanding conditions 
and the sensitivity to small changes in the afterload 
[16],[17]. This model can be improved by involving 
the capacitance of the venous system in Model No. 
3. 
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